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Example of a System that needs Control

Motor Turning a Mechanical Load

T n T : torque input
X : output position
] J : inertia
W N o B : friction
JX+bX =T } Newton's Law E

Electrical Circuits L

oM

e+( i)%c

L% +Ri +é (‘jdt =e } Kirchoff's Voltage Law E

. _dq e : input voltage R : resistance

| =— q charge g : output charge L : inductance
dt i : current C : capacitance

SR |
Lg+Rg+ E q=e } after some algebraic manipulation
Note : Two different systems are governed by similar looking Differential Equations

Control is the "shaping" of the output of the Differential Equation by changing the input
to the system via feedback


Gustav (Robert) Kirchoff
[1824-87 ]

 Physicist, born in Königsberg, Germany. After lecturing at Berlin (1847),  he became professor of physics at Wroclaw, Poland (formerly Breslau, Germany) (1850)) and Heidelberg (1854), and of mathematical physics at
Berlin (1875). He formulated the laws involved in the mathematical
analysis of an electrical network 
(Kirchhoff's laws , 1845). He also
investigated heat, and with Bunsen helped to develop the prism
spectrometer and the technique of spectrum analysis, used in the discovery of caesium and rubidium (1859). 


Sir. Issac Newton
[1642-1727] 

Physicist and mathematician, born in Woolsthorpe, Lincolnshire, EC
England, UK. He studied at Cambridge. In 1665--6 the fall of an apple is said to have suggested the train of thought that led to the law of gravitation.

He studied the nature of light, concluding that white light is a mixture of colours which can be separated by refraction, and devised the first reflecting telescope. He became professor of mathematics at Cambridge in
1669, where he resumed his work on gravitation, expounded finally in his famous Philosophiae naturalis principia mathematica (1687,
Mathematical Principles of Natural Philosophy). In 1696 he was appointed warden of the Mint, and was master of the Mint from 1699 until his death.
He also sat in parliament on two occasions, was elected President of the Royal Society in 1703, and was knighted in 1705. During his life he was involved in many controversies, notably with Leibniz over the question of priority in the discovery of calculus. 


The Pendubot

An Example of a System that needs Control

The Pendubot, short for PENDUIum RoBOT, is an under-actuated two-link mechanism.
The system consists in two rigid links, the first of them actuated by a DC-motor and the
second link is not actuated. The Pendubot is similar in spirit to the classical inverted
pendulum on a cart or arotational inverted pendulum.

The Pendubot presents some unique features and challenges for control research. One can
use the Pendubot to investigate linear control, nonlinear control, system identification,
intelligent control, hybrid and switching control, and gain scheduling.

Control Objective: To balance the pendubot and make the pendubot perform a specific
acrobatic maneuver (i.e. the pendubot starts at the stationary vertical down position and
must swing up to the inverted position)
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Block Diagram of the Pendubot Setup

Movie (.avi) of aworking Pendubots
[ECE 496 Senior Design Project Spring 1998]



Differential Equations

Definition

A differential equation is an equation which involves differentials or
derivatives 2

d

For example: y(t)=m-—— X(t) is Newton's law of motion

dt

In this class, we will be concerned with ordinary differential equations of the form

-1 1 -1
ahy(n)+ah_1y(n F o +<’:l1y()‘Fa()y:bn-lu(n '+

(n)

where u(t) and y(t) are functions of time. (Note: Y means the nth derivative)

& and bi are constants

Time Invariant

The differential equations will be assumed to be time-invariant.
That is, the coefficients, denoted by q and bi do not depend explicitly on time.

Linearity

The differential equations are also assumed to be linear.
What is a linear system ?

xl Yl x2 Y2
Given a system with two
H H } differential inputs
a and b areconstants
ax, + bX2 ay, + bY2
we obtain an output which conforms
—>— H —> } to standard linear operations
(add and subtract by a constant OR
- multiply and divide by a constant)
Causality

A system is called causal if the output depends only on the present and past values of
the input. That is, if y(t) is the output, then x(t) depends only on the input  X(t) for all values of t

less than or equal to t. A car, a light switch, a TV are all causal



The "D" Notation for Analyzing DE's

Examine the differential equation

dn dn—l
SR V- W VAT +a,—Y+a,y=u
dtn ahldtn—l T
n
Define D=d—(|) and Dn=d— ()
dt dtn
So the above equation can be written as
Dny+ah_1Dn'1-y+ ....... +a Dy+ay=u
( -1
\Dn+ah 1Dn t o +a1D+aO>y=u

D(D) iscalledthe characteristic equation

Example Find D(D)  for y"+3y'+2y=x L Plant —yb
/ .
D(D)=.D?+3:D +2)=0 Pt ot

D(D)=(D+1)(D+2)=0
so D=-1o D=-2

Determine the
"shape" of y(t)

~

Roots of D(D) are sometimes referred to as the eigen values or
poles

It is now obvious that this class involves the study of Differential Equations

Where are we headed ?

1. Given x(t), it would be advantageous to have a
general procedure for finding y(t) } Problems

2. It would also be advantageous to develop analysis
techniques for examining systems without knowing the input

3. Develop the Laplace Transform Tool } Solutions



Time for a Movie

Click on image to start movie




Laplace Transforms

Why ? Because it is easy to work with an Algebraic Equation as opposed to a Differential Equation

Laplace Transformations are used to change a differential equation into an algebraic equation

00
L (f(t))=F(s) = f(t)-e ¥t } Definition of the
p Laplace Transform
0 (one - sided)

where F(s) is the Laplace transform of f(t),S=0 + jw and ] = /- 1

£ denotes the Laplace Transform Operation

Op denotes just to the right-hand side of zero (sometimes called zero-plus)
Definition ~ When can you take a Laplace Transform ?

If f(t) is single valued for t>0 and F(s) is convergent for some O , thatis

A (0]
Apply the . -ogt
vertical line test (| f(t) |) € dt<e
Op
then f(t) is Laplace transformable for Re(s) >0, A
Example  Checking the region of convergence U, O —
f(t)=€"u, (t) t
1
- -0pt -(1+0g)t -1 (1+0n)t _ <
l+0 + 0O
oP oP 0

if 1+ 00>0 or 00>— 1 This is sometimes called the Region of Convergence

Note: We never worry about the ROC in Control Theory since we only use the one-sided
Laplace Transform and all of our systems are causal

-t
Example Find the Laplace Transform of €

oP

Note: We hardly ever use this method of calculating the Laplace Transform in practice; rather, we
use the tables of Laplace Transforms and algebraic manipulation to find the Laplace Transform
of a function



Some Properties of Laplace Transforms 2 (F(t) =F(s)

/ /d—f(t) > _sF(s) - f<0p> } Often used for solving DEs
dt

1.
\
ik F(s)
2. 4 J f(1) dt|=—2
\Jo s
3. Initial Value Theorem: f<0p>= lim f(t)= lim sF(s) often used for
Op S-> o0 setting performance
t-> } specs for control
. . design
4. Final Value Theorem: f(o)= lim f(t)= lim sF(s)
t> oo s> 0
[[t N
5. J \f —|l= | a| ‘F(a-s) } scaling ("a" is a constant)
a
6. 4 (f(t- T))=e_ST F(s) } delay ("T"is a constant)
2 £ <e—at -f(t)>= F(S N a) } frequency scaling ("a" is a constant)
s 7 [fl (1) ] *[fz (1) ]=|:1 (s)F, (9) }  convolution

t convolution equation
where [fl (1) ] *[fz () ]= f, (1) f, (t-1)dt } is avoided by multiplication
0 in the frequency domain

What are the above properties good for ?

These properties can be used to manipulate a function into a form in which the transition,
between the time domain and the frequency domain is eased (e.g. taking the Laplace
Transform or the Inverse Laplace Transform)



Solution of Differential Equations by Laplace Transform

1. Take the Laplace Transform of both sides of the equation to work in the frequency domain

2. Solve the algebraic equation for the unknown variable

3. Take the Inverse Laplace Transform to find the time domain expression

Find y(t)

a
dt

Example
y+4dy=2¢e°" y<0p>=3

2
S+ 3

2 [ p
+y\0
s+ 3 ' >
P
Y(s)= 2 ALY >
(s+3)(s+4)
Partial Fraction Expansion

Y(s)= 2 + -2 + 3
s+3 s+4
2 1

+
s+3 s+4

Inverse Laplace Transform

y(ty=2e3ts &Y

SY(S) - y.O°) + 4 Y(s)=

(s+4) Y(9)=

Y(s)=

Check if the initial condition is satisfied

Turning a DE into
} an AE

Solve the AE

for using the tables

The answer

} Preparing the expression

} A quick good way to catch errors

y(0)=3
Plug in the solution and check if the original equation is recovered
y()=2e3t s gt
d _3
—y+4y=2e 3t
dt
d 3t

(. - _ [ _ -
a\2e:)’t+e4t>+4\2e3t+e4t>=2e

[ o- - [ om - .
\—6e3t—4e4t>+\8e3t+4e4t>=2e3t

2 e—3t=2 e—3t

The answer is correct

e Ny o e



Finding the Output from a Linear Differential Equation

Given a system and an input, how do we find the output ?

——» Sysem ——»

We use an nth order differential equation to describe the system as follows
n n-1 1 n-1 1
y+ah_1y( Y +a1y()+aoy=bn_1u( U +b1u()+b0u
If we assume that all initial conditions are zero, then we can take the Laplace Transform

S +8_qS T b ta; s+ ao>-Y(s)=<bn_1-sn_1+ ..... +b; s+ b0>-U(s)

(
so Y(s)= r} U(s)

We could now substitute for U(S) and then use the Inverse Laplace Transform to find  Y(t)

Side Note: Transfer Function

( n-1
_ Y(s) _ \bn— 1S T +bys+ b0> } Definition of

_ Transfer Function
U(s) <Sn+ah_1-sn L ra s+ a0> } ST

A transfer function is an Input/Output Relation

H(s)

Remember : Set the initial conditions to zero when
calculating the transfer function

10



More Math Tools

The Partial Fraction tool is important for taking the Inverse Laplace Transform

Example for distinct roots
4 3 2
s*+8s°+255%+ 3L s+ 15) } protiem: Fna ey
<S3+682+lls+ 6>

H(s) =

Step 1: Make the transfer function strictly proper,i.e,, order of (denominator) > order of (numerator)

Long Division
S+ 2 /

53+652+1ls+6 s4+853+2552+3ls+15

[ 4 3 2 Don't let yourself
-\S +6s +11's + 6'S> get burned

on the test

2s%+14¢%+ 255+ 15
21225412

2
25 +3s+3 Stop when the order
of the numerator is one
less than the denominator
H(s)=s+ 2+ H, (s)
2
2s +3s+3

H]_ (s) = 3

5 } Now work with H, (S) via the PFE tool.
SS+6s +11s+6

Step2: Find h; (t) by using the PFE tool and tables

H (S) 232+3S+3 252+33+3 } There is no easy
1 = = way to factor the
53 +6 82 +11s+6 (s+1)(s+2)(s+3) dezominator.
K K K
H, (s)= v, 2, 3

s+1 s+2 s+3
Now Find K1 K2 and K3

11



. , _ . ]
Residue Formula: K= <S * S|> H(S) } This can be used as long as the root at

S=5 S is not repeated
2
K=(s+1) H, (s) |* = 2s +3s+3 |u _2-3+3
s=-1 (5+2)(s+3) |1 (1)(2)
2
1 _ _
K2=(S+2) Hl(S) = 2SS +3s+3 ' :w=_
==2 (s+1)«(s+3) |go_2 (-D1:(2)
2
Ky=(s+3) Hy () |* = 2s +3s+3 |u _ 18-9+3 4
s=-3 (5+1)(s+2) |g._3 (-1)(-2)
6 5 1

WOy 52 5D
' How do you check this ?

2 Get a common denominator
2s +3s+3 <

1=
(s+1)(s+2)(s+3)
After taking the Inverse Laplace Transform (see the table), we have

hy (t)=6-exp(-3-t) - 5-exp(-2:t) + exp(—t)} answer

-1 The whole point of the PFE is
So h(t)= z (s) +28(t) + hy (1) to get the expression in the
frequency domain into a form
we can recognize in the tables

PFEE for Repeated Roots

_ \'n- S, .. repeated root
H(s) = 4 multiplicity "g"

<Sn +a,_1S L + 'S+ ao>
} s

q e Sr - distinct roots

H) e e 2 2O
S+S; S+, <s + sn> <s R Sn> <s R Sn>q
Find K1 ..... Kr with Find Al ..... Aq with

the residue formula the formula below



Ag=(s+ sn>q-H(s)

S=Sn
_L]d [ S+s q-H(s)] .
-1 ds < n> S=S,
2 '
2=i d— [/S+ Sn>q-H(S)] and so on
=< 21 g2 b =S,
Example for repeated roots
. 11s2+23s+1 Ky A A, one distinct root (s=0)
Find h(t) for H(S) = =+ 1 ?nelr)epeated root
S S+ S=-
S(S " 1) (S * 1) multiplicity two (q=2)
[ 1 L
K,=(s-H(s = =
=(SHO) | o =
11-23+1
M
Ayl(s+ D2H)] [ 1
2
d 2 11s+23s+1 !
A= —[(S+ 1)"-H(s) ] ( > 1
ds __1 ds S S=-
S(22s+23) - 11s°-23s-1 |" 1
S2 s=-1
Take the Inverse
H(S)=E + 10 + 1 Laplace Transform with
s s+1 (s+ 1)2 the tables

h(t)=1 + 10-exp(-t) + 11-t-exp(-t) } answer

13



More Math Tools

2 (x(t)) =X(s)

n
- - / -1/
Property 9.d— x(t)=s" X(s) - " ! X<0p> =2 (@) \Op> — o x(7D \Op>
dtn
oo
Property 10. o(t) €ddt=1  note 4 (6(1))=1 O(t) is defined this way
JoP “The 0P skeleton”
oo
f(t)-8(t - T) dt=F(T) } Definition of delta function
J-o0

Transfer Function

Input / Output approach to system modeling

u(t) y(1)

™ H(s)

Y g

U(S) Transfer function is calculated by assuming all initial conditions are zero

yn+q]_1y(n'1) .

{ n-1
Y(s) \bn—l's o +bys+ b0>
_=H(s)=
U(s)

Roots of the numerator - zeros of H(s)

Roots of the denominator - poles of H(s)

Stability H(s) is stable if all the poles have negative real parts

14



Example + VC Given VC voltage across the capacitor
}( ‘ * u :input voltage
1F y :output voltage
Y, . i : current E
ul ) ! y N
_ 10 u=2e Find y(t)
[
~ v, 0Pt
.. d d
Voltage loop { u=V_+ y y=1 |l=— = y=_V
¢ dt © dt ©
Take Derivative { d—u=d—V + d_y - .
dt dt c dt Circuit Analysis
Substitute for d—VC { d_u=y + d_y
dt dt dt
2
Take Laplace Transform of DE £ (u(t)) = 1
S+

sU(s) - ul0P)=s(s) - y[OP) + Y(9) >
p
Calculate y\0") from problem
y0°)=u(oP) v, (0P)=1 }
c p
statement (Note u<0 >=2)
SU(S) - 2=sY(s) - 1+ Y(S) } Substitute initial conditions
2s 2 1

Y(s)= - + } Solve for Y(s)
(s+ 1)2 s+1 s+1
2s 1
Y(s)= - } Simplify
(s+1)° S+ 1
Use Partial Fraction Tool
-2 B 1
Y(S)= + - } Apply Residue
(s+ 1)2 s+1 s+1 Formula for Distinct
Roots
2s
B=d— (s+ 1)2-— ' =2 } Use Repeated
ds (s+1) 2| ls=c1 Root Formula

Inverse Laplace Transform from Table

y(t)=-2 tel+2el-1e-—2tel+el Answer

How does a Mathematician check this answer ?
How does an Electrical Engineer check this answer ?

15


Oliver Heaviside
Oliver Heaviside (1850-1925)

Physicist; born in London, England, UK. A telegrapher by training, he had to retire because of deafness in 1874, and spent much of his life investigating electricity. He predicted the existence of an ionized gaseous layer (the ionosphere) capable of reflecting radio waves, at the same time as, but independently of, the American Arthur E Kennelly, and made important contributions to the theory of electrical communications.



More Formulas

New Laplace Transformation Table Entries

w
—at . 0
e sinfwgt) )=
(s+ a)2 + < w0>2 W, and & are positive constants
- S+a
£ /e a cos(w, t) =
\ 0 2 /.2
(s+a)” + \(x)0>
Side note on the Impulse Response Y(s)

h(t) is the Impulse Response for  U(t)=8(t) — > H(s) — *
for u(t)=8(t) & (u(t))=1

Y (s)=H(s)-U(s)=H(s)1 note 4 (u(t))=1
hence  y(t)=h(t) when  u(t)=3(t)

Example: Calculating an Output

2

d d d

—  y+2—y+5y= 0)=—y (0)=0
dtzy 2dty Sy=u(t) y(0) Olty()
s°Y(s) + 25 Y(s) + 5Y(s)=U(s)
Y(s)=2;U(s)

sT+2s+5 L

YO _hgya ht)= £ (H
(s (s) 2 ,eis (1) (H(s))

16



Example - Continued

Nowlet u(t)=3 find y(t) poles always come in conjugate pairs
if the coefficients are real

3
From the tables U(S)=—
S

3 .
Y (s)=H(s)-U(s) = } Use quadratic formula for 2nd order roots
S\S +2S+ 5>
The roots of the polynomial in paranthesis are given S=-1+ ]2 and S=-1-j2

b
Aypartial fraction expansion is given by
AO BO C0
Y(9)=—+ —+ .
S Ss+1+j)2 s+1-j2

There are no complex numbers in the tables, so we use a different PFE method

Another partial fraction expansion is given by
A Bs+C
Y(s)=— + S R } Find A,B and C
S s°+2s+5

1. Since there are 3 roots, you need 3 weighting coefficients

2. The degree of the numerator polynomial must be one less than that of the } PFE

denominator Rules
31 Bs+ C 3 .
Y(S)=——+ = } "A" was calculated with
5s £2.,.25:5 S<82 +2s+ 5> the Residue Formula
/3 2 6 2 "B" and "C" are found with the
\g S+ 5 S+ 3) +Bs+ Cs=3 } common denominator method
After equating the coefficients in the above equation
3 -6
B=— and =
5
31 3 S+ 2 still does not look quite
Y(s)=2-2 - /_> _cre like the tables
5s 15/ &,25:5
S+ 2 S+ 2 s+1+1 s+1 1 2
= = = +—_—
$+2s+5 (s+ 1)2+ 2? (s+ l)2+ 2? (s+ 1)2+ 2% 2 (s+ l)2+ 2?
-~
which looks like
complete the
squares S+ a 0

From the tables......... (s+ a)2 + <000>2 (s+ a)z . <00 >2
0

17



3 s+1

31
Y(S)==— - —
5s 5(S+1) + 2

_/3> 2

|10 (s+ 1)2 v 2°

} Final Form

3 3 3 _ Take the inverse
y(t) =§ - g-exp(—t) -cos(2:t) - E-exp(—t) -sin(2-t) } Laplace Transform

to obtain answer

Step-Response

0.7

06

05 ~
© Plot of
R 1 y(t)
a
S
< 0.3}

0.2

0.1

O L L L L
0 2 4 6 8 10
Time (sec.)

The overshoot and slight ripple is cause
by the complex poles which also give rise to
cos(t) and sin(t) terms

How do you check the answer ?

1. check y(0) =%y(0) -0

2

2. Plug the solution into a- y+2 d—y +5y=u(t) } u(t)=3
dt2 dt

18



Checking for Stability Without Factoring the Denominator

N(s) n n-1 } Denominator
H(s)=—— D(s)=s + S o +a, S+ determines
© D(s) ) -1 25T % stability
D, (s)=s"+ a,_ 2-Sn_2 e
n-1 n-3 } Formulate D; (S) and D, (9)
D, (s)=a,_;'s +8,_3'S o
D, (s) h 1
D, (s) LR 1 Form the continued
2 h2 S+ } fraction expansion
hy s+ !
1
h, s+
.h,s

Ifall hy ... h.are positive then all of the roots of D(S) are in the OLHP (stable)

( Note OLHP - open left half plane-poles have negative real parts)

Example: Continued Fraction Expansion

Is D(s) stable?

2
D(s) -s*+65°+125+8 } Denominator determines stability

D, (S)=83+ 12 s D, (s)=6 $°+8 } Formulate D, (s) and D, (9)
1
Zs
D, (9 & °
1Y s +l2s 652+8‘s3+125
D,(s) 6s°+8
[3 8
- S +—8S
.6 >
D, (s) 1 1 32
== St 2 Continue ?
D,(8) 6 6s°+8 } Dividing
32
"5

3



S
16
D, (s)
L =Es+ 1 = 23‘ 6s°+8
D,(s) 6 g5+ 8 3
Continued
32 s } Fraction - <6 82>
3 Expansion
is completed
8
=— S+ Algebraic Simplication
D,(s) 6 9 1
+ -
16 4
— S
3
1 9 4
h,=— h,=—and h,=—
"6 2 16 33

So all the roots of D(S) have all negative real parts (i.e., it is stable)

20



Example: Continued Fraction Expansion

Find the values of K such that the system described by the following equation is stable(Note K>0)

A(S) =+ 145°+ 565+ K 1—1;1 S Long Division
D1(5)=S3+568 14SZ+K‘ 83+565
2
D, (s) 14s°+K —/53+£-s>
\
) <56 i 1_K4>
56-—1s
D, (8 1 ( 14) S
=— S+ — @ = + -
D,(s) 14 14,k ¥ 1ul.k
/56 - E S _ . ,
\ 14 Performing long division again
14
D,(s) s 1 S "
" 56 -
D, (s) 14 S 14 . : 1 14
K K
- 5\56‘§1> s'56- | 14s? K
= 14 2
K -14 s
h1=1_14 h,= 14 - hf% K
56 - — / 56 - -
14 14
K
Foreach h>0  we musthave
14 >0 therefore 56 - 5>0 = K<784
K 14
56 - —
14
For stability K should satisfy ~ 0<K<784
For K>784 = there is at least one unstable pole

21



Describing a Second Order System

Y(s
d 2 d 2 2 UESi =H(s)
w 2yl W=
d_t2 y+26wndty+ \wn> y <wn> u
5 wn undamped natural frequency
U <0\) > A O damping ratio
E—— n I

%+ 25w S+ <wn>2

. 2 . 2
The poles of H(S) are s=—5-wn + ] -wn-ﬂll -0 and s=—5-wn - -wn-.ll -0

which is also written as S=-0 -] -wd and =-0 + ] -wd
— is called the time constant wd is the damped natural frequency
a

JwW axis a=5- W

j.wn
j.w _ ) B 2
d W= .Il o)

wn - length of vector

s - plane
O axis

If 0>1 poles are negative and real

If O=1 poles are real and equal

If 0<d<1 poles are complex _ 2 _ 2
conjugate pairs =—5-oon i 1-06 and S=—5-oon - jw 1-90

If 0=0 poles are imaginary S=j'0)n and S=_jwn

O determines how much cosine and sine action an output might have

22



More Laplace Transforms

Second Order System

1
If &=1 ) [ -wn-t> _ } Poles are real and repeated
\t-e s+ >
n
{ ©n } Poles are purely imaginary
If 5=0 4 \sn(mn-t>>= 2 /.2
S + \oon>
/ W 5 [ w )2
n ~0-wpt 2 > < n>
i 0<s<1 2 —2-e Sni 1-9 -t = s
1.5 S --wn-5+<w>
If 0>1 roots are distinct and real; hence standard PFE/Tables can be applied

23



Stability: Time Domain and Frequency Domain Relationships

Second Definition of Stability

A system is stable if its impulse response approaches zero as time goes to infinity, that
is
lim h(t) = ) "1(H(9)=0
t> o
which means that all poles are in the OLHP

(Note OLHP - open left hand plane - poles have negative real parts)

Examples
s-plane
1 -
Transform H(S) = :
Pairs { s +1 7} Not Stable
h(t) =sin(t)
. P s-plane Pole
Transform H(s) = EOT A B Plots
Pairs { (s+1)(s+2) -1 Stable
h(t) =exp(-t) - exp(-2-t)
s-plane
H(s) L Not Stabl
Transform = (o _ -1/1 ot Stable
Pairs { (s+1)(s-1)

h(t) =§-exp(—t) + %-exp(t)

So stability is only dependent on the poles of the transfer function

24



Time for a Movie

Click on image to start movie
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Block Diagram Simplification

Us)_» | HE) Ls— Y } Goal of Block
Diagram Simplification

Summer X(s) + Y (9
Z(s)

u(s)

Y (s)=X(s) - U(s) - Z(9) } Mathematical Expression

multiplier X (1) Y (1)
Y (t)=K-X(t) } Mathematical Expression
K
X(9) R K s Y(9)

Y (s)=K-X(s) } Mathematical Expression

26



Canonical Form

L(s)

R(s) > A

Block Diagram

G(s) Y (s) } Most common

A

H(s)

G(s) Forward Transfer Function

H(s) Feedback Transfer Function

L(s)=-H(5) Y (s) + R(S) }  from Block Diagram

Y ()=L(s)-G(s) }  from Block Diagram
Y()=(-H(s)-Y(s) +R(s)) G(s) }  substitute for L(s)
Y(s) (1+H(s) G(5))=R(s)-G(s) }  algebraic manipulation

Y(s)_  G(9 }
R(s) 1+ G(s):H(s)

answer

G(s)

— | Y(9) } Block Diagram has been simplified
1+ G(s)-H(s)

R(s) —» ]

The need for simplification of Block Diagrams spawned the creation
of the rules and procedures

27



Block Diagram Simplification Rules

Cascade Y=P1-P X

X P —— P> Y
X > PP, Y } simplified
Parallel Y=<P1+P2>-X
X + Y
> P « . y
v + = > hth — } simplified
PZ

Remove a Block from a Path

X P > Py . M equivalent to
2 32 g } above block.
R [Py
> Y=P, —+1|X
P,
X~ p..
Feedback loop Y=P, (X-P, Y> Y=<P1+P2>-X
+
T Py Y = X Py Y
A > Teee, } simplified
P,
Remove a Block from a Path
1
Y Y=—
1 |7 P, 0L+ PR
L > PP, >
P,
A } equivalent to

above block.
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Moving a Summing Point ahead of a Block or beyond

Moving a Take-off point

Y
Xy p >
Y ! Y
X > P—— Y_
X
I

ﬂ
N

_*‘;
X N P yt N Z
+
Y > P
X > > Pr——»—Y
Pl <«
X > P > > Y
Xaiqyp

= Z=P(X+Y)

1]
<
n
T
X

Bottom Line : If you move wires or blocks, you must ensure the mathematical expression
remains equal to the same thing that you started with
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Multi ple |ﬂpUtS (Some problems have multiple inputs)

When we have multiple inputs, each is treated independently of the other inputs.
Step 1: Set all inputs except one input equal to zero
Step 2: Calculate the response due to the non-zero input.
Step 3: Repeat step 1 and step 2 as needed

Step 4:  Add all the responses together.

U
Example R >+ R G, :+T R G, N , C
- A Y H
r Find C(s)
SetU=0
R N » G, G, R Cr
- Response of C(s)
Y due to R(s) only
c = GG, .
R™ 1+ G,G, Block Diagram Simplification Rules
SetR=0 u
1

- G, [l » | G, > — C

A v u Response of C(s)
due to U(s) only
+
U, > G, C,
A
+ Rearrange Block
Diagram
-1 G,
G
C=— 2 U
! 1+GG, : L
The total response is given by Block Diagram Simplification Rules
G.-G G
172 2
C=C,+Cg=

R+ U
1+G,G, 1+G,-G,
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Rule-Based Reduction of Complicated Diagrams  (Method 1)

1. Combine Cascade and Parallel Blocks

2. Eliminate Feedback Loops.

Example 1

\4
®

+y

+
+

A
A4
v
@
-
y
@

Find
H, < C(s)
R(s)

Yy

A 4
[9)
(9)

4 GZ"'G

A 4

w
v
y
(@)

Combined
Cascade
H < and
Parallel
Blocks

A




Y+

A 4

A

1-H, G, G,

G, G

A

G, +G

v

GlG4<Gz+G£
1-H,G, G,

<G +G>
2 3
1+6, G H, ———
174 "2
1-H,G, G,

Yy

Simplified
Feedback
Path

Simplified
Feedback
Path
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Example 2

R :: > K > » ! - »  C
_ ) s+1
A A
v
Find
s 1 ) C(s)
s+1 v R(s)
1
0.1 —_—
s+1
+
R, > K > ! —— C
.\ s+1
v
+ 1 identify
P s e— parallel
\ s+1 v paths
+
01 R
s+1
1
3 > K > — —>— C
N s+1
add
parallel
H(s) < paths

[ s 1 _(s+.1)

N add
ls+1) s+1 (s+1)

parallel

b
}

H(s)=

close feedback loop

C(s) [ K )./ 1)
R(s) \1+KH(s)/ |s+1

SRR SR
R(s) 1+ K(s+01) | \s+1 answer
s+1
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Time for a Movie

Click on image to start movie
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Signal Flow Graphs ( Method 2)

Nomenclature

X.\‘m

blv\

.

Y

Y=mX+Db } mathematical expression

branch - which way you go

Node - variables are represented by nodes

Y

Z
-20

Y=3-X
Z=-(4X)

*e—> e > e

X

3
-4
10
Y
Y =10-X

z
Z=-(20-Y)

} mathematical expression

-200
o —r—o
X z
Z=-(200-X)
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Example and Definitions

Signal Flow Graph
} that is used to explain
X Mason’s terminology

E]

Definition - A path is a continuous unidirectional succession of branches along which no node
is passed more than once.

X1 to X2 to X3 to X4 } Examples of

} Paths
X2 to X3 to X4 X2 to X3 to X2

36


S.J. Mason
S.J. Mason

The classical block diagram technique requires successive application of fundamental relationships in order to arrive at the system transfer function. In 1953, S. J. Mason derived a method for reducing signal-flow graph to a single transfer function by the application of a single formula. He achieved this by relating the signal-flow graph to the simultaneous equations that can be written from the graph



Definition - an input node is a node with only outgoing branches Example X1
Definition - an output node is a node with only incoming branches Example X4
Definition - a forward path is a path from input node to output node Example X1 ,X2 ,X4
Definition - a path gain is the product of the branch gains encountered

Example -- X1 'XZ -X4=A21 A42 } path gain for a forward path
Definition - A loop gain is the product of the branch gains of the loop
Example -- X2 -X3 -X2=A32 A23 } loop gain for a loop

Construction of signal flow graphs

+
R > > G > » C
A
+ .
Block Diagram
-H <
1 G 1
R ¢ C
Signal Flow Graph
-H
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Simplification of Signal Flow Graphs

— > SFG »—— C } First draw the signal flow graph

Coney )
Z=H = - Mason’'s Rule
R Z A

Pi = ith forward path

ij = jth possible gain product of K non-touching loops

A =l—(—1)K+lZ Z P } Original Formula

A =1 - (sum of all loop gains) + (sum of gain-products of 2 non-touching loops)  } Alternate
- (sum of gain-products of 3 non-touching loops) + (....... 4. ) - Formula

A = A evaluated with all loops touching Pi being eliminated

Definitions - Two loops, paths, or a loop and a path are non-touching if they have no nodes in
common
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Example - Simplification of an SFG

1 G 1
R > > C

-H
1) Find forward paths
R 1 G 1 C

P1= G } One forward path

> r— > — 00— >
2) Find loops G
P,=-GH } oneloop \‘/

3) Find A and Ai 'S

A =1 - (sum of all loop gains)
A=1+GH } + (sum of gain-products of 2 non-touching loops)
- (sum of gain-products of 3 non-touching loops)

+ (e 4. )-
Al= 1-0=1 } recalculate Awith F’l removed \‘/
-H
4) Calculate H(s)
PA g . .
H(S) I Does this agree with what you
- - } know the answer is supposed
A 1+ GH
to be ?
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Example - Simplify Block Diagram

Ga
+
G , G2 —p—— C
+
worked this
example
H before with
1 standard block
diagram
simplification
H2 < rules
1) First, draw the Signal Flow Graph G
3
2) Find the forward paths 2
G G G 1
1 1 4 2
P=G, G, G, o > o > o b—o >0
G G
1 174 G 1
P2= Gl G3 G ’ 3
3) Find the loops
G1 G ,
Pu=C, G, H, @
H1
G G G 1
1 4 2
-H
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I:)21=_G1 Gs G4 Hz

4)FindA and Ai’s -H

2

A=1- <P11 + P12 + P21> +0 }A =1 - (sum of all loop gains)
+ (sum of gain-products of 2 non-touching loops)
- (sum of gain-products of 3 non-touching loops)

= A evaluated with all loops touching Pi being eliminated

A
Al=1 }  Recalculate A with F’l removed

-H
A2= 1} Recalculate A with P2 removed ?
1
H,
-H,
5) Find H(s)
H = PA, +PRA,
A
B Gl G4 Gz (1) + Gl G3 G4 (1) 3 same as before
B but with
1-G, G H +G G,GH,+G GG, HJ different
technique
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Example -Simplify Block Diagram G

\ 4

2
A 4
+
R + C
> +’ Gl =
+ A4
H1
. : G
1) First, draw the Signal Flow Graph 2
Gl 1
R >
H1
2) Find the forward Paths
P1= G A R C
1 1 G X 1 1
Gz
P = 62
R C
1 1
3) Find the loops G1
P,=G, H, @
H1
4)Find4 - and Ai s A =1 - (sum of all loop gains)
_ + (sum of gain-products of 2 non-touching loops)
A _l_GlHl } - (sum of gain-products of 3 non-touching loops)
+ (e 4. )-
A =1 }  Recalculate A with P, removed G2
H
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A,=1-GH, }  Recalculate A with P, removed

|

H1
5) H(s) = RA, +PA, - G, +G,(1-GH,)
A 1-GH,
Example - Putting it all together
If R(s) = 1/s Find c(t)
- 1 <
Yy +
+
R(s) us P07 us |t > C(s)
+ ) -
1 1
1) Draw SFG

2) Find the forward loops

1
P R C
s 1 1Us 1 1 Us 1 1
3) Find the loops 1/s 1
-1
A=_"
s



1/s

B=_1
s

-1
c=_1
s

1/s 1

4) FindA and Ai’s

A=1-(A+B+C)+AB } A =1 - (sum of all loop gains)
+ (sum of gain-products of 2 non-touching loops)
- (sum of gain-products of 3 non-touching loops)
+ (e 4. )-

-1

A=1 }  Recalculate A with Pl removed
5) Find @=H(s)

e '\‘j v
RA,

C
— =_1"1 -1
R A -1
1 1
o s° ) s° ) 1
R 1-(A+B+C)+AB 1+§+i S +3s+1
S 52
C(s) = = = - } R(S)=§
s(s°+3s+1) s(s+a) (s+b)
—_
ST 2 B 2
1 1 1
Cs) = @& +* “a(a+h) * -b(-b+a) }PFE
S S+a s+b
1 -1 -at -1 - bt
c(t) = — —_ ~ eT + —~ e
(1 ab (b-a)a (a-b) b } 'L”;;;S;
Transform
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Example Simplify SFG

Yy Reachable
Canonical

Form

b3
P=— ub—>r>r—o—>prb—o o b0y
s® 1 s s s b,
b
Pp-_2 b,
2 Sz
u y
1 1/s 1/s
b1 bl
P=__—
3 u
S
1 1/s y
2) Find the Loops
_a 1/s
AN
S
-a
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1/s 1/s

-a
B=_2
Sz
-8
- 1/s 1/s 1/s
2

%

3)FindA and Ai’s

A=1-(A+B+C) } A =1 - (sum of all loop gains)
+ (sum of gain-products of 2 non-touching loops)
- (sum of gain-products of 3 non-touching loops)

A =1 }RecalculateAwith P removed
1 1 b

A2= 1 } Recalculate A with P2 removed

A =1 } Recalculate A with F’3 removed b
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4) Find H(s)

Y(S):ZRAi _ P1+P2+P3
u(s) A TT(A+B+C)
b, +b, +Db;
_ g & S
8 & &
1+ —+ —+—
s ¢ &
2
_ bl St b2 St b3 General Form of
T3 2 } a 3rd order Transfer Function
S + al S + a2 S + a3
Example
R —» G > > » | G > »Y
_A 1 A 2
A\ 4 A\ 4
H1 H2
1 G1 1 G2 1y
A, -H,
1) Find the forward paths
P=G G~ Y
1 G1 1 G2 1
2) Find the loops
G
1
P11=_Gl H, @
-H
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3)FindA and Ai’s

A=1-(R;+R,)+(RiR,) } A =1 - (sum of all loop gains)
+ (sum of gain-products of 2 non-touching loops)
- (sum of gain-products of 3 non-touching loops)
+ (e 4. )-

Al=1 }  Recalculate A with F’l removed

_Hl _Hz
4) Find H(s)
G G
Y(S) B Pl Al B 1 2
R(s) A 1+(31H1+(32H2+(31(32H1H2

Alternative method to solve

R(S)4>7 Gl oy GZ | Y(S) cLo(iﬁd
1+ Gl H1 1+ GZ H2 |00ps

@ = Gl GZ } multiply

RO TSGR GG, S



Time for a Movie

Click on image to start movie

49



Root Locus: Construction and Design E

Plant
_|_
R(s) ». | K > Gp (s) > » Y(9)
_ v
I K is a positive parameter
that can be changed

Y(S)_ K'Gp (s)
R(S) 1+ K-Gp (s)

} Closed Loop Transfer Function

S + % 1 -1 S T + ao N(S) } General Form for the

Transfer Function
s" +b 1-Sn_1+ ....... +b D(S)

G, (s)=

N(s) and D(S) are polynomials wherem <n

LC)

Y(s)= D(s) ) K-N(s)

R(s) 1. k.N(s) N(s) D(s) + K:-N(s)
D(s)

The closed loop poles are the roots of the characteristic equation

A(s)=D(s) + K-N(s)=0

The location of the roots of A(S) in the s-plane change as K is varied from 0 to ©

A "Locus" of these roots plotted in the s-plane as a function of K is called the Root Locus

Different ways to write the same thing

N(s)

A(s)=1+ K——==D(s) + K:N(s)=0
D(s

Gives the roots of the closed loop system
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Walter Evans
Walter Evans

In 1948, Walter R. Evans, working in the aircraft industry, developed a graphical technique to plot the roots of a characteristic equation for a feedback system whose parameters changed over a particular range of values. This technique, now known as root locus, takes its place with work of Bode diagrams and Nyquist plots in forming the foundation of linear control systems analysis and design theory.



Root Locus Rules

1.

Asymptote Chart in the s plane

Starting points
(K=0)

. Termination

points

. Number of

distinct root loci

. Symmetry of

root loci

. Asymptote

intersection

. Root Locus

locations on
the real axis

. Rool locus

asymptotes

Let RD (relative degree) =n-m

centroid
formula

The root loci start at the open-loop poles.

The root loci terminate at the open-loop zeros. The
open loop zeros include those at infinity.

There will be as many root loci as the largest
number of finite open loop poles or zeros. For the
majority of systems, the number of finite open-loop
poles will be greater than the number of finite
open-loop zeros.

The root loci are symmetrical with respect to the
real axis.

The asymptotes intersect the real axis at a point
given by

% openloop poles— ) open loop zeros
g =

n—-m

The root loci may be found on portions of the real
axis to the left of an odd number of open-loop poles
and zeros.

The root loci are asymptotic to straight lines, for
large values of s, with angles given by

0 = (1+ 2k) 7
n-m

k=0L..,n-m-1
n = no. of finiteopenloop poles
m = no. of finiteopen loop zeros

RD

[}
[EEN

RD

[}
N

RD=3 RD=4 RD=5

The centroids are marked X in the asymptote charts above
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Example Plant

_|_
G, ()

R(S) _y 1 K
_ v

» Y(S)

v
A4

1
Gp (s)= 5+ 2(s: ) } Open loop polesareat S=0,-2,-4
S(S+<£)(S+
Y « 21 4
S S(S (S
R( ) = ( * ) g- * ) } Closed Loop Transfer Function
(&) 1, k.
S(s+2)(s+4)
1 Root Locus Form
A(s)=1+ K'[ s(s+2)(s+ 4)] for the Denominator
Step 1. Pole Zero Plot Step 2. Real Axis
j/iw jw
X X v V. \(
-4 -2 (0]

/\ /N /|
T o -4 -2

Step 3. Centroid / Asymptotes

0-2-4-0_

centroid= -2

RD=3

Step 4. Draw the Root Locus

a. Locus must be symmetric about real axis

b. Open loop zeros at infinity = 3

c. Locus starts at open loop poles and
goes to the open loop zeros

Imag Axis

Note: Locus is symmetric about
the real axis because complex
poles always come in conjugate pairs

-6 -5 -4 -3 -2 -1 0 1 2
Real Axis
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Example Plant

R(s) :>— K > Gp (s) > » Y ()
_ |
GIO ()= S+ 2 . } Open loop zero S=-2 |
(s+1)(s+3+3)(s+3-3) Open loop poles S=—-1,-3% |3
K- S+2 } Closed Loop '
Y(s) ~ (s+1)(s+3+3)(s+3-3) Transfer Function
R(s) 1+ K S+ 2

(s+1)(s+3+3)(s+3-3)

S+ 2
A(s)=1+K: . . for the Denominator
(s+1)(s+3+3)(s+3-3)
Step 1. Pole Zero Plot Step 2. Real Axis
X jw X jw
o-x =X
-3-2-1 (0) wroid -3-2-1 (0)
X centrol X

Step 3. Centroid / Asymptotes

-3-3-1-(-2) -5
2 2

Centroid =

RD=2

Step 4. Draw the Root Locus

a. Locus must be symmetric about real axis

Imag Axis

b. Open Ioop zeros at infinity =92 H .................................
c. Locus starts at open loop poles and
goes to the open loop zeros
-2 -1 0 1 2

Real Axis




Example

+
R(s) ». | K > GIO (s) > » Y(S)
_ v
G, (s) ! Open | | s=-1,-3
= pen loop poles =-1,-
P (s+1)(s+23) }
1
K.
Y(s) (s+1)(s+3) } Closed Loop Transfer Function
R(s 1
(s) 1+K-
(s+1)(s+3)
1
A(s)=1+ K- Root Locus Form
(s+1)(s+3) for the Denominator
Step 1. Pole Zero Plot Step 2. Real Axis
jw jw
XK—X e
3 -1 o 3 -1 o
centroid
Step 3. Centroid / Asymptotes
. -3-1
Centroid = ——=-
2
25
|
2
RD=2 I
1.5 I
" I
Zo !
Step 4. Draw the Root Locus g Y T H__e( ................................
o4 |
a. Locus must be symmetric about real axis 4 I
b. Open loop zeros at infinity = 2 1 I
c. Locus starts at open loop poles and ' :
goes to the open loop zeros 2
25 3 2 1 0
Real Axis
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Example - Continued

Open Loop System R(s) Y(s)
> G (9 >
1 p
G, (s)=
P (s+1)(s+3)
Let R(s) = Unit step iep Resporee
( 1> /_ 1> ( 1> o}
3 2 6
Y(S) = + \ + é 0.15
S s+1 s+3 =
1 l - 1 - 0.05
(==--€'+-¢°"
3 2 6 °F . . . J
Time (sec.)
Closed Loop System
n Y(s)
Rs) "4 K > g9 Tt
Let R(s) = unit step
Step Response
1.2
' K=30
o K=10 as K changes it is
g K=4 } clear that the transient
R response can be "shaped"
<
04r K _ l
0.2 %/
O L L
0 2 4 6 8 10
Time (sec.)

Note: Higher values of K speed up the closed-loop response when compared to the

open-loop response
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Example

+
R(S) T K > G, (s) > | > Y(s)
G, (9)- 1 |
P S(s+3)(s+3-j74)(s+3+]74)
Closed-Loop
1 Transfer Function

Y(s) (519573 74 (5:3:]74)
R(S) 1, k. 1
S(s+3)(s+3-j)74)(s+3+]7.4)

1
A(s)=1+ K- : : Root Locus Form
S(s+3)(s+3-j74)(s+3+]j-74) for the Denominator
Step 1. Pole Zero Plot Step 2. Real Axis
X Liw X J jw
X % S
(0] -3 (0]
X X

centroid

Step 3. Centroid Asymptotes

Centroid = 3-3-3- 0=f=_2_25 WX /e *jw
4 4 o
¢ o N
RD=4 Y \l o
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Step 4. Draw the Root Locus

a. Locus must be symmetric about real axis

b. Open loop zeros at infinity = 4

c. Locus starts at open loop poles and
goes to the open loop zeros

Real Axis

8 . . . .
6J . b
N :
N\ :
4F N\ : 1
\ ’ :
'gz \ / :
. \ / E -
;’; N v :
go.-".-"." /\/\ *.-"."u".-"u"".
= V4 \ '
2F /7 \ H o
’ \ :
/7 \ :
af 2 ; -
7/ :
8 o o o H o
-4 -3 -2 -1 0 1 2
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Magnitude and Angle Conditions

Y
MOMERAS R(S) >pr| K Gy (9) K

R(S) 1+ K-G, (5) —I v

v
A4

Poles are determined by

A(s)=1+K -Gp (s) } characteristic equation

A(S) ' =0 } clp denotes closed-loop pole
s=clp
Magnitude Condition
] .
_ . _ _ . ] _ Expression for
A(s)=1+K GID (s) s=dp =0 = K Gp (s) =-1 finding clps
s=clp
] .
] _ Take the magnitude of
‘ K Gp (s) ‘ s=clp | l| both sides
(Note K is a real number)
]
K ‘ G_ (s ‘ =1 } Magnitude Condition
o (9] [ dp g
Angle Condition
K 'Gp (S) ] -1 } Expression for finding clps
s=clp
Angle[ K 'Gp (S) ] ] _ Angle(— 1) } Take the angle of both sides
s=clp
Use -180 degrees as opposed
1 : to 180 degrees by convention
Angle[ Gp (S)] = -180 } (only here)
s=clp (Note K is a real number)
Angle[ G, (s) ] ' = 180 } Angle Condition
s=clp
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Example Find the value of K which places a closed loop pole at -5

n Y(s)
R(S) >, > K > G(9 > >
_ v
G. (9= S+ 2
P (s+1)(s+4)
Find the transfer function
K. S+ 2
Y(s) - (s+1)(s+4) } closed loop TF

R(s) 1+ K- S+ 2
(s+1)(s+4)

1
0.8
0.6
90.4
Zo2
E_é’ | S S [ S S A } Draw the Root Locus
0.2
0.4
0.6
0.8 Note that -5 lies on the root
1 locus
6 -5 4 -3 -2 -1 0 1 2
Real Axis
Magnitude Condition
S+ 2
K ‘ G, (s) ‘ = K- ' =1
s=_5 (s+1)(s+4) -5
= 1 => K=_
( 4) ( 1) 3

Angle Condition

Angle[Gp(s)] ' ]
S=-

= Angle(s + 2) - Angle(s + 4) - Angle(s + 1) =-180

=-5

- Angle(-3) - (Angle(-1)) - Angle(-4) =180 - (180 + 180) =- 180 } Angle Condition

is satisfied
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Design Example: DC Motor

The differential equation for a dc motor is given by

2 R R g (G G|
LENNOR FaBla, (1) + Rap, (G w®=—2Tv_(1)
dt2 \La J/ dt L, J L,Jd JL,

where V, (t) is the input voltage and w(t) is the motor speed
After testing the motor and determining the parameters, we obtained
d? d
— () + 6=w (1) + 5w(t)=V, (1) } Plant Model
dt2 dt
w(s
© . Gy G, (9)
\Vj (S) 2 _ p p
a S +6s+5 v 1 w(t)
Poles of the plant are given by a(t) > - —
2 S +6s+5
A(S)=s" +6's+5=(s+1)(s+5)=0

Open Loop system that we want to control
Poles are at S=-1 and S=-5

-1
Let  V, (£)=5(t) then w(t) = 7 (G, (9 V,(9)]
Pole Plot

025 -0.25 )
W (S)= " } PFE Tool

s+1 s+5 2

-1 1 } Inverse é’l
w(t)=—-exp(-5t) + —-exp(-t Laplace <
(= yep(-50 rpeopo Flame L .

Ot e

Definition

Dominant Poles are the closest poles to the jw axis (Assume that the system is stable)

The dominant pole corresponds to the slowest mode

-t
The open loop system’s output response will be dominated by € Why ?
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Design Example - Continued

Let us examine the response to a step input

vV, (s) { hence  y(s) =G, (9) é

1 11 1 1 1 1
w(s)= =—-_-_ +—- } PFE Tool
s(s+1)(s+5) 5s 4(s+1) 20s+5
Step Response
1 1 1 Inverse 02 ‘ ‘ ‘ —
w(t)== - —-exp(-t) + —-exp(-5t) } Laplace - -
5 4 20 Transform e
Problem: The response of the system maybe 014
too slow to suit our specifications g on
Solution: Add Feedback £ \;@
Va® il
/
R(s) + W(8) o/
Sk GO e
- V} 7 T|me(siac.) ’ J
Closed
w(s) K Gp (s) Loop
= Transfer
R(s) 1+ K'Gp (s) Function
Find K so that the closed loop poles are at Draw the Root Locus
=-3-j]-3 and S=-3+)-3 A
From Magnitude Condition .
1 |
K . i =1 3 Ii
(S+ 1)(S+ 5) S=_3+j.3 2 |
» |
1 X1 |
K- . =1 Bl ! O
(-2+j-3)(2+)-3) I e | X
-1 1
K=13 places the closed loop poles at 2 :
=-3+j-3 and =-3-j-3 K *
s 5 4 3 2 1 0 1 2
Real Axis
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Design Example - Continued

With K = 13 and R(s) = 1/s , find ()

13
w(s)  KG (9  (sr1)(s+5)
R(s) "1+K-G (s) - 13 Closed Loop Transfer Function
p .
(s+1)«(s+5)
w(s) 13 .
) } RO-2
R(S) s®:6s+18 S
0(S) = 13
s-<52 +6S+ 18> } Use PFE Tool
1 1
w(s)=13 i& - 18 s =13- i} - i ﬂ } Make it look
18 s (s+ 3)2 + 32 18 s 18 (s+ 3)2 R 32 like the tables
w(s)=13{ L1 1) s+3 | 3
18s 18 (S+3)2+32 [(S+3)2+32]
13 13 i 13 | Lol
00(1') =E - E.exp(_3-1-) .gn(3.t) - E.exp(_:;,t) -COS(3-t) } ﬁr\;?]rssfirn?p ace
Closed Loop g3t Open Loop g!
Faster Dominant Pole Slower Dominant Pole

Step Response

0.7

Closed Loop

0.6

. -1
05l Note it takes €

04t 1 } 5 seconds to die out
-5t
while it takes €

Amplitude

03

Open Loop

0.2 one second to die out
0.1H 1
. | ‘ ‘ ‘ |

0 2 4 6 8 10
Time (sec.)

Note that the closed loop response is faster than the open loop response
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R(S) Compensator Plant

Compensation + G, (9 » Gp (s) . Y(s);
1 - v
G.(s)=———
p (9 s(s+ 1)
Let G, (s)=K

Find K so the closed loop poles are at

=-05+j-05 and s=-05 - j-0.5

K
Y (s) = s(s+1) = K } Closed Loop Transfer Function
R(s) 1+ K s>+ s+ K
s(s+1)

Root Locus tells us that desired closed loop poles are possible with GC (s)=K

15
1
005 --05+j05
= ob-rerll ..................... Draw the
E i Root Locus
o5 =-05-j-05
-1 :
15 i
2 15 -1 0.5 0 0.5 1

Real Axis

Method 1: Coefficient Matching

2
A(S)=s" +s+K } Actual denominator

AW (s)=(s+05+):05)(s+05-j:05)= s +s+05 } Desired denominator

After equating coefficients, we obtain  K=0.5
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Method 2: Magnitude Condition

K
A(S)=l+m

=0
s=-05+]:05

K=|S|-|S+ 1| ' hence K=

=-05+j-:05

1 11 1)1
—_t — =+ — | =—
4 4.4 4] 2

Applications of FVT and IVT for open loop systems

G, (9
r(t) 1 Y(t)  Open
| - 5 Loop
. s(s+1) System
R(S)=g Y(S)=Gp (S) 'R(S) Step Response
Y(s)= 5 !
S (S+ l) 25
. $ } y(t)
y(t)=A + Bt + C-e } Use PFE * s
tool

Time (sec.)

Initial Value Theorem

foP)= lim sF(s) yloP)= lim s

S> o

2—=0 } Checks with graph
s> o S (s+1)

Final Value Theorem

f(o)= lim sF(s)  y(o)= lim >
s=> 0

s-> 0 sz-(5+ 1)

%Y } Checks with graph
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Application of FVT and IVT for Closed Loop System

Y(s)

" } Closed Loop
System

»
»

} closed loop TF

R(s)
1 ;': 0.5 > #1
R(s)=2 s(s+1)
S
1 1
Y(s)  2s(s+1) 0.5
R(s) 1+E_ 1 82+S+O.5
2 s(s+1)
0.5 0.5
Y(S)= / =

s(s?+s+05) s{(s+05)%+ (052

y(t)=A + Be ®®tcos(051) + Ce *5tain(05) } Imverse Laplace Transform

FVT :
y(w)= lim /20.5-5 -1
s> 0s S +s+ O.5>
IVT :
y()= lim — 05s .o

S> o S'\S2 +S+ O.5>

FVT -tellsusA=1

IVT - tellsus B = -1

} Use PFE tool

Step Response

Amplitude

L L
10 15 20

Time (sec.)
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2nd Order Time Domain Transient Specifications

2
w
H(s) = < n> } standard form for
) 2 2nd order Transfer Function
$“+ 28w s+ (W]

1. Percent Overshoot (PO)

max value of output - final value of output . . .
} time domain calculation

PO =
final value of output
100
90
80
-OTT 70
PO=100 -exp/— 60 Graphical
2 50 Solution
1-3
40|
30
20
10
00 0.2 0.4 0.6 0.8 1
delta

2. Settling Time - Time required for the system output to remain within b% of the final value

4 3
Typical values: b=2% t=—— and b=5 % —

° 5w oW
n n

3. Rise Time - Time for the system output to go from 10% to 90% of the final value.

<n— Grad>

t= " where erad is in radians

.
/ 2
w{1-93 &=cos(8)

4. Peak Time - Time required for system output to reach first peak of the overshoot.

Above relationships are used
to convert time domain
specification to pole
locations.
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Typical Output to a Step Input

Step Response

1.4
12 1
PO I AN 102
ittt iy Al el el i g __f-
T - |
X 0.98
el !
<06 (I
11
11
0.4 I I
11
0.2 1 1
t
I s
0 : t 5 10 15 20
Time (sec
ST o
tr
) 4
tr= ts=—
2 o) '()L)n
W - 1-90 Conversion
formulas
ik /
= -0-TU
b - PO=100-exp
_ 2
W, 1-6 \ 1-90
jw
wn d
0=cosf
s-plane { 0 ;
} pole locations
-a
tr,ts, tp, PO closed loop pole locations
Conversion
Formulas

Time Domain
Specifications

Frequency Domain

A

Specifications
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Steady State Error (SSE) Specification

R(s) » o » K » G (8 b Y ()
A v
e(t)=r(t) - y(t)  SSE= lim e(t)= lim sE(s) } Finalvalue
t> o s> 0
r(t)
N A N }SSE
: y()
E‘
Time (sec)
Example - Calculation of SSE
QRO -Y(S V(P _R(g)  } rom ook
S)=R(S) - S S)=— R(S From Block Diagram
1+ KG, (9 k
K-GID (s)
E(S)=R(S) - 1+ K-Gp (S) 'R(S) } Substitute Y(s)
R(s) -[1 +K-G (s)] - K-G, (s)-R(s)
E(s)= P P :
1+ K-Gp (S) Common denominator

i K, Gp (s) and R(S) were available, then SSE could be calculated numerically

1
(=) 1+K-Gp (S)] (s) } ety
: 1 .
SSE= Ilim s|{— |'R(s) } Final Value Theorem
s>0 |1+ K-Gp (s)
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Example - Calculation of SSE

R(S) N y K > G, (s) > > v(s)
A \4
H(s)
E(s)=R(s) - Y(s) Y(s) K'Gp ) R(s) } From Block Di
= - = . rom Block Diagram
1+ K-Gp (s)-H(s)
E(s)=R(s){ 1 K-Gp(S) } bstitute Y
(s)=R(s) - 1 K-Gp (5)-H(s) substitute Y(s)
1+ K-GIO (s):(H(s) - 1)
E(s)= ‘R(s) } common denominator
1+ K-Gp (s)-H(s)
1+ K-G,(s) (H(s) - 1)]
SSE= Ilim s ‘R(S) } Final Value Theorem

s> 0 1+K-Gp(s) H(s)

if K, Gp (s),H(s) and R(S) were available, then the SSE could be calculated

numerically
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Design Example

Rs) > > K 1» GO p » Y(s)

1
(s+1)(s+5)

1) Find K such that if r(t) is a unit step, then y(t) has the following characteristics

N

a) ts=— (Settling Time: 2% criterion)
18

b) PO =5% (Percent Overshoot)

2) Find y(t) for r(t) = step

GIO (s) =

3) Find the steady state error for r(t) = step

Calculate Pole location parameters.

PO=5% U 5=i } plot 1.'S=i N wn=J§3 }Direct
JE o (N Calculation

Formulate desired closed loop characteristic equation
A (s)=sz+2-6-w s+(w )’=s’+ 65+ 18
dcl n n

Desired closed loop poles are are =-3+]J3 and S=-3 - |3 }quadratic formula

4
3
2 :
2 } Root locus for
< )
= VS PO SO Y(s) K-G, (s)
£ : =
1 R(s) 1+ KGp (s)
i Ay (s) = 1+K- !
-3 ¢ (S+ 1) '(S+ 5)
“e 5 4 3 2 1 0 1 2

Real Axis
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Find K by Magnitude Condition

K-G, () =
Y(s) " A(S)=1+K-G, (9) |" =0
R(s) 1+ K-Gp (s) s=-3+j3
. ! ' =1 H K=13 } Use Calculator
(s+1)(s+5) =-3+j3
1
2) Findy(t)whenR(s) = —
S
13
Y(S)=E- (s+1)(s+5) — 13 } From Block Diagram
S, 13 s\S +6S+ 18> K=13
(s+1)(s+5)
Y(s)=13- L + As+B } PFE Formulation
185 (s4+3)%+(3)°
A-52+B-s+i-sz+i-s+ 1=1 =j B=j } PFE Tool
18 3 18 3
' ' 6
v(g=13 L+ - L. S+2 .
185 18(S+3) +(3)
O e . e 1
[ s+ (9T (s+)7+ (9 the tables
[1 1 .3t 1 -3t )
t)=13- — - —-e "~ -cos(3t) - —-e "~ sn(3+) Inverse Laplace
¥y |18 18 (31 18 } Transform
Interesting check on PFE Calculation
. 13 ,
y()= lim sY(s) =— } Final Value Theorem
s->0 18

} Initial Value Theorem

y(0)= Ilim sY(s)=0

S>
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3) Find SSE when R(s) = 1/s

E(s)=R(s) - Y(s) } Definition

K-GIO (s)
Y(s)=—————— R(S) } From Block Diagram
1+ K-Gp (s)
E(9RE - — 2 _r(y } s
S)=R(S) - —— R(S titute Y
1+K-Gp(s) substitute Y(s)
E(S)=——R(s Simpli
) 1+ KG, (3) ()} smeiy
SSE= |lim sE(s) = lim s&- 1 } FVT
(s+1)(s+5) S
SSE=i } answer
18
lim e(t) = lim (r(t) - y(t))= lim r(t) - lim y(t)
t> o t> o > o t> o
- 1_E’ _ i Another
18 18 method
Noter  lim y(t) = lim sY(s) ==
t> oo s=> 0 18
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Lead Compensator (Using Magnitude and Angle Condition)

»

Y(s)

»

Root Locus
does not
go through

-3+j3

1
+
» > G S _ >
R(s) c (9) s(s+ 1)
T A A 4
Find GC (s) such that the dominant closed loop poles are at — 3% |3
Let G, (s)=K I = :l
1 2 !
A | (s)=1l+K——— !
¢ s(s+1) 5 i
go .................................... >(_:.ﬁ ..............
£ 1
1 :
5 I
1
Jf M !
3.5 3 -2.5 -2 -1.RSeaI -;‘Xis-O.S 0 0.5
S+ a
It G, (S)=K-u } Lead Compensation => b>a>0
(s+b)
Ay (9=1+K: (sra) 1
¢ (s+b) s(s+1)
. -b-0-1+a
Centroid= T B
E
RD=2 Root Locus goes

through —3+ j3

Note: a closed loop pole at "-c" has been injected

By moving "a" and "b" around we can change the centroid
and hence bend the root locus to go through— 3+ j3

Note: —3% |3

How do we find the values for a, b and K which ensure that

are more dominant that "-c"

are the closed-loop poles ?

Real Axis

-3+j3

/3



Find Closed Loop Transfer Function

K(s+ a)
Y(s) - s(s+b)(s+1) } From the Block Diagram
R(s) 14 K- sS+a
(s+b)-s(s+1)
] _ Achieves the desired result
A(s)=1+K—_5*3 =0 }
s(s+b)(s+1) |s=-3+j3
Angle Condition: Find "a" and "b"
(s+a) [ One Equation Angle
Angle K'S.(S +b)-(s+1) | |se_3. i3 =-180 } Two Unknowns Conditions
(s+a) 1 ' One Equation
Angle : =-180 Let a=3
9 (S+ b) S-(S+ 1) S=—3+j-3 } Two Unknowns €
1) !
' _ 180+ Angld s.{57 _
-Angle(s + b) 5=-3+]3 (s+ 3) =-3+j-3
—tan'l 3 =-11.3deg => b=18
b-3 '
Note : Angle/g>=Angle(A) - Angle(B) Angle(AB) =Angle(A) + Angle(B)

Angle(a + jB)=tan * <E

a

Selection of "a"

1) "a"is not unique

2) If "a" is picked too big, "b" will not exist (i.e., b may become negative)

3) If "a" is picked too small, the system might not exhibit the right dominant behavior
(i.e., closed loop pole at -c might dominate the behavior)
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Magnitude Condition - Find "K"

K. s+ 3 ! = 1
(s+18)(s)(s+1) s=-3+]-3

. i3 B
|15 +j-3]-[-3+j-3|:|-2+]3]

3

B3 (2% (365 K= 79 (approximately)

G, (s)=79:

/5+3> } answer

\s+ 18
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Lead Compensator (Using Coefficient Matching)

+

R(s)

G, (s)

v

> GIO (s) > » Y(s)

Find G, (S)  so that the dominant closed loop poles are at -3+ j3

Select a Lead
G (S)=; G (S)=K-/S+ a } Compensator
P s(s+1) ¢ \s+b for the same
reason as before
K:(s+a)
Y(s) s(s+b)(s+1) K-(s+ a) }
= = closed loop TF
R(s) 14K (s+a) s(s+1)(s+b) + K(s+a)

(s+b)-s(s+1)
Note: There are three closed loop poles given by the characteristic equation

tual closed |
A, (s)=s(s+1)(s+b)+ K(s+a) } acualclosedioop

root locus to understand
the problem

Imag Axis

} Still need to draw the

Real Axis

Ay (s)= S, (b+ 1) &2, (b+K)-s+akK } actual closed loop denominator
Adc| (S)=(s+¢C)(s+3-j3)(s+3+j3) } desired closed loop denominator
A, (S)=(s+C0) -/s2 6-s 18>

dol (/=S T L)ns oS } simplification

Ay (s)=33+(6+c) 52+(18+6c) s+18¢c
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Equate the desired denominator to the actual denominator
Dyg (8)=8 (9)

6+c=b+1
3 equations, 4 unknowns (cannot solve)
18+6c=brK Let a=3 (same reason as before)
aK=18c
-6 || K 0
K=6cC
-1 1 |{b]|=]|-5
5+c=b b=6c+ 18- K 1 1-6][c 18
b=18 c=13 K=78 } checks with previous answer

Note we have discovered the third closed loop pole in the process (i.e., s = - 13)

Interesting Side Note

Previous equation can be used to determine how big "a” can get

5+c=b b=6c+ 18 - K K=<E>-c } eliminate K and b
a
8
5+c=6-c+ 18 - (1—> -C } one equation and two unknowns
a
C/E _ 5) =13 } simplified expression
a

From root locus, “c" must be a positive number for the problem to make sense

18 18
soif €>0 then — -5>0 therefore a<—

a 5

Any other selection of "a" forces "b" to be negative, and hence, the compensator
would have an unstable pole.
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Find the Structure of the Time Response For the Previous Problem Quickly

Y(s) 78:(s + 3) R(S)=E where r(t) is a step input
= s

R(S) (s+13)](s+3)%+(3)?]

y(t)=A + Be B!, C-e'3t-cos(3 t) + D-e'3t-sin(3 t) } mir;eet(;]iiastely

A, B,C, D can be found with the PFE tool

How can we find A ?

lim sY(s) =L(3)=1= lim  y(t) } final value theorem
s> 0 (13)(18) (5 o

lim y(t) =A=1 so A=1

t—> o

Closed Loop
Step Response

/8



Example  Find the range of K which ensures closed loop stability

{(t)

\4

R LG

K | H(s

A

s-1 s-3
H(s) = P(s)=
(s+4)(s+2) s+ 01
Y(s) - P(s) } Closed-loop Transfer Function
R(s) 1+ P(s)-H(s) K
[s-3 s-1 o
A, (s)=1+K-P(s)-H(s)=1+ K- - Denominator in
\s+0.1/[(s+2)(s+4) Root Locus Form
Draw the Root Locus
1.5
1
»nos
x|-c
I e S
0.5
-1
1% -4 -2 0 2 4
- . . Real Axis
Use coefficient matching to find the .
value of K which places closed loop poles at * |.a
D inator i
Dy (5)=(s+01)(s+2)(s+4) + K(s-3)(s- 1) pS.’;%?r'T?iZFéJ,?m

[ [
Ay (s)=(s+ 0.1)-\82 +6S+ 8> + K-\S2 -4s+ 3>
A, (s) -s®+615°+865+08+Ks - 4Ks+ 3K Simplification

Ay (9)=5"+ (61+K) s’ + (86~ 4K)s+(08+3K)
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A, (s) =S+ (6.1 + K) $°+ (8.6 - 4:-K)s+ (0.8 + 3:K) } actual denominator
/2 2 . :
Ay (s)=(s+c)s +a desired denominator (see root locus)
AW (S)=S3 resfra’sratc } simplified
cl
After equating the coefficients, we obtain
1) 6.1+ K=cC

3 equations
2
2) 86-4K=a 3 unknowns

3)08+3K=¥c

After multiplying equation 1) by equation 2), and equating the result to
equation 3), we obtain one equation for K

(6.1+K)(86-4K)=08+3K=a’c

_4K®+ (86 - 24.4)K + 52.46=0.8 + 3K
2 o
-4 K”-188K + 51.66=0 } simplified

(K - 1.94) (K + 6.657)=0 } factored

K=1.94 or K=-6.657 } roots

Since K cannot be negative K=1.94 is the answer

15

For 0<K<194 | the systemis stable

Real Axis
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Lead Compensator: Design Example

N Y(s)
o3 G (9) s-(s4+ 2) ]

v

»

v

Design G, (S) so that the dominant closed loop poles are at ~ S=-2 + -2 Jé

and =—2—j-2J§

o2}

s+b Compensator
K_(s ra) 4
Y(s) (s+b) s(s+2) } Closed Loop
B Transfer Function
R(s) 1+ K- (s+a) 4
(s+b) s(s+2)
By (8)=1+ K222, 4
¢ s+b/ s(s+2)

(£ s

=

<

o Draw the

g );—E Root Locus

Real Axis
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Method | Angle/Magnitude Condition

Angle Condition

Let a=2.9 } Do you know why ?
. —
Angle (s ¥ 2.9) 4 ] - _180
s+b /| (s+2)(s) s=—2+j-2-£
' . [
-Angle(s + b) = -180 - Angle[w
s=-2+j2.3 s(s+2) | |sa-2+j23
tan't 2_£=-45 -> b=5.46
b-2
Magnitude Condition
_/s+2.9>_[ 4 ” ' =1 = K=468
\s+546/ [s(s+2) ]| |sci24j2 3
Method II: Coefficient Matching
(s+a) 4
K- Closed-Loop
Y(S) = (S " b) S.(S " 2) = 4K (S " a) Transfer Function
R(s) 1+K_s+a_ 4 s(s+b)(s+2) +(Ks+Ka) 4
s+b/ s(s+2)

A, (s) =S+ (2 +b) S (2b+4K)s+4Ka} simplified actual denominator

/ : :
Adcl (s)= <S +2+]2 J§> \S+2-j2 JZ’:>(S +©) } desired denominator

(see root locus)

Ay (S)=S3 +(4+cC) $°+ (16 + 4.c)'s+ 16-c } simplified
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4+c=2+b
3 equations
2:b+4K=16+ 4-C }

4 unknowns

16-c=4-K-a

5
Let a=29 } Do you know why -

(1 -1 0 cl| [-2
3 equations
-4 2 4 1 b |=|16 }

3 unknowns
16 0 -116||K| | O

(c| [ 34
} Use calculator to solve (same answer as before)

b|=| 54

K| |468

Note: "c" is between "a" and "b"

Imag Axis

Real Axis
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Steady State Error Specification

Decrease the steady state error so that the output goes close to the input
( Remember that e(t) = r(t) - y(t) )

R(s), 1 Y(s)
g " K "(s+1)(s+5) !

A A4
Let R(S) =E
S

K- -
Y(s) (s+1)(s+5) Closed Loop
R(S) - 1 Transfer Function
1+K

(s+1)(s+5)

E(s)=R(s) - Y(s) } By Defintion

K- !
E(8)=R(S) - (s+1)«(s+5) R(s)
+ K- !
(s+1)(s+5)
1 _—
E(s)= ‘R(S) } Simplify

K-[ L
(s+1)(s+5)

: . 1
SSE= |lim e(t) = lim sE(s)=——— } Apply the final value theorem
t> oo s->0 1+E 1
R(s)=—
S

so as K goes up SSE goes down
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Same Problem

K- !
Y(s s+1)(s+5 .
(s) = (s+1)(s+5) Find K so that the closed loop poles are at -3x j3
R(s) 1
1+K-
(s+1)(s+5)
A, (s)=1+ K } Root Locus Form
¢ (s+1)(s+5)
4
1
3 |
I
2 |
" 1
<1 |
go ------ DS I x ....... E ................ } Draw the
1 I i Root Locus
: :
I
3F 1
-4 .
6 5 4 3 2 1 0 1 2
Real Axis
Magnitude Condition (Find K)
1
Kl————— =1 = K=13
(S+l)(S+ 5) s=-3+3]

1 5 From the previous slide
SSE= } with K = 13

From the above problem, we can see that the SSE is fixed since we have selected a
value of K to place the poles at -3x j3 It would be desireable to place the pole and

reduce the SSE at the same time



Lag Compensation SSE- 1

5
18 } ForK =13

( The preferred method for reducing SSE ) 1+ E
5
R(s), Y(s)
> > G, (9) » K > Gp (s) > >
- v
Let R(S) =E
S
1 To meet a transient
b (s)= (5+ 1) (s+5) Let K=13 specification
G (9).[5*C } c>d>0
c (s)= s+ d Typical Lag Compensator C=0.1  d=0.01
E( S) - 1 } From block diagram
1+ K-Gp (s) -GC (s) E(s)=R(s) - Y(s)
SSE(s)= lim s:E(s)= lim S-E- - Final Value
s> 0 s>0 S1+ K-Gp (s)-G, (9) Theorem
SSE(S) - lim 1 Plug in the
= < 0 / s+ 01 1 transfer functions
> V1+13- |
\s+ 0.01) [ (s+1)(s+5)
SSE 1 1 , :
(s)= 30 =§ (approximately) } From previous slide
1+ —
5

f G.(s)=1 and K=13 U SSE=% (approximately)

s+ 0.1

with G (9)=
c (9 s+ 0.01

SSE is a factor of 7.5 better than with G;(s) = 1

Question : Have we created a problem by adding a lag compensator ?

That is, will the output still behave according to the dominant specifications ?



Lead/Lag Compensators

Example
R ()45 Gg(9) —» G, (9) > Y (9)
1
G (S) = -
p (s+1)(s+5)

Design a lead/lag compensator that has

1) Dominent closed loop poles as s = -4 +/- |5

2) SSE =0.01 when R(s)=1/s

Design Lead Compensator to place "dominant" closed-loop poles at — 4+ j5 while neglecting the

effects of the lag compensator. Then design lag to achieve SSE specification.
Note - if we don’t neglect the lag during the lead design, the problem becomes fairly difficult to solve.

G _ K(s+ a)
Let c(9)= (s+b) } Lead Compensator
Y . 6. (9G, (9
@ - P } closed loop TF
1+ GC (s)-Gp (s)
AlS)=1+ K- s+al 1
(s5)=1+ s+ b/ |(s+1)(s+5) } Denominator form for Root Locus

Imag Axis

Draw Root
Locus

-15 -10 -5 0 5
Real Axis
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Angle Condition

angle s+ 10 _ =-180 } Leta=10 Why ?
(s+b) (s+1) (s+5)|s=-4+5)
—tan'l( )=-19.3 0 b=183
-4+
Magnitude Condition
K s+ 10 ~
(s+ 18) (s+ 1) (s+ 5) |s=4+5i
s+ 18) (s+ 1) (s+5
_[(s+18) (s+1) (s+5) . =566
(s+ 10) $=-4+5]

Lag Compensator Design:

s+10s+cC
G (s)=56.6- . } General Form for the Lead/Lag
¢ s+ 18 s+d
H—J H—J
Lead Lag
. 1 .
SSE= |lim s ‘R(s)=0.01 } From Block Diagram
s> 0 1+G(sG p(s)
1 1
SSE= } R(s)=—
56.6 (10) c s
1+(18) (1) (5) d
1 o
SSE=— _=0.01 } simplify
Cc
1+63 (-
d

C
a = 157 } obtained a ratio for "c¢" and "d"

"c" is typically selected to be 0.1; hence, d = 0.00625

s+ 10 s+ 0.1
s+ 18.3 s+ 0.00625

GC (s)=56.6- } Final Compensator Design
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Why can we neglect the Lag dynamics when we design the Lead compensator ?
That is, how close was the above calculation ?
Let us re-examine the Lead calculation with the Lag Dynamics inserted

[ <s+10>/ s+ 0.1 )[ 1 H
A | (s) = 1+ 56.6- . .
d s+ 183/ |s+.00625/ | (s+ 1)(s+ 5)

Exact
=0 Characteristic

s=-4+ 5 Equation

Angle Condition

[ s+10 ) [s+ 01 1 '
: : should be equal to -180;
|s+ 183/ |.00625/ | (s+ 1)(s+5) | [g=—a+ i5
however, it is equal to -179.798

Magnitude Condition

[ s+10 s+ 0.1 1
56.6 . . should be equal to 1;

|s+ 18.3/ |s+.00625/ (s+ 1)-(s+ 5) 415
however, it is equal to 0.973
The reason that the above calculations are still / s+ 01 _ o
close is because s+ .00625) =0.9819 [1-0.66

S = -4+5j
whichiscloseto 1 O

Hence, by selecting the lag compensator zero close to the j w axis and the lag compensator
pole relatively close to the lag compensator zero, we change the angle and magnitude calculation
very little. The above approximation method is fairly accurate.



Example

G (9 G, (9) Y (9

A 4
A 4
v

Design a lead/lag compensator that has G (9) 1

S)=
p (s+1) (s+ 3) (s+ 10)
1) Dominant closed loop poles at s = -2 +/- 2j

1
2) SSE =0.01 when R(s) =—
S

Design Lead to place the "dominant” closed-loop poles at -2 +/- 2j while neglecting
the effects of the Lag compensator.

G(s)K/S+a } LeadC t
=K — ead Compensator
¢ |s+b P
Y(s .
(s) = Gc (s) Gp (s) } closed loop TF
RO 176 (G, (5)
A 1+ K s+al 1
(s)=1+ s+ Db/ |(s+1)(s+ 3)(s+ 10) } Denominator form for Root Locus
15
10 |
x P
<ctn D -a j2 Draw Root
[y T RV SRR v”-SP SV R V3 Y N
= 0""."'X Yo T Locus
= -C ._ 12
-5 :
-10
-15

12 10 -8 -6 -4 2 0 2 4
Real Axis
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Angle Condition

s+ 35
angle _ =-180 } Leta=3.5
(s+b) (s+1) (s+3)(s+ 10) |s=-2+2) Why ?
0 b=4a3s
Magnitude Condition
s+ 35 1
(s+4.38) (s+ 1) (s+ 3)(s+ 10) |s=-2+2 => K=50

Lag Compensator Design:

s+35 s+¢C
G (s)=50.0- . } General Form for the Lead/Lag
¢ s+438s+d
H—J H—J
Lead Lag
. . 1 .
SSE= Ilim sE(s)= lim R(s)=0.01 } From Block Diagram
s> 0 sS—> 01+Gc(S)Gp(S)
1 1
SSE = = =0.01
1(50) (3.5) (¢) 1.332-c
1+ 1+
30(4.38) d d
C
3 = 74.32 } obtained a ratio for "c" and "d"

"c" is typically chosen to be 0.1; hence, d =.001345

Why can we neglect the Lag dynamics when we design the Lead compensator ?
That is, how close was the above calculation ?
Let us re-examine the Lead calculation with the Lag Dynamics inserted

A, (s)=[1+ 50.0-

/s+3.5)_< s+ 0.1 )[ 1

|s+4.38/) |s+.001345) | (s+ 1)-(s+ 3):(s+ 10)

s=-2+j2

..... Exact Characteristic Equation
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Angle Condition

[s+35
|s+ 4.38

angle

s+ 0.1 1
: : should be equal to -180;
s+.001345/ (s+ 1):(s+3)(s+10)|_o, i2

however, it is equal to -182.398

Magnitude Condition

. [s+35 [ s+01 | 1 1 should be equal to 1;
|s+4.38/) |s+.001345/ (s+ 1)-(s+ 3):(s+ 10) s=-2+j2
however, it is equal to 0.9034
The reason the above calculations are } / s+0.1 = 0.9512[1-1.43707°
still close is because |'s+ 0.001345 e .
S = -2+2j

whichiscloseto 1 O

Hence, by selecting the lag compensator zero close to the jw axis and the lag compensator
pole relatively close to the lag compensator zero, we change the angle and magnitude calculation
very little. The above approximation method is fairly accurate.

Note: The transient response of the Lead / Lag compensator is similar to the Lead / No Lag
compensator; however, it is clear that the steady state responses are very different
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Lead/Lag

Compensator
0B
0s Lead Compensator
Only
output response
0.4 to a step input
0.3 Note the similarities
of the transient
02 responses
01
0 0s ] 15 2
Lead/Lag
Compensator
08+
Lead Compensator
Only
06+
output response

/ to a step input
04} |

' Note the differences

- of the steady state
02+ responses

a 5 10 15 20
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Time for a Movie

Click on image to start movie
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Bode Plot Construction E

(s+a) (s+b) Typical Transfer Function
a,b,c,d,e are

H(s)=K:

s"(s+c)(s+d)(s+e)
real positive numbers

Bode Form : Let S=]JW  and normalize

/M+1>.<M+1>
H(S)=K-alz|- /\a T b 7 Bode Form
L w" JW+ -M+ -M+
R I aEira

Magnitude Plot

1) Curve breaks {up/down}by 20 dB/dec at{a,b/c,d,e}

Angle Plot

2) Curve breaks { up / down } by 45 degrees one decade before {a,b/c,d,e} and
breaks { down / up } by 45 degrees one decade after {a,b/c,d,e}

Initial Magnitude Plot

Case 1: n=0

Calculate  H(jw) 0 and then convertto dB i.e., 20-log(H(jw))
W

Case2:n>0

=R

. : [Kab
Calculate the w- intercept W - Intercept= ——

cde

Calculate the initial slope  -20:n  dB/ dec

Final Magnitude Slope = -20. RD dB/dec

0
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Hendrick Bode
Hendrick Bode

In the late 1920s and 1930s Hendrick Bode while working at the Bell Telephone Laboratories developed the analysis of feedback amplifiers. These contributions evolved into sinusoidal frequency analysis and design techniques used widely for feedback control systems. This analysis and design methodology constitutes the Bode diagram



Initial and Final Phase Plot

1) Plot a pole / zero plot for the original transfer function

2) Calculate the angle from the picture atW=0

lllustrative Example
[s+a
\s+c

Angle

Initial Angle = (Angle(jw + &) - Angle(jw + €))

Final Angle = (Angle(jw + @) - Angle(jw + €))

1 N
0.8 :
06 - ,'
o _o -7 ¥
2 - -a
X - H
<02 - J :
- .
2 |.ye=""13 @}..‘ ......
£ o= X
0.2
0.4
0.6
0.8
-1
-10 -8 6 -4 2 0
Real Axis

= 0 degrees

=90 - 90 = 0 degrees

Pole / Zero Plot
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Example - Bode Plot Construction

1/jw >
- +1
H(S)= S+ 1 H(]OO)= 10 \ 1 } Bode Form
s+ 10 jw 1
o+
1

Magnitude Plot

'
1) Initial Magnitude => n=0 => ‘H(jw)‘ =0

Initial Magnitude = 20-|Og<l—]6>=—20 daB } dB Conversion

2) Plot the negative of the poles and the zeros on the o axis

O zeroat-1 x pole at -10

3) Use an "up" arrow to denote a slope of +20 dB/dec and a "down" arrow to denote
a slope of -20 dB/dec

RD=0

Final Slope =
0dB/dec

|H(jo)|

dB

} (‘use semilog paper)

w
4) Start at the initial magnitude and use arrows to draw the asymptotic plot
[H(G@) | 10 10 10
daB
..................................................................................................................... w
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1 /jw >
s+1 g |
Phase Plot  for H(s) =
(s) <+ 10 H(joo) = 10 | 1 } Bode Form
B +1
10
! H
058 |
0.6 _ 1
2 -7 i " '
Zo2 —’,a" /\ 1
g of-pe= 3 @i Pole / Zero Plot
E 10 :
02 — -1
0.4 :
-0.6f
-0.8f
BT -8 -6 -4 -2 0
Real Axis
1) Initial Phase
] _ / J(L) J(L) ]
Angle(H(jw - Anglee— + 1| - Anglel— + 1
de(H(W) | o 7 Angle dle . )) .
Note: = 0-0=0 1} see picture
Final Angle
[ jo jw '
, ' = AngleZ—+1 - Angle — + 1
Angle(H(jw =
gle(H(jw)) oo \ 1 10 W= 00
Note: = 90-90=0 } see picture
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2) Plot the negative of the poles and the zeros on the o axis

o)

3) Use an "up" arrow to denote a slope of +45 deg/dec and a "down" arrow to denote
a slope of - 45 deg/dec

zero at -1 x pole at -10

Angle(H(jw))
deg e, Frreresssmssesssmssssssmessesssass e eeessesssssssssssssssssesssnsssenesd
<+— Decade —»
OO0  feeereeeererreriiiniiiiiniiin . ....................................... .. .....................................
ff)o 10"

Frequency (rad/sec)
4) Start at the initial phase and use arrows to draw the asymptotic plot

Angle(H(jw))
d ........ : ................................. E,................................E ............................... deeeeencnnd
eg — Decade —p:
90 ... ................................ ............................... . .........
: Initial Phase :
45 Jreeeenedeepseniiiy 5
45deg/dec¢ ..............................................
©
10° 10* 102 w

Frequency (rad/sec)

Use the Asymptotic Plots to draw the actual Bode Plot free hand (rough out the edges)

Bode Diagrams

0
-5
o -10
koA
[)
B -15
5
o] -20
=
)
Q
S 50
2
© 40
<
o
30
20
10
-1 0 1 2
10 10 10 10

Frequency (rad/sec)
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Example Bode Plot Construction

H(s) - 10(s+ 10)
s(s+ 1) (s+ 100)
(Jg . 1)

. 10(10) 10 Bode Form
H = .

() 100 | [jw )/joo )

Jw—+1 —+1
|1 1100

Magnitude Plot

1) Initial Magnitude => n=1 => Calculate the wintercept <w|>
1

n
w= 297 q_ 100 } one1
100

Initial slope = -20.n dB/ dec =-20 dB / dec } n=1
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2) Plot the negative of the poles and the zeros on the o axis

O zeroat-10 x polesat 0, -1 and -100

3) Use an "up" arrow to denote a slope of +20 dB/dec and a "down" arrow to denote
a slope of -20 dB/dec

|H(jo)|

} ('use semilog paper)

10 10 10

Frequency (rad/sec)

4) Use the initial slope and the arrows to draw the asymptotic plot

|H(jo)|

20
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10(s + 10)
Phase Plot for H(s) =
s(s+ 1) (s+ 100)

jw
—+1
10(10) (10 )
H(s) =
100 = fjo |[jo
Jo—+1 —+1
|1 | 100
0.8 é
0.6 _ ,’-
w04 ”—”’/’ :/ 5'
%00 PSS AT
g o RS-SRS I o T PO W P atl
=.0.2} -100 -10 -1
-0.4F
-0.6F
-0.8F
-1
Real Axis
1) Initial Phase
1
Angle(H(jw))
w=0
= Angle/ﬁ) + 1) - Angle(jw) - Angle 1@ + 1| - Angle
|10 1
=0°-90°-0°-0°
=-90°
Final Angle
1
Angle(H(jw))
= Angle/ﬁ) + 1) - Angle(jw) - Angle 1@ + 1| - Angle
|10 1
=90° -90° -90° - 90°
=-180°

Bode Form

Pole / Zero Plot

£+ 1
100

£+ 1
100

w=0

W=00
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2) Plot the negative of the poles and the zeros on the jw axis
O zeroat-10 x polesat 0, -1 and -100

3) Use an "up" arrow to denote a slope of +45 deg/dec and a "down" arrow to denote
a slope of - 45 deg/dec

Angle(H(jw))
107! 10° 10" 102 103
O [, SR w
O .......................... eeeeeeeeeneeeeerrnreeee e Qe Ao eeeeeeeeeeene e
v i 2 3 t
deg -90 ,, .........................................................................................
180 ............................................................................................................... N
Initial Phase Final Phase 7~
2270 Feeeee el Fereenene s S
<+—Decade —»
4) Start at the initial phase and use arrows to draw the asymptotic plot
Angle(H(jw))
0 W
a5 [ J,Itlpff ................... (N S
nitia ase : :
-90 k ..................................... * ........................................... fevereesersannnererees
135 : Final Phase
d@ ....:.Zé..d.éé./.d.é.c ; 5 “"””""”"””; .......... \.... vee
S180 Jeeeeeeeiiiereieiiieiinenns , ..................... .................... . 45deg/dec
225 |......... ...................... b, .......................
10 10° 10* 10? 103

Frequency (rad/sec)
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Use the Asymptotic Plots to draw the actual Bode Plot free hand (rough out the edges)

Bode Diagrams

T

&
o

-100

-100

-120

Phase (deg); Magnitude (dB)

-140

-160

2 -1 0 1 2 3
10 10 10 10 10 10
Frequency (rad/sec)

Bode Plots for Repeated Roots

1
H(s) =
/
\S + W n>
~ 1
H(s)= 2 / jw / jw Bode Form
Wh 2111241
\@n [|@n
Magnitude Plot
_ [
1) Initial Magnitude => n=0 => Calculate initial magnitude ‘ H(jw) ‘ 0 = 2
=0 [0
n

Initial Magnitude = 20-10g 5| oB dB Conversion
o] ©
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2) Plot the negative of the poles onthe jw axis

X 2 poles at - wj,

3) Use an "up" arrow to deonte a slope of +20 dB/dec and a "down" arrow to denote
a slope of -20 dB/dec

| H(jw) |

20

105



Phase Plot for H(s) =

{
\S + wn>
1
HE) = ——— .
(wn> /E + 1> E +1 Bode Form
\wn W,
1 H
0.8}
| _- - Pole / Zero Plot
wOA* // E
50.2» ,/’
g (0] Ty, x ..f.j ...........................
-0.2F —0)
0.4} n
0.6
-0.8}F
Real Axis
1) Initial Phase
jw jw '
: ' = —Angle/J_ +1|-Angle —— + 1
Angle(H(jw
ge(H(jw) | o o w0
=_Oo_oo
=0°
Final Angle
' = —Angle/jw +1| - Angle @l
Angle(H(jw B P o
ge(H(jw) | o |
=-90° -90°
=-180°
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2) Plot the negative of the poles and the zeros on the jw axis
x 2 poles at -w,

3) Use an "up" arrow to denote a slope of +45 deg/dec and a "down" arrow to denote
a slope of - 45 deg/dec

Angle(H(jw))

2180 |-eererreereeeenenennens ............................. ........................... ...... ma

2270 e ‘ ............................. , ............................. ............................ ........

4) Start at the initial phase and use arrows to draw the asymptotic plot
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Use the Asymptotic Plots to draw the actual Bode Plot free hand (rough out the edges)

In the following plot (0, = 1

Bode Diagrams

0
-10
)
)
(]
g 30
=
g 40
=
o)
(]
S
@ 50
@©
<
o
-100
-150
-1 0 1
10 10 10

Frequency (rad/sec)
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Example

Using the Bode Plot for determining Stability of a Closed-Loop System
R(s) . Y(s)

> K > H(s) > >
_ v
1
H(s) =
Y(S)= K-H(s) Closed Loop Sol S 13
R(s) 1+ K-H(s) Transfer Function 1 10 100
Root Locus form
A(s)=1 + K-H(s) for denominator
100
sof
60}
a0}
0
X 20} : :
o) : Draw the
g 0 H ...................................... : } Root LOCUS
= o~ ¢ —100 :
-a0f
-60}
-8o}
-100 b= . . . .
120 -100  -80 -60 -40
Real Axis
For O<K<K" , the closed-loop system is marginally stable if at K = KY
the closed-loop poles areat -C ,—jwd ,jwd ( see Root Locus )
Angle Condition
Angl e( H(S)) ' = -180 These two equations can
=j{w
1% beusedtofind @, and K :
Magnitude Condition however, the angle condition equation
K H(9)| ' . would be difficult to solve ~ Why 2
S=jw
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Bode Solution for Finding KY and

d
] _ _ /i -
Angle(H(s)) . =-180 = Angle\H\de>>- 180
=de
] U |l _
K“H(s)| =1 oo K H{eg)[-1
s=joy,
A Bode Plot is a graph of ‘H(jw)‘ and Angle(H(jw)) forall @ ; hence

wd can be directly read off the phase plot

. u
With wd , we can read off ‘ H(de> ‘ directly off the magnitude plot; K~ is

calculated as follows

Kio L } K" isindB
[ Hljcoy)|

Ktﬁwd)) } K is "regular" units
10\ 20

u
Bottom Line: The Bode Plot gives us a graphical solution for finding K~ and wd

u
Let us continue with the problem of finding K for the closed loop system

characterized by

1

@+QL§+QL1+Q

1 /110 /100

A(s)=1+ K-
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Magnitude (dB)

Phase (deg)

Bode Solution for finding KY and

Frequency (rad/sec)

‘H(jwd>‘=—40 dB

} Read from the Bode Plot

- Hliwg |
u 20 i
KY=10 } in dB
For
g }
KY=100 answer
0<K<100 , the closed-loop is stable
100
80
60
» 40 Ja)
5 20 d
g N I T ST O O S
£ }-¢c -100 -10 o
4o - Wy
-60
-80
-100
-120 -100 -80 -60 -40 -20 0 20
Real Axis

Bode Plot
from
previous
problem
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Bode Compensator Design

R(s), 5

\4

H(s)

A4

Y(s)

Similar to the root-locus, we use the characteristic equation in the form

Ay (8)=1+ K-H(s)

to examine the stability / performance of Bode Performance Parameters

Magnitude (dB)

Phase (deg)

p

W, (phase crossover frequency) is equal to the frequency where Angle(H(jw)) =- 180

¢

Phase Margin - (ppm

(If @, ~<Othen the c
pm unstable )

Gain Margin - GM = ‘ K H(J 'UJ(p> ‘

Frequency (rad/sec)

=180 + Angle<H<j -oop>>

losed-loop system is

W, (gain crossover frequency) is equal to the frequency where | K-H(jw) | =0 dB
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The Bode design parameters are related to the root locus design parameters according to

N =

’ |
4 2
Wy=wy,-\j4-d +1-2d

d - damping ratio

j W, - natural frequency

/ 2
fometan ] 2d-4d* 4 1 - 2-d2>

The phase margin is also approximately related to the damping ratio as follows

d=0.01-f pom degrees for f om< 60 degrees } Rule of thumb

Remember d is a measure of relative stability

A Im{s}

Wh

qr >

g Re{s'}
Wh

d=cos(q)

Hence, f pm is a measure of relative stability

Root Locus design parameters
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Bode Design Problem

R(S) ». » | K G, (s)

_ v

» Y(S)

v
A4

=45 degrees for the closed loop system

Gp (s)= 1 Find K so that (ppm

Ouitline of the Solution

1) Find the closed-loop denominator in the form  A(S)=1 + K -Gp (s)

2) Plot ‘ K'Gp (Jw) ‘ and Angle[ Gp (J(D)] } Assume K = 1

. [ From given @y,
3) From @, ,calculate the desired Angle[ Gp \pr>] } p

ie. Desired Angle[Gp <jwp>]=(ppm—180

4) From the desired Angle[ Gp <pr>] and the Angle[ Gp (J(D)] plot , find

the desired wp

5) Raise or lower magnitude plot so that it crosses the 0 dB level at the desired value of wp

6) Findthe —>» between the desired magnitude plot and the original magnitude plot at
the desired value of wp
desired + original = shift dB

7) Calculate K

(- shift This formula is derived
K = 10\ 20 } from the magnitude
= condition as done before
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Step1

Step 2

Magnitude (dB)

Phase (deg)

A(s)=1+K- 1 } closed loop denominator

Bode Plot form

o
o

N
o

o

N
o

-100

-120

-140

-160

- -1 0 1
10 10 10 10

Frequency (rad/sec)

Desired Angle[ G, (jwp>]=cppm - 180

Desired Angle[ G, (jwp>]=45 - 180=-135

} k-1

Draw
Bode
Plot for
KGID (s)
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Step 4 Given Desired Angle[ GID (jwp>]=—135 Find W,

40
m 20
E
5
5 0
=
g -20
=

} ForK=1

5 100 For K=1

3 120 =180 - 118
2 Pom

T 140 F

* @ =62

-160 pm
10
Step 5 Frequency (rad/sec)
== == == QOriginal Magnitude Plot Desired Magnitude Plot
40

= Raise or
g 20 lower

S 0 magnitude
2 -9 dB{ plot by
% -20 changing
= K

g

z

[}

@

T

107 107" 10’ W, 10"
Frequency (rad/sec)
Step 6 The difference between the desired magnitude plot and the original magnitude plot
is desired + original=0 - 9=-9 dB ; therefore
shift=-9 dB
- shift <—9>
20 20
Step 7 K=10 = K=10 = K=2.8
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Root Locus Design for the same Problem

R Y 1
O [k G, (9 oG

—I v S<§ +1

Find K so that the closed loop system has a (ppm= 45 deg

v
A4

Y(S) - K 'GIO (S) } From Block Diagram
R(s) 1+ K-Gp (s)

2
K-
Y(s) - s(s+2) Closed Loop Transfer Function
R(s 2
(s) 1+ K——
s(s+2)
2 } Root Locus From
A(s)=1+K .—S'(S +2) for the denominator
2 -
15}
:ib
” :
<05} : 1
< 5
m ------------ \t Y N DraW
g0 X : } Root
= : Locus
-05F : f
i-jb
1.5} :
> \ : \
3 -2 1 0 1 2
Real Axis
If (ppm= 45 = 0=045 } From conversion formulas

Note:  &=cos(0)
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Desired closed loop poles must have a damping ratio of 0=0.45

0=cos(0) => 0=63 deg } Formulas
- b =— 1 } Law of sines = b=2
sin(63) sin(27)
Desired closed loop poles ~ —1% |2 <4—

Magnitude Condition

=1 >

2 ‘ .
S(s+2)| [s=-1+j2

K=25 }

For this problem, these three specifications are equivalent

1) cppm=45 deg
2) ¢ 0045

3) desired closed loop poles = —1% 2

From
Root
Locus

Why is this number
different from
K=28

obtained from

the Bode Design ?

118



Example
R(S) + Y(S)

_y I K GIo (s)

) *

v
A4

Find K so that (ppm=45 deg
Gp(s)= S s 1 S
—+ 1 —+1]—+1
PR

Step1  A(s)=1+ K- closed loop denominator

/5 / S / S } Bode Plot form
— + 1 L — _t 1
\1 |10 | 100
Step 2
0
. For
m
T 50 K=1
(]
©
=
'c
o -100
g Draw
Bode
0 Plot
-50
g
o -100
& -150
©
T 200
-250

10 10 10 10 10

Frequency (rad/sec)

Step3  Desired Angle[ GID (jwp>]=(ppm - 180

Desired Angle[ G, (jwp>]=45 - 180=-135

119



Magnitude (dB)

Phase (deg)

Step 5

-100

-100
-150
-200
-250

a1
o

-50

N
o
a
w

~

Magnitude (dB)

Phase (deg)

Step 6

Step 7

o
o

-100

-50
-100
-150
-200
-250

Frequency (rad/sec)

Original Magnitude Plot

Desired Magnitude Plot

== T T 3
H — :
= —
H ~—
: ~
....................... N JRORRONPSNOINY: SYRUIOR- ST
H ~
i i N

Frequency (rad/sec)

Raise or
lower
magnitude
plot by
changing
K

The difference between the desired magnitude plot and the original magnitude plot is
desired + original=0 - 20=-20 dB ;therefore  shift=-20 dB
s 2
K=10 K=10 ' % = K=10
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Time for a Movie

Click on image to start movie
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Nyquist Plots/Nyquist Stability Criterion E

Y(s)
R(s) +
K > Gp (S) »> >
K v
KG_ (s)

Y(s) = P } Closed loop TF

R(s) 1+ KGIO (s)

D(s) = 1+ KGID (s) } Denominator Form for

Nyquist Analysis

1) Plot Nyquist Plot (i.e., a Polar Plot) for Im[ K -Gp (jW)] versus Re[ K -Gp (jW)]

using the Nyquist contour. (Assume K = 1)

2) Apply the Nyquist Criterion to the Nyquist Plot and then
determine the stability of the closed-loop system.

Nyquist Criterion

P, denotes the number of poles of Gp (S) inside s-plane contour.

N denotes the net number CW encirclements of the point 1D - 180
If the contour in the s-plane is CW, then CW is the positive direction.

i.e., 1CW P N=1 1iccw P N=-1

If the contour in the s-plane is CCW, then CCW is the positive direction.
ie,1ccw P N=1 icw P N=-1

ZC denotes the number of closed-loop poles inside the s-plane contour.

ZC= N+ PO } Formula for calculation purposes
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H. Nyquist
H. Nyquist

A contemporary of H. Bode, Nyquist worked with Bode at the Bell Telephone Laboratories in the 1930s. He developed frequency domain analysis and design techniques for feedback control systems called the Nyquist plots.



Example

Im{s} & Nyquist Contour
. 1 ™ ~
Draw the Nyquist Plot for H(s) = S
s+1 \
for the following s-plane contour. \ \
. . 1 \
Step 1) Let S=jwW H(j-w) =- LI
Jw+ 1 "I
R Re{s}
R® ¥ /
Step 2) Plot a pole/zero plot for H(s) on the s-plane | /
contour picture and include measurement P 4
scheme to the j w- axis along with the _ 7/
necessary critical points. . -
Step 3) Enter a magnitude/phase table entry for each critical point.
Im{s} a
: r q B
Point mag | Phase gl ~
'\
A 1 0 & \
\
B 0 | -9 k \
“b | dA ‘c
C 0 0 i ® 0—>,
Re{s}
. 1 1 /
| H(JW) | =-—= [=—
| jw + 1| k 4 /
. . 7
Angle(H(jw))=-Angle(jw+ 1)=q=-b _
Step 4) Use critical points to draw Nyquist Plot.
Step 5) Nyquist plot is symmetric about real axis. Draw other half.
Im{H(w)}
Draw a Polar
A plot on a
rectangular
i coordinate
Re{H(jw)} system
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Example

Draw the Nyquist Plot for H(s) =

1 I m{s} 4

_ s(s+ 1)
for the following s-plane contour.

Step1) Let S=jw H(jW)=z————
w(j-w+1)

Nyquist Contour

Step 2) Plot a pole/zero plot for H(s) on the s-plane contour R® ¥
e® 0

picture and include measurement scheme to the JW  axis

along with the necessary critical points.

Step 3) Enter a magnitude/phase table entry for
each critical point.

r q
Point | mag |Phase
A | ¥ 0
B | ¥ | -9

C 0 -180

D 0 0

[H(W) | =
[jw] [+ 1]

Angle(H(jw)) =- Angle(jw) - Angle(jw + 1)
Im{H(w)}

Step 4) Use critical points to draw Nyquist Plot.

Step 5) Nyquist plot is symmetric about real axis.
Draw other half.
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Example - Determine stability with Nyquist Plot

R(s) Y(s)
A . K

\4

1

_I G (9 G 56T (57 10

Im{s} &
Use Nyquist Plot, Contour and Criterion to discuss ~~ o
guantitatively how the control gain K affects Nyquist Contour 'y
closed-loop stability. 4 \
\
Y(s) _ K 'GP (s) Closed Loop \
R(s) 1+ KG (s) Transfer Function A 1 >
P R ! Res
R® ¥ /
. 4 /
1 Nyquist Form e® 0 ¥
D(s)=1 + K- for the P
s(s+ 1)-(s+ 10) denominator |

K
(iw) -(jw + 1) -(jw + 10)
Step 2) Plot a pole/zero plot for Gp (S)  on the s-plane contour

Step 1) Let S=jw K -Gp (Jw) =

picture and include measurement scheme to the jW  axis
along with the necessary critical points.

Step 3) Enter a magnitude/phase table entry for
each critical point.

r q

point | mag | phase
A ¥ 0
B ¥ |-90
C 0 |-270
0 0
. 1
|G, () |= |

iw|-[jw+ 1| |jw+ 10

Im{s} 4

Angle[Gp (jw)]:—AngIe(jw) - Angle(jw + 1) - Angle(jw + 10)
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Step 4) Use critical points to draw Nyquist Plot.

r q
Step 5) Ngrqal\J/lvsf) ?rlgr Iﬁ 8ﬁ%/.mmetrlc about real axis. point | mag | phase
A ¥ 0
B ¥ |-90
Im{Ge(W)} 2. c | 0 -270
~
N 0| o0
\
\
C,D 1 Nyquist Plot with
*q 7A—’ } K=1
, Re(Go(w))
/
) o
7
R
B
I m{K Go(jw)}

Nyquist Plot for
different values
of K

As K is increased, the shape of the Nyquist plot
does not change because K is a real number
(i.e., K only affects the magnitude (size);

K does NOT affect the phase (shape))
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IM{KGp(jw)} Nyquist Contour

Nyquist Criterion

1)

2)

3)

Find P, => Po=0 ( Number of poles of Gp (S) inside the contour)

Determine the sign notation for the encirclements.

Contour is CW so, CW encirclements are positive and CCW encirclements are negative

Find N (i.e., the number of encirclements of (-1,0) for different values of K

(7 _ } Number of closed loop
Also compute ZC \ZC_ N+ P0> poles inside the contour

N ZC Stability

} Nyquist Criterion

smalK | O 0 Yes table

big K 2 2 No

4) Understanding the above table:

For small K, no closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, two closed loop poles are inside the s-plane contour; hence, for big K,
the closed loop system is unstable

Im{s} A CW +
[~ =~ Su CCW -
A \
\
\
%K ) >
-10 -1 Re(s}
1
a /
¥
'
-
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Root Locus agrees with the Nyquist Criterion

Imag Axis

15
1
G, (s)=
10F s(s+1)-(s+ 10)
5 b
: Root Locus
] e s LT LTI IR : } for
X D(s)=1+ K-GIO (s)
5F H o
10k small K: closed loop system
is stable
Y- — 2 . . s i a big K: closed loop system
2 10 6 42 0 2 is unstable
Real Axis
ZC Stability
Nyquist Criterion
small K 0 Yes } table
big K 2 No
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Nyquist Performance Specification Parameters

. I<—>
\ . I
\ H(wv;) X
-1y, Re{H(w)}
\
‘\
.\.
7’ N, -
T q1-1
unit circle
Nyquist Plot

f om= phase margin ~ w p= gain crossover frequency
Nyquist Plot contains

|H/j-w >|=1 the same type of
\ P performance
specifications as
w ¢ = Phase Crossover frequency the Bode Plot and
the Root Locus
. . 1 1
Gain Margin = /_—=—
[Hiw )| d
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Example - Clockwise Contour

R(s),

—

K

\4

H(s)

\

Use Nyquist Plot, Contour and Criterion to discuss
guantitatively how the control gain K affects
closed-loop stability.

Y(s)_ KH(s)
R(s) 1+K-H(s)

Closed Loop
Transfer Function

s-1 Nyquist Form
D(s)=1+ K- for the
s+1 denominator

Step1) Let S=jw
K-(jw- 1)
(jw+ 1)

Assume

K-H(s) = K=1

Im{s}
Nyquist
Y(S) Contour
v
R® ¥
s-1
H(s) =
s+1

Imag Axis

We can see from the root locus

that the system goes unstable

o
X

o

-0.2]

-04

-0.9

-0.9

-1

-2 -15

Step 2) Plot a pole/zero plot for H (S) on the s-plane contour

picture and include measurement scheme to the jW  axis

Step 3) Enter a magnitude/phase table entry for
each critical point.

rq
point | mag | phase
A 1 180
B 1 0
C 1 0
| H(jwW) | _liw-1]
|jW + 1|

Im{s} 4

-05 0 0.5 1 15

Real Axis

B Nyquist
~ _. Contour
2’

Angle(H(jw)) =Angle(jw - 1) - Angle(jw + 1)
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Step 4) Use critical points to draw Nyquist Plot.

Step 5) Nyquist plot is symmetric about real axis. r q
Draw other half. point | mag | phase
Im{HGwW) A | 1 | 180
B 1 0
C 1 0
Im{s} &
Q-B\ CW +
_ “w CCW -
Nyquist N
Contour A \
\
QA O ‘.LP
_ _ K 1 [ efs}
As K is decreased below 1, the Nyquist Plot /
intersects the Re{j w} axis before -1 A }/
7/
As K is increased beyond 1, the Nyquist Plot -~
intersects the Re{j w} axis beyond -1
Nyquist Criterion
1) Find P, => Po=0 ( Number of polesof H (S) inside the contour)

2) Determine the sign notation for the encirclements.
Contour is CW so, CW encirclements are positive and CCW encirclements are negative

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

Also compute ZC /ZC= N + P0> } Number of closed loop
\ poles inside the contour
N ZC Stability
Nyquist Criterion
smallk | O 0 Yes } table
big K 1 1 No

4) Understanding the above table:

For small K, no closed loop pole is inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, one closed loop pole is inside the s-plane contour; hence, for big K,
the closed loop system is unstable
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Same Example - Counterclockwise Contour

R(s),

K

\4

Use Nyquist Plot, Contour and Criterion to discuss

guantitatively how the control gain K affects
closed-loop stability.

Step1) Let S=jw

K-H(s)=

K-(jw- 1)
(jw+ 1)

Step 2) Plot a pole/zero plot for H (S) on the s-plane contour

picture and include measurement scheme to the jW  axis

Step 3) Enter a magnitude/phase table entry for

each critical point.

r q
point | mag | phase
A 1 | 180
B 1 0
C 1 0
G - 2= 2]

|jW+ 1|

I 4
Y(s) nl{si f
H(s) > > ® Nyquist
v / Al Contour
/
’ »
| 1 >
\ y R® ¥ Re{s}
s-1 « A
H(s) = \
s+1 ~
Assume
K=1
A
B A
-~ “® Im{s}
X
4 Nyquist
/ Contour
/
! )|
L
\
% o
N\
~
\ —

Angle(H(jw)) =Angle(jw - 1) - Angle(jw + 1)

Note: Numbers in the table are exactly the same as before
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Step 4) Use critical points to draw Nyquist Plot. r q

Step 5) Nyquist plot is symmetric about real axis. point | mag | phase
Draw other half.
Im{H(w) A 1 | 180
B 1 0
C 1 0
cW - A
ccw+ .~ 7'Ml
XN
4 Nyquist
/ Contour
1
A
, O
As K is decreased below 1, the Nyquist Plot | 1 1 Re{;}
intersects the Re{j w} axis before -1 \
\ y \
As K is increased beyond 1, the Nyquist Plot \
intersects the Re{j w} axis beyond -1 S ~
~

Nyquist Criterion

1) Find Py =>

P=1

( Number of polesof H (S) inside the contour)

2) Determine the sign notation for the encirclements.

Contour is CCW so, CW encirclements are negative and CCW encirclements are positive

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

Also compute Z

c

(ZC= N + PO> } Number of closed loop

poles inside the contour

N ZC Stability
smallk | O 1 Yes } Nyquist Criterion
table
bigk | -1 | O No

4) Understanding the above table:

For small K, one closed loop pole is inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, no closed loop pole is inside the s-plane contour; hence, for big K,
the closed loop system is unstable
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Im{s} &

Example - Clockwise Contour -~
'Y
Nyquist A \
R(s), Y(s) Cg?\tour \
> K > H(s) > > \
- \ & .
I
R
R® ¥ R o1 R
e@o0 |1 Py
Use Nyquist Plot, Contour and Criterion to discuss 1 _ 7
guantitatively how the control gain K affects H(s) = -
closed-loop stability. s(s+1)(s+2)
Y(s)  K-H(9) Closed Loop
R(S) B 1+K-H (s) Transfer Function
1 Nyquist Form
D(s)=1 + K- for the
S(s+1)(s+2) denominator
) K Assume
Step1) Let S=jw K-H(s)=— _ _ } K=1
(iw) -(jw + 1) -(jw + 2)
Step 2) Plot a pole/zero plot for H (S) on the s-plane contour
picture and include measurement scheme to the jW  axis
Step 3) Enter a magnitude/phase table entry for Im{s} NvQuist
each critical point. Cgﬂzl)sur
r q
point | mag | phase
A ¥ 0
B ¥ -90 Re(s
S
C 0 -270
D 0 0
. 1
[ H(w) | =

liw| | jw+ 1] jw+ 2]

Angle(H(jw)) =- Angle(jw) - Angle(jw + 1) - Angle(jw + 2)
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Nyquist Criterion

Step 4) Use critical points to draw Nyquist Plot. r

Step 5) Nyquist plot is symmetric about real axis. Draw other half. point | mag | phase
Im{Go(jW)} £ K=1 Al ¥
B ¥ -90
C 0 -270
D 0
Im{s} o C CW +
o - CCW -
S
Nyquist y | \
Contour \
B \‘
2 1 }A g
2 " Rels
/
\ /
* ¥
/
- '

1)

2)

3)

Find Py => Po=0 ( Number of polesof H (S) inside the contour)

Determine the sign notation for the encirclements.
Contour is CW so, CW encirclements are positive and CCW encirclements are negative

Find N (i.e., the number of encirclements of (-1,0) for different values of K

Also compute ZC /ZC= N + P0> } Number of closed loop
\ poles inside the contour
N ZC Stability
Nyquist Criterion
smallk | O 0 Yes } table
big K 2 2 No

4) Understanding the above table:

For small K, no closed loop pole is inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, two closed loop poles are inside the s-plane contour; hence, for big K,
the closed loop system is unstable

135



Same Example - Counterclockwise Contour Im{s} a
-
~
R(s), Y(s) A~ Nyquist
>, > K > H(s) »> > / 1 Contour
- v 1
I ) N
‘\ R Re(s}
Use Nyquist Plot, Contour and Criterion to discuss \ ' R® ¥
guantitatively how the control gain K affects 1 \ e® 0
closed-loop stability. H(s S -

Step1) Let S=jw s(s+1)(s+2)

K Assume
K-H(s)= _
(W) -(jw+ 1) -(jw+ 2) } k=1

Step 2) Plot a pole/zero plot for H (S) on the s-plane contour

picture and include measurement scheme to the jJW  axis
Im{s}

Step 3) Enter a magnitude/phase V'
table entry for each critical point. 4 i
Nyquist
Contour

r q
point | mag | phase
A ¥ 0
B ¥ -90
C 0 -270
D 0 -540
. 1
[ H(w) | =

liw| | jw+ 1] jw+ 2]

Angle(H(jw)) =- Angle(jw) - Angle(jw + 1) - Angle(jw + 2)
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Step 4) Use critical points to draw Nyquist Plot. r q

Step 5) Nyquist plot is symmetric about real axis. Draw other half. point | mag | phase
. A ¥ 0
Im{Go(w)} & _

B ¥ -90
C 0 -270
D 0 -540

Im{s} a

CW - = T .
Cow+ a Nyquist
/ 4 Contour

/
/

] %—»
\ 2 -1 R

e{s}

Nyquist Criterion

1) Find P, => Po=3 (Number of polesof H (S) inside the contour)

2) Determine the sign notation for the encirclements.

Contour is CCW so, CW encirclements are negative and CCW encirclements are positive

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

Also compute  Z (Zc= N + P0> } Number of closed loop

c poles inside the contour
N ZC Stability
smallk | O 3 Yes } Nyquist Criterion
table
bigk | -2 | 1 No

4) Understanding the above table:

For small K, all three closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, only one closed loop pole is inside the s-plane contour; hence, for big K,
the closed loop system is unstable
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Example: Using Nyquist Plots to Draw Root Loci

Given the Nyquist Plot and the Transfer Function draw the Root Locus

Y(s)
+
R(S) s » | K > H (S) > >
_ v
S+2)(s+4
NESENCIICL)
K=1 ST (s+1)(s+3)(s+5)
Im{s} a
[~ ~y  Nyquist
} The Nyquist 4 . Contour
Plot is given \\
i) '
Re{H(j o)} I R | Rely
\ -b I e - 0 ﬁ‘ Kl
\ / s,
\ % L -~
A 4 7/
-’
- 5
Stableregion )
mZ
This is how you might be E’:_x@_x ..... @ foo.
tempted to draw the { E
root locus without the B
Nyquist plot o
Does the Nyquist Plot concur ? 5

7 6 -5 -4 -3 -2 1 0 1 2

1) Find PO ; the number of poles inside the contour P0=O Real s
2) Determine the sign notation for the encirclements.

Contour is CW so, CW encirclements are positive and CCW encirclements are negative
3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

(7 _
Also compute ZC \ZC-N + P0>

N | Z. | Stability

c
smallK | 2 2 No Nvauist Criterion The above
} ta)tl)(ltj s ero => root locus
mediumK | O 0 Yes is wrong
big K 2 2 No
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N | Z. | Stability

c
smallK | 2 2 No } Nyquist Criterion
table
mediumK | O 0 Yes
bigk | 2 2 No

4) Understanding the above table:

For small K, two closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is unstable

For medium K, no closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for medium K the closed loop system is stable

For big K, two closed loop poles are inside the s-plane contour; hence, for big K,
the closed loop system is unstable

The above table assists in the Root Locus sketch
5

4 J

w

N

[

medium K{

ﬁHH ..... .\ small K

Imag Axis
o

Real Axis

From the above root locus, we can conclude that the system is stable for
K, <K<K,

The above result matches that of the Nyquist criterion

K, =— and K,=a
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Example: Using Compensators

Compensator Plant
. Y(9
R(S) [ G — K »- GC (S) > Gp (S) > >
_ v
Use Nyquist Plot, Contour and Criterion to discuss Im{s} &
quantitatively how the control gain K affects ~ o
A \
\
1 . \
G,(s)=——— Plant Transfer Function
PT7 s(s- 1) %) ',
Assume G.(s)=1 and K=1 R I Re(s
R o /
1 /
1 Nyquist Form £-0 . ¥
A(S)=1+K—— for the P
s((s-1) denominator -
Step 1) Let S=jw K 'Gp (jw)=- } Assume K = 1

jw-(jo-1)
Step 2) Plot a pole/zero plot for Gp (S) on the s-plane contour

picture and include measurement scheme to the JW axis

Step 3) Enter a magnitude/phase table entry for
each critical point.

r 0 .
Nyquist

point | mag | phase Contour
A o | -180
B co | -270
C | 0 |-180

0 0
|G, (1) [=———7  Anglg{ G, (jw) |=-Angle(jw) - Angle(jw - 1)

o] {jw-1
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Step 4) Use critical points to draw Nyquist Plot. r 0

Draw other half.

Im{G, (W} 4
-~

Step 5) Nyquist plot is symmetric about real axis. point | mag | phase
A o | -180
B o | -270
C 0 |-180
0 0
Nyquist Plot with
. K=1
Re{G(jw)}
Im{s} A C
"~ CW +
A CCW -
S N\
\
B \‘
)A - oD >
' Refs
/
3 /
* ¥
e
. — -

Nyquist Criterion

1) Find P0 =>

P,=1

( Number of poles of Gp (s)

inside the contour)

2) Determine the sign notation for the encirclements.

Contour is CW so, CW encirclements are positive and CCW encirclements are negative

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

(7 = } Number of closed loop
Also compute - Z \ZC_ N P0> poles inside the contour
N | Z, | stability
smallK | 1 2 No } tli)tl)?:lst Criterion
big K 1 2 No

4) Understanding the above table:

For small and big K, two closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is always unstable
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Same Example: Different Compensator

Compensator Plant

+ G, (9 G, (9)

R(s) >+ K
_I v
Use Nyquist Plot, Contour and Criterion to discuss

quantitatively how the control gain K affects
closed-loop stability.

Let G,(s)=2s+1

Y(s)

A 4

\ 4
v

A 4

A(s)=1+ K-ﬁ } Nyquist Form for the denominator
s(s-1)
. . . (2jw+ 1)
Step 1) Let S=]w KG. (jw)G. (ju)=K——~ _
p c j()\)(]()\)— 1) } Assume K =1

Step 2) Plot a pole/zero plot for Gp (s) G, (s) on the s-plane contour

picture and include measurement scheme to the JW axis Im{s}

Step 3) Enter a magnitude/phase table entry for
each critical point.

r 0
point | mag | phase
A o | -180 Re(s)
B oo | -270
C 0 [ -90
0 0

\j2w+ 1‘

‘Gp (jw) 'GC (jo) ‘ =W

Angle[ Gp (jw) -G, (jw) ]=Angle(j2w + 1) - Angle(jw) - Angle(jw - 1)
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. . . r
Step 4) Use critical points to draw Nyquist Plot. 0

Step 5) Nyquist plot is symmetric about real axis. point| mag | phase
Draw other half. A w0 | -180
Im{G,(wG.(jw
(G,(0G ). .
/7
C 0 | -90
0 0
Nyquist Plot with
K=1
i i | 4
Re{G,(j w)G(j w)} IS ows
ACCW -
\ {L \
\ \
- Ca \\ 5
STRT AR i
/ (s}
| /
* ¥
'
- ”
Nyquist Criterion -

1) Find B, => Po=1 ( Number of poles of Gp ()G, (s) inside the contour)
2) Determine the sign notation for the encirclements.
Contour is CW so, CW encirclements are positive and CCW encirclements are negative

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

(5 _ } Number of closed loop
Also compute ZC \Zc' N+ P0> poles inside the contour

N | Z_ | stability

Nyquist Criterion
smallK | 1 2 No table

bigk | -1 | O Yes

4) Understanding the above table:

For small K, both closed loop poles are inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is unstable

For big K,no closed loop poles are inside the s-plane contour; hence, for big K,
the closed loop system is stable

1 "a" can be obtained off
Stable for K>5 } of the Bode plot
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Example
R(s),

v
A4

—»» K H(s)
_I v

Use Nyquist Plot, Contour and Criterion to discuss
quantitatively how the control gain K affects
closed-loop stability.

s-1

H(s) =
(s+1)(s+ 10)
Y (s) = K-H (s) Closed Loop
R(s) 1+ KH (s) Transfer Function
s-1 Nyquist Form
A(S)=l+ « for the

(s+1)(s+ 10)

denominator
K-(jw-1)
(jo+ 1) (jw + 10)

Step1) Let S=jw K-H(s)=

Im{s} &
-~
Nyquist *\
Y(S) Contour |4 \
> \
‘ »
R ! 'R
(st
R o \ I/
A V4
X
7/
- ~ -

Assume
K=1

Step 2) Plot a pole/zero plot for H (S) on the s-plane contour

picture and include measurement scheme to the JW axis

Step 3) Enter a magnitude/phase table entry for
each critical point.

r 0

point | mag | phase
A 01 180
B 0 -90
C 0 0
[ —Ch

ljoo+ 1| |jw + 10]

Angle(H(jw))=Angle(jw - 1) - Angle(jw + 1) - Angle(jw + 10)
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Step 4) Use critical points to draw Nyquist Plot. r 0

Step 5) Nyquist plot is symmetric about real axis. point | mag | phase
Draw other half.
A 01 | 180
Im{G,(jw)}
B 0 -90
C 0 0
. Im{s} A B CW +
1 A _ r- ~, cow-
Re{G(jw)} \
A \
\
2o oC,
-10 -1 1 I' Re($
A /
/7
s - /
Nyquist Criterion
1) Find B, => Py=0 ( Number of poles of H (S) inside the contour)

2) Determine the sign notation for the encirclements.
Contour is CW so, CW encirclements are positive and CCW encirclements are negative

3) Find N (i.e., the number of encirclements of (-1,0) for different values of K

Also compute  Z <Zc= N + P0> } Number of closed loop

c poles inside the contour
N ZC Stability
Nyquist Criterion
smallk | O 0 Yes } table
big K 1 1 No

4) Understanding the above table:

For small K, no closed loop pole is inside the s-plane contour. From the contour,
we can see that this means that for small K the closed loop system is stable

For big K, one closed loop pole is inside the s-plane contour; hence, for big K,
the closed loop system is unstable

For 0<K<10 the closed loop system is stable  (see Nyquist Plot)
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Time for a Movie

Click on image to start movie
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State Space Analysis

All of the control problems we have studied in this class have been solved in the frequency domain.

We will now concentrate on developing control solutions in the time domain for the same type of
systems.

a y™ g L y"Y, oD

b .u"D,p .y, b

n_l n_2 ...............

} Typical DE

This type of system (i.e., a linear, causal, time invariant system, can also be written as follows

d . . .

—X=A-X+B-u Aisannxnmatrix Bisnx1vector

dt } contains the
y=C-X Cis 1 x n vector DE coefficients

where y(t) denotes the system output
u(t) denotes the system input
X(t) - an n x 1 state vector is used
to account for "derivatives" in
the system.

The "n" dimensions of the matrix equation takes care of the "n" derivatives found in the
original "nth" order scalar differential equation.
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Example

Show that the differential equation
n=3
(3) (2) (1) (2) (1)
yoray &y ragys bl'u * b2'u * b3'u } third-order DE

can be written as follows.

d
dt !
0 ||*1 0 Xy
d
. "8 8 8 || x, 1 Xq
_X3
.dt -
. — Ais a 3 x 3 matrix
or X =AX+Bu Bisa 3 x 1 vector
y:Cx Cisal x 3 vector
X isa 3 x 1 vector

From the original differential equation, we can obtain the transfer function as

Conditions
U(s) are equal
to zero.

Y(s) b, s+ b, s+ b, } Initial
%

3 2
S +a18 +a25+

We now calculate the transfer function from the state equation by decomposing the state equation
into its scalar components

matrices

d d d
a X = X% a Xo= Xg a Xg= -—83X; -8y X, - &' Xg+ U } Multiply
out

y=bgy X, + by X, + byXg
From the above equations we can see that

X =%, } P X =xP % =%

Xy, =X
Therefore

y= b3X1 + ble + blxl } Direct Substitution
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[ 2
Y(s) |Bysi+byseby

} Take Laplace Transform

X4 (s) 1
<X1>(3)=‘33'X1 - a2-<x1>(1) - a1-<x1>(2) + U} Direct Substitution
Xy (8) 1
= } Take Laplace Transform
US) fras®ras+a

2
Y(9) .Xl (S)_Y(S)_ b1 S + b2'S+ b3

} Cross Multiply

X, (9) U U(S) P.a s a,s+a

Hence, the state space form has the same transfer function as the original differential equation.

There are an infinite number of state space forms for a given differential equation. The state space
form for this example is called Reachable Canonical Form (RCF).

E]
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Reachable Cannonical Form
Reachable Cannonical Form

While there are infinite number of state space forms for a given differential equation, the Reachable Cannonical Form (RCF) also called the Phase Variable Form is one of the easiest to setup, where each subsequent state variable is defined to be the derivative of the previous state variable. Finally it is assembled in a matrix form.



Example

y L ey @ 3@

Put +6Yy + 7 u(l) into RCF.
y(4) + (0) y(s) + 6 y(z) + (0) y(l) +(0)y = } Output side of DE

3'U(3) + (0) u(z) +(7) u(l) +(0) u } Input side of DE

 Ays
x=Ax+Bu } x -4x1 B-4x1 } n=4

y =Cx A-4x4 C-1x4
0 g 0 o 0
A= c()) c()) (l)ci B= 8 State Space
CARRERNO * o
C=1[o 7 0o 3)
Step 1

First place zeros everywhere except for the circled areas. The circled areas are the
(i) super diagonal and the last row of "A", (ii) the last element of "B", and (iii) the entire
"C" vector

Step 2

Put "ones" in the Super Diagonal.
Step 3

Put a one in the last enty of B.

Step 4

Take the last "n" coefficients of the output side of the DE, reverse their order, make them negative,
and then put them in the last row of A.

Step 5

Take the "n" coefficients of the input side of the DE, reverse their order, and then put them in C.
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Example

Find a state-space representation for the circuit below

Z(s)

AY

= C } Z(s) is the impedance to
the right of the two x's

1
Note: Capacitor Impedance = — Inductor Impedance = LS
Cs
First get a transfer function for the circuit
Y(s) Z(s)
= Voltage
U(s) Z(s) +Ls Division

from the circuit

1 Calculate Z(s)
Z(s) = R R, + —
(s) 1| ( 2 CS) }

1
R, R, + —
12 Cs
Z2(8)=— } Apply Parallel Law
1
R1 + R2 + o
S
2(9)- CR; R, s+ R; } Simpliy
C(R +R,|s+1
Y(s) Ry R, C+R,y } Final Form
for TF

U(S) §* (R +R,)LC+S/L+R R, C)+Ry

Ry=3W, L=38H R,=IW, 6 C= 066F } Typical Vales
@= H(s) =ﬂ } Substitute numerical values
U(s) s+ 4s+3

60 lu @u e
g— 3 - 4HX gl_uuu _SXZH answer via
RCF pattern
y=[3 0.2]x
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Matrix Review

Transpose of a matrix Exchange rows and columns

Standard

T T T T T AT
(A+B)'=A +B (AB) =B A} Operations

Symmetric Matrix

T
A =A }By Definition

Determinants

)
2x2  |Al= b, b, = a;b,- b;-a,
y & &
3x3 |Al=||b; b, by _ ybycyrbyca+c¢ 8 Db,
c, C, C ~C bya;-bya,¢5-23 b6
Inverse of a Matrix
A-A_1=I} Note AT exists i |A| 20
Al adi(A)
Al
1 -1 ,-1 Ty T
(Bt At (AT AT} e
(a b d -b
2x2 A= Al i
c d -c a ||A]
la b c ei-hf -(bi-hc) bf-ec
3x3 A=|d e f| Als|-(d-gf) a-gc -(af - do) ﬁ
g h i | dh-ge -(ah-gb) ae-db

Rank of a Matrix

A matrix "A" is called rank "m" if the number of linearly independent columns is equal to "m"

X,y and z are linearly independent vectors if

axzy

o,p

and OX + By=#Z for some scalar constants

A square matrix n x n has rank n if and only if | A| 20
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Eigenvalues of a Matrix

| Al - A| =0 } Equation for determining eigenvalues

n n-1 )
A+ arA S +@,_ 1A + & =0} above expression always reduces
to finding the roots.

Note: Eigenvalues and poles are equivalent

Procedure for determining Eigenvectors

Note: The number of eigenvectors = number of eigenvalues = "n"
Case 1) All of the eigenvalues are distinct (A - Al)-v=0

Case 2) Some eigenvalues are repeated - Use generalized procedure

Case 1: Distinct Eigenvalues Example

0 1
= Find the eigenvalues
-6 -5 }
A O 0O 1 A -1
|)\I - A| = - = = Find roots
0 A -6 -5 6 A+5

A +5A+6=(A+3)(A+2)=0

A=-3 Ay=-2 } Two distinct eigenvalues

/ 0 1 -3 0 3 1 X
A=Ayl = - V= {7 1=
\ -6 -5 0 -3 -6 -2 ||y ,
Eigenvector for
1
RN
-3
/ 0 1 -2 0 2 1 X
A= 1) vys - V= {7 1=
-6 -5 0 -2 -6 -3 ]|y } Eigenvector for
A=-2
0 oyt 1
27|-2

Note any multiple of vV, or V, would be an eigenvector
2 2

Examples
-6 -4 J

or
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Case 2: Procedure for finding Eigenvectors for Repeated Eigenvalues

Step 1: For an eigenvalue repeated m times in an n dimensional matrix A,
Find the smallest p such that Note M=<n
Rank (A - A -I)p=n - m } This step gives us "p"
Step 2: For 1<kz<p

k-1 k
Find N, = Rank (A - Al)- = Rank (A - Al) } Thisstepgivesus N

'S
the K

Step 3: Find a X such that
p
-1
(A—)\I)p-xp=0 but (A - AP x,#0  then find

xj=(A—)\|)-Xj+1where (J=p-1,p- 2,....... 1)

} This step gives us

. . . eigenvectors.
All the x vectors you find are generalized eigenvectors

Step 4: Reduce each Nk by 1

If all Nk= O then the procedure is complete } This step checks

If not continue to step 5 for special cases.

Step 5: Find the largest k for which Nk is not zero. Callit K
Find a vector X that is linearly independent of previous vector x. Then find

Xj=(A_M)'Xj+1 where j=K - 1,K - 2,...... 1
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Example  Find the eigenvectors of

112 A-1 -1 -2
A=[0 13| |An-Al- A-1 -3 |[=(r-1°-0 1 Gives
B B 0 1 3 =( ) = Eigenvalues
001 0 0 A-1
Repeated Roots n=3 m=3 A=1 } Eigenvalue
Step 1: Find smallest "p" so the Rank [(A— )\I)p]=n— m=3 - 3=0 A=1
(0 1 2] 00 3
p=1(A-An'=|0 Rank=2 p=2 (A-A)°=[0 0 0| Rank=1
|10 0 0 00O
00O
p=3 (A-A)°=/0 0 0| Rank=0  p=3  }answer
00

step2: Ny =Rank-(A - AD*" - Rank-(A - A)*  for 1<k<p=3
N, =Rank-(A - Al)° - Rank-(A - Al)'=3 - 2=1
N,=Rank-(A - Al)" - Rank-(A - Al)°=2 - 1=1
N,=Rank-(A - Al)” - Rank-(A - Al)°=1- 0=1
. : p p-1
Step3: Finda X, such that (A - Al -Xp=0 but (A - Al) -Xp:tO
000][x] [0 003] [x]]o
(A-M) xy=l0 0 0[]y |=|0] but (A-A)°x,=[0 0 0f.[y|#]0

000O0]||z 0 W_J 00O z 0

j=1

First

so a possible solution is Xg= 0 Eigenvector
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Now find Xj=(A_M)'Xj+1 for j=p-1,p-2,...,1 p=3

Xy= (A - Al) X4 X;=(A - Al) X, forj=2,1
j=2 =3

X3= 0 } From above calculation

012||0 2 012||2 3
Last two
Xy= 00 3|4/0|=|3 Xq= 00 3|43]|=|0 } eigenvectors
000|121 0 00O0]|O 0

Step 4: After reducing all Nk by one, all the results become zero. Hence we stop at this stage

X3 , X2 , X1 are the eigenvectors
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Example
112

A={0 1 3
00 2

A - A=

A=l ,m=2

Non Repeated Root

A=2 (A-A)w=0

Repeated Root

Step 1: Find smallest "p" so the

(01 2]
p=1(A-A)'=l0 0 3
00 1]

(0 0 5]
(A-AD°|0 0 3

-1 1 2||x]| |0

0O 0 O0j[z] |O

00 1]

Find the eigenvectors of

A-1 -1 -2

=(A - 1)2-()\ -2)=0 } Gives

Eigenvalues

A-1 -3
0 A-2

A=2,m=1 } Eigenvalues

First
-1 3||y|={0] O wv= } Eigenvector

= W O

Nn=3and M=2 A=1

Rank [ (A - A)Plan-m=3-2-1 A-1

Rank =2

Rank=1 | p=2 |} answer
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sep2 Ny=Rank-(A - A" - Rank-(A - A for 1<k<p=2  A=1
N, =Rank-(A - Al)° - Rank-(A - Al)'=3 - 2=1
N,=Rank-(A - Al)" - Rank-(A - Al)?=2 - 1=1

-1
Step3: Finda  X_ such that (A—)\I)p-xp=0 but (A - AP %20

p
A=1,p=2

0 0 5|x 0 01 2]x 0
(A-AM)’x,=[0 0 3|{y|=/0]| bt (A-A)'x,=[0 0 3[]y|+|0
001j|z 0 001j|z 0

0

. L First
S0 a possible solution is X5= 1 } Eigenvector
0

Now find Xj=(A_M)'Xj+1 for j=p-1,p-2,...,1 p=2

X;=(A - Al) X, j=1
012||0 1
Second
X;={0 0 3|111=0 } Eigenvector
001||0 0

Step 4: After reducing all Nk by one, all the results become zero. Hence we stop at this stage

X5,X, are the eigen vectors
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Motivation of State-Space Solution

Scalar System
d

d—X =ax + bu } "a" and "b" are scalar constants
t

Solve the equation for x(t)
s:X(s) - x(0) - a-X(s)=b-U(s) } Use the Laplace Transform
_b-U(s) . x(0)
S-a S-a

X(s)

} Simplify
After taking the Inverse Laplace Transform

X(t) = gt X(O) + 0t %U (S)ﬁ } Inverse Laplace Transform
—a

Let H(s)=—2 [0 h(t) =eb
S—a
X(t) = eat X(O) + h(t) [U(t) } Convolution Property
t
X(t) = et x(0) +J'h(t —-n)u(r)dr } Convolution Integral
0

t
X(t)=eat x(0) + J, exp(a(t - 1)) -b-u(t) dr } Substitute for h(t) to obtain

0 the solution for x(t)

Initial Condition

Contribution Input Contribution

Solution to the Matrix Equation

d
—X=AX + Bu } X-nx1, A-nxn, B-nx1

dt
t

claim that X(1) =€ x(0) + J eP(A-(t - 1)) BU(T) dT S ion o he

0 scalar system

is the solution of the equation

where exXp(At) is a matrix
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To Prove the above claim, we need three pieces of mathematical machinery

1)  Whatis exp (A t) when "A" is a matrix ?

2.2 3.3

a -t a -t
exp(at)=1+at+ + 3 t e } Use Taylor Series
2.2 3.3
ATtT ATt
exp(At)=l+ At + 5 + 3 + o } Use Taylor Series

2)  Note j_texp(A-t) =A-exp(A-t)=exp(A-t)-A

2 3,2 4.3
d_exp(A-t)=O+A+ ZA L + SA L + 4A 1 t o Take time
dt 12 (D)3 (1)(2)(3)(4) derrivative
2.2 3.3
S_texp(A-t) =A|l+At+ AZ lt + A3 It + ... | =A-eXp(A-t) } Factor out "A"

Note: j_exp(At) =exp(A-t)-A } Why ?  because AB = BA
t
ifB=A

3) We also need Leibnitz Rule

d B 0 2% 5F (%, u) d _ d
= a'([x::(x, U)dug— %'([X)Tdu +F(X, %(X))&%(X) F (X, ai(X))&ai(X)

0 is the partial derivative with
—— respectto x

0X
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Solution to the Matrix Equation

j_x=A-x +B-u } Matrix equation
t
t . .
X(t)=eAt-X(O) N J, exp(A-(t - 1)) -B-u(t) dt } Claimed Solution
0

t
d—X=d—eAt-X(O) . S_J, exp(A-(t _ T)) -B-U(T) dt } Insert the solution into LHS
t

0
t Take time
4 x=Ae" x(0) + J A-ep(A(t-1))Bu(t)dt « Bu(t) } aejien®
dt 0 Leibnitz Rule
t
Ax + B-u=Ae™ x(0) + J A-exp(A-(t - 1)) B-u(t) dt + Bu(t) } [nsert soution
0

The right sides of both the above equations are equal ; hence, we have obtained a solution to

X=Ax+Bu

Note since Y= C:X the solution for y(t) is given by

t

y(t) = ce™ x(0) + C-J exp(A-(t-1))-B-u(t)dt } Output Solution
0

So if we have a system, given u(t), we can find y(t) with the above formula

All we need to find is  €XP(A t) which is called the State Transition Matrix
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Calculating the State Transition Matrix

Note exp(A-t) -4 _1[ (sl - A)_l] } By Definition

In the solution for x(t) we require €XP(A-t) hence we need a method for calculating €Xp(A -t)

£{e*} = (s-a)* } If "a" is a scalar

-1
L{eAt} = (Sl - A) } "A"is a n x n matrix and "I" is the n x n identity matrix

0 1

Example  Find exp(A-t) with A= 3 4

-1
) omoo 1gdH. -Ys -1 |*
exp(At):Ll SH— H—S _4% a: D‘Z 3 5.4 } Definition
-lis+4 1| 1
ep(A) =L | g A()=s"+ 45+ 3=(s+ 1)(s+3) } 2k
s+4 1
-l (s+1)(s+3) (s+1)(s+3)
exp(A-t) = £ 3 s } Set up for PFE
tool
(s+1)(s+3) (s+1)«(s+23)
15 05 05 05
- s+ 1 s+3) (s+1 s+3
exp(A-t):£ ( + ) ( + ) ( + ) ( * ) } Use PFE tool
-15 15 -05 15

(s+1) (s5+3) (s+1) (s+3)

Sexp(-t) - 2em(-31) > -exp(-t) - —ep(-31)

2 2 2 2 Take Inverse
exp(A-t)= Laplace
-3 Transform

3 -1 3
—exp(-t) + —exp(-3t) —-exp(-t) + —-exp(-3-t
5 p( )+2 p(-3+) 5 p( )+2 p(-3+t)
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Example : Finding the output using the state space solution

Find y(t) if u(t) = unit step

d 0 1 0
—X= X + ‘u
dt |-3 -4 1 }
0 State space form
y=[3 02]x X(°)=[0]

t
y(t)=C-eAt x(0) + C-J exp(A-(t-1))-B-u(t)drt } Definition
0

0

t
y(t)=C-J, exp(A(t - 1)) -B-u(t) dt } x(0)=
0

SEe—t_le—St le—t _le—st B
M =02 2 2 2 From Previous Problem
U3 .3 4 1.3 45

Foe'+=e® -Ze'+-e’[
0 2 2 2 2 [
tA—m } Substitute "B" and u(t
y(t):CJ'e (t T)B_al)dr ubstitute and u(t)
D 1 e - L —e S Substitute exp(At) and
y(t) = CJ' 0 2 r multiply matrices
0 B_ 1 e—(t T) + 3e—3(t T) D
g 2 2 O
t
1 . 1 5
556 (t-r) —Ee 3(t-r) } Integrate term by term
y(t) :CD 1 —(t-1) 3 =3(t-1)
+-—e +—e
0 2 6

01 e Lo €

y=[s 0z 2 60 [ °,

Un
% 1 35_ E 1 et 42 % } Plug limits of integration and "C"

2 600
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y(t)=1- g exp(-t) + % exp(-3t) + % exp(-t) - % exp(-3t) } Multiply matrices

7 2
y(t)=1- 5 exp(-t) + F exp(-3t) } Simplify

1+

0.8+
Does this
06} make sense
y(t) in the circuit ?

0.4+ Why?
024

0 2 4 i B B 10

d 0 1 0

- %= X u State space realization

dt -3 -4 1 } for this problem and the

circuit below
y=[3 02]x
Z(s)
RZ
YYYYY X
+ * C Circuit that we calculated
= ircui
u(t) () y(t) = Ry } a SSR for
2s+3
H(s) TS Transfer function for
SZ + 4 S + 3 circuit
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Definitions

Time Domain Solution

%X=A-X + B-u y=CXx } State Space equation
t
x(t)=eAt x(0) + J exp(A-(t - 1))-B-u(t)dt } State Solution
0
t
y(t)=c-eAt x(0) + C-J exp(A-(t - 1))-B-u(t)dt } Output solution
0
-1 1
exp(A-t) -4 [(SI -A) ] } State transition matrix

Frequency Domain Solution

d_x - Ax=B-u
dt

s 1-X(s) - x(0) - A-X(s)=B-U(s)

State Space equation

Take Laplace Transform

(s:1- A)-X(s)=x(0) + B-U(s) Simplify

X(s)=(sl - A)_l-X(O) + (sl - A)_l-B-U(S) Simplify to obtain State Solution

Multiply by “c" to obtain
the output solution

—— e d e

Y(s)=C(sl - A) 1 x(0) + (sl - A) 1B-U(S)

"Open Loop" Transfer Function —Y(S) =H(s)
U(s)
_ From above output solution
%=H(S)=C(S| -A)tB } with x(0)=0
S

So given a state space representaion, we can use the above definition
to determine the poles and zeros of the system from

H(s) = C2d(8 ~AB } since -4 = 2di(M)

|S| - /54 ||V||
Poles are given by

|sl - A|=0

Zeros are given by C-adj(sl - A) B=0

165



More Definitions

# A state variable realization (A,B,C) can be found from the differential equation or a transfer function

# The transfer function of the realization satisfies

1. H(S) has real coefficients

ol
2. Rational in s} H(s) =M
poly )
. s +1
3. Strictly proper } for example H(S) =
s +3

# A realization is minimal if it has the smallest number of states possible

# Arealization is minimal if H(s) has no pole-zero cancellation

# A realization is controllable if the n x n matrix |_B AB ... A”_lBJ

has full rank (i.e., a non zero determinant)

# If a realization is controllable then the modes or poles of the system can be arbitrarily changed

n-1
C-A
# Arealization is observable if the n x n has full rank (i.e., a non zero determinant )

# If a realization is observable then the modes or poles can be observed at the output y(t)

# If arealization is controllable and observable, then it is minimal

# If arealization is minimal, then it is controllable and observable
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Circuit Example

d 0 1 0

—X= X + u x(0) = Z(s)

dt [-3 -4 1 0 L R,
x=(3 0.2)x wi

AY

+ L
u(t) () y(t) © Ry ~C

Find the open loop transfer function and determine

if the system is controllable and observable ;
-1
1 S -
H(s)=C:(sl - A) -B=C:- ‘B By definition
3 s+4
s+4 1 1 Poles of
H(s)=C + -i=C _ 1 _ 02s+3 ) 02s+3 H(s) are
- A(S) S|IA(S) §2+45+3 (S+1)(s+3) at-1and -3
2 . .
A(S)=s " +4s+3 } open-loop characteristic equation

Calculate the controllability and observability matrices with n=2

B AB = 01 } non zero determinant means the matrix has
[ ' ]_ 1 -4 full rank; hence the system is controllable
CA | 06 2.2 } non zero determinant means the matrix has
C B 3 02 full rank, hence the system is observable
0.2:(s+ 15
H(s) = ( ) } The system is clearly minimal - no pole / zero cancellation

“(s+1)(s+3)

If we have H(s) the minimality test can use to determine controllability and
observability as opposed to the above matrix check
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Control Motivation from our Previous Work

u(t) y(1)

— H(s) > }

Open loop
system

Given an input u(t), y(t) will have a shape that is dependent on u(t) and H(s). The shape of
y(t) may not be the desired shape so we change H(s) by using "output” feedback

u(t) =K-(r(t) - y(t)) } Control Input (Classical Control)

r(t) isthe reference input

(M s K H(s) R LY

- v Closed loop
system

\4

A(S)=1+ K-H(s) } Closed loop denominator

Poles can be changed by adjusting K (see Root Locus Design)

As we have seen using frequency domain techniques, we are limited in how we can change
the closed-loop system by using output feedback. That is we cannot place poles arbitrarily.
That is, the desired closed loop poles may not lie on the root locus, or we may not be able
to obtain the exact response that is desired.

Given a state-space formulation for H(s), that is controllable, we can arbitrarily place the poles
using "state" feedback; hence, we can achieve any desired shape for the output response

d_x =AX + Bu
dt } State Space Equation
y=CXx
=-KX +r } State Feedback Law - Kis 1 xn
X
' L X 9 B +# > 1/s > > C 4J
+A \ State Space
Block
A 7 Diagram
K <
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Pole Placement
State Space Representation of ~ H(S)=C-(dl - A)_l-B
j—x =AX+B-u y=CXx } State Space Form
t

Let U(t)=-Kx + r(t) } State Feedback Law

Kis a 1 x n vector of feedback gains used to place the closed loop poles

r(t) is a reference input

S—X=A-X + B(-K-X + 1) } substitute u(t)
t
d
—X=(A - BK)x + Br
dt } Closed loop state space system
y=C-x
ke th I
s X(s) - X(0)=(A - BK)X(s) + B-R(s) } Iakeihe Laplace
Extra Step
_ -1 wenwln. } Solve for
X(s)=(sl - (A - BK))"x(0) + (sl - (A- BK)) "BR(S) | o
@=C-(SI - (A - B-K))_l-B } Closed loop TF
R(s) x(0)=0
Y(s) - C-adj(sl - (A - BK))B Definition of
R(S) |S| _ (A _ BK)| Inverse
C-adj(sl - (A - BK))-B=0 Gives zeros of the

closed loop TF

| sl - (A - BK) | =0 } Gives poles of the closed-loop TF

If the system is controllable, the gain vector "K" can be calculated to place the poles by using
the following formula 1
K=(0,0,.... ,0,1) 0 (A,B) AW (A) } Ackerman’s formula

} A, () specifies the desired location
s=A

Dy (A)=A, (9)

of the closed loop poles

The open loop system will be controllable as long as the matrix
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Example - State Feedback Control
d 0 1 0
— X=
dt -3 -4 1

Open loop poles are at S=-1,-3

y=(3 02)x H(s)=— 225+ 3

X+ u (s+1)«(s+3)

Let =-KX +r } State Feedback Controller

Find K to place the closed-loop poles at s = -5

2 2 n=2
Ad (S) =(S + 5) =S +10s+25 desired closed loop poles at s = -5
A, (A)=A®+10A+251  }Find A, (A)
1 0 1 0O 1

-3 -4||-3 -4 -3 -4

25 0
0 25

2 6
-18 -2

+ 10- + =

Dy (A)=

} o, (A)

N=2 Calculate the

0
U (A.B)=(B AB)= 1 Controllability Matrix

4
-1
K=(0 1) ' "(A,B)A,(A)=(22 6) } Ackerman's Formuia

Check the answer

Y -

ﬁ=C(SI - (A - BK)) 'B } Closed-loop TF formula

R(s)
0 1 0 i

A - BK= - (22 6)= } Find A - BK
-3 -4 1 -25 -10

s -1
Y _c. B} substutefor A - BK
R(s) |25 s+ 10 |
0
1

Y(S)=C.'s+ 10 1

1 } Take the inverse of A - BK
R(s) | -25 s

A9

and substitute for B

A(s)=sz+ 10 s+ 25=(s+ 5)2

Y(s) 101
Ry "G 02 e } o simpity
Y(s) 02s+3

} answer is correct Why ?

R(S) (s+5)2

170



A New State Space Realization for the Circuit

X, (t L R
2 ( ) + _ + 2 _
4 Find X= AX+Bu
X, (1) —
u(t) ~ 71 y =Cx
— z, (1) for our circuit
1
Define the current throught the inductor as a state
Define the voltage across the capacitor as a state
Z,,Z, are auxiliary variables that will be eliminated
Zl=Co-a:X1 } Capacitive Law
_ d Kirchoff's current law
Xo=2y +2, => Z,= COa 1 use 2,
u=L + R Z,=L=X, + R X, - C- d_x Write equation L
t t dt for voltage loop 1
--R,7, + R;Z,=-R Co_d_x1 . Rl-/X C d_x1 Write equation
dt ° 4t for voltage loop L2
d d p d
L-axz + R X, - Rl-co-axfu -Gy (R +R > ar R, X, - x1=0} Simplify
dx
-R, C L{lgt? 0 -Ry (X 1 Butin Xq
' = * Matrix Form X=
Co(Ry+Ry) 0 d, | [ -R[x] [0 X,
dt 2
d_x -1 -1
dt ! -R G L 0 -Ry 1% -R G L 1
= . . ‘u
d ~Cy (R +Ry) O |1 -Ry||x, Co(Ry+Ry) 0] [0
—X
dt 2
T Matrix Algebra
-R, C L 0 -L }
— Calculate Matrix Inverse
{
-C, (R +R,) O CO\R1+R> -R, C,

/
A=LCy Ry + Ry
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Co'<R1 + R2> CO-<R1 ¥ R2> N } Simplify to obtain

X=Ax+Bu f
dt R, -R,R, orm

_ L-<Rl+ R2> L-<Rl+ R2> _

Find the output of the system

o Fx, (1)

z) (1)

d
Substitute for —X
from above dt
matrix equation

-1 R1

. Co'<R1 + R2> e C- R +R,)

X
o'\ 1+R2> ?

Rl
Rl + R2

RiR,

X } y=C X form
R+ R,

y=

let Ry=3Q, L=38H, R,=1Q , C = .066F } same numbers as

2 before

-3.79 11.36
-02 -02

0
0.26

d
—X=

dt

Xt Final State Space

form for the circuit

y=(0.75 0.75) X
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Calculate the Open Loop Transfer Function for the Circuit

0
+
0.26

d
— X=

dt

-3.79 11.36
-02 -02

‘u

y=(0.75 0.75) X

State Space Equation

H(s)=C-(dl - A)_l-B } Open loop TF formula

s+379 -11.36 !
02 s+02

-1
S 0.2

s+ 02 1136

} Matrix Algebra
s+ 3.79

1
A

A=(s+3.79)(s+02) + 02:(11.36)=s> + 45+ 3 } Openloop characteristic

equation
s+ 02 1136 0 |1 2.95 1 wMatrix
H(s)=C: : .~ =(0.75 0.75)- Nl
-02 s+379](026|A 0.26-s+ 0.9854 | A
02s+3
H(s) i } same TF we obtained before
s"+4s+3

The same circuit gives two different state space forms but retains the same TF

« 10 00
_H‘3 ~af T HE
y=[3 0.2]x

—~

State x does not have any
physical meaning, it is just

a mathematical creation

Physics-based SSF

379 11360 00
“H-02 -020 " BosH

y=[0.75 0.75]x

—~

State x has physical meaning (i.e., X1

is the voltage across the capacitor and X5
is the current through the inductor )

These physics-based states facilitates the

construction of the feedback controller

Algebra
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Example - State Feedback Control Design

Physics Based SSF
for circuit

*“Ho2 -02H" H)zaHJ

+3.79 11360 00 O }
y=[0.75 0.75]x

For the circuit, let =-KX +7r } State Feedback law

Find K so that the closed loop poles are at s = -5

Ay (S)=(s+5) 2 } N=2 and desired closed loop poles at s = -5

Ay (A)=(A+51)2=A%+10A+ 251 } Fnd B (A)

@(A B)=(B AB) } N=2 controllability matrix

K=(0 1)- Dy (A) } Find K by Ackerman’s Formula

0.26 -0.052

K=(-283 2395) } k=283  k,=2395 } answer
U=-KX + r=-K;X; - Ky X, + r} Controller

Control Ciruit Construction

OpAmp
summer
+ #(2 e
Current 4
TS SR (t) C.
r(t) u(t) B

- 1

Variable resistors can be adjusted to achieve the values required for k1 and k2
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Time for a Movie

Click on image to start movie
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Observers

Problem: What if the state x is not measurable ?

Given A,B,C, y(t), u(t), and build an observer for estimating x

| |
| X X I
+
n > :> B > > s > > C > >:
| |
| +A \ |
I |
| AL |
| |
b e ___ 1
X X
+ -+
L B > > 1/s > > C >«
y
A+ \4
A Y y
Observer +#
L
Plant

X=Ax+Bu @=H(s) }

y=Cx U(s)

The observer is a device, we build to manufacture

X (an estimate for x)

The observer gain L is used to make X - X quickly; Lisannx1 vector

X=AX+ Ly +Bu } From the Block Diagram
y=y-y=Cx-Cx=CX X=X-X } observation error
%= AX+LCX + Bu } Substitute for Y

X = X— X = AX+ Bu— (AR + LCX + Bu)

} Find the error dynamics

Observer
only
measures
u(t) and
y(t)

X = (A_ LC)X } Observation error dynamics - tells us how fast X goes to zero
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X=(A-LO)X  } Eror Dynamics

X(9)-X(Q) =(A-LC)X()  } Take Laplace Transiom
(sl —(A-LC))X(s) = )?(O)} Rearrange

X(s) = (sl —(A-LC))™X(0) } sobetor X(s)

adj(sl —-(A-LC)) X(0) } Definition of Inverse
sl =(A-LC)|

X(s) =

Poles of the observation error system are given
Dy (9)=]sl - (A-LC)[=0
If the poles of A (S) are far in the left half plane, then X — O

quickly i.e., X - X quickly

The observer gain "L" is utilized to place the observer poles in any location
as long as the open loop is observable.

The open-loop system will be observable as long as the matrix

9(A,C)=| is full-rank i.e., det(((A,C)) =0

If the system is observable, the gain matrix "L" is calculated as follows

L=4, (A) od (A,C) } Ackerman’s formula

AO(A) = AO (S)|S=A where Ao ('S) specifies the desired location of the observer poles.
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Example

= 10 oo X = AX+ BU
H-4 _39 B—BJ } y =CX

y=[3 0.2]x

Find an observerso X — X in 0.5 seconds
X=AX+Ly+Bu }
¥ =CX observer structure

A (s)=(s+ 10)2=S2 + 20-s + 100 } construct

8 CA -08 24
(A’C)= C = 3 02 withn=2
L=A (A0, |- 4321
0 20.19

check answer

error dynamics tells us how fast

$=(A-LOX | %=x-%-0

sl - (A-LO)|=
64571 s+ 7.038

[s + 12962 -.136

A, (s)=(s+ 12.962) (s + 7.038) + 8.72 } Take Determinant

A, (S)=S2 +20's+ 100=(s + 10)2 } Simplify

Therefore if we build an observer then X — X  in 0.5 seconds

AW (S) forn=2ands = -10.
} Calculate observability matrix

} Find L via Ackerman’s formula

Observer poles are
determined by this formula
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State Space Requlator

With only measurements of y(t), we can place the closed-loop poles anywhere as long as the
open-loop plant H(s) is controllable and observable with the following regulator

X=AX+Ly+Bu State-space regulator only measures r(t) and y(t)

y=Cx y=y-y

u=-Kx+r
r(t) is the reference input

A, B, C are found by determining a state-space realization for the plant H(s).
The vectors K and L are found by using the given design specifications and Ackerman’s
formula.

State Space Requlator Block Diagram

Plant
r(t u(t
(M« u HeS) . ()
- A
i_ ____________________________ 1
A o & |
S . ]
»T B > > 1/s > > C > < |
: A+ \ 4 - :
| vY | N
« | . 4 A 7=y-9
|
Controller | I
| L |
' |
\ _ O _____ |
Observer
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Examining the Regulator Dynamics

X = Ax+ Bu o
} State-space realization
y =Cx for the open loop plant
X=Ax+ B(I’ - K)A() substitute for u(t) to obtain closed loop plant
y =Cx u=-KX+r
X=AX+Ly+Bu
¥ =CX } standard observer structure

X = AX+ B(r — KX) + LC(x - X) } substitute for u(t) and
y=CX for y=CX

Find the Error Dynamics by using X = X— X 0 X=x-X

Subtract observer from

X = Ax+ B(r — KX) — (AX+ B(r — KX) + LC(x - X)) } closed-loop plant

X=(A-LC)X } simplified error dynamics
%= Ax+ Br - BK(X _ ;{) } Rewrite closed-loop plant in terms of X ()A( =X- )-Z)
x =(A-BK)x+ BKX + Br } Simplified Plant

X = (A- BK)x + BKX + Br 0

X
1

Composite

X = (A-LC)X Closed-loop x=(A-BK)x+Br
System Dynamics
y =Cx y =Cx
Define a new state variable system as follows
_xt A - BK BK
THH O Mt o a-ie] Petlo Ca=(C0)

7 = +
z=Az+Byr } Compact Notation for
y=C,z Closed-loop System

Y(S)=C Ag - ACI>—1_B

—=0y } Closed-loop TF N How many poles does
R(s) '

cl ;
this system have ?
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Calculate the transfer function

A-BK BK B
Y(s) 1 a*l o a-Lc| o
= cl'<sI - AC|>_ 'Bcl
R(s) Cy=(C 0)
-1
‘o - A -1 sl - (A - BK) -BK } Plug in AC|
\ C|> N
0 sl - (A - LC)
o -A) = gg —(A-BK))™" BK(sl —(A-BK)) (sl —(A-LC))™0 Mt
0 0 (sl —-(A-LC)™ 0 Identity
M NTY (Mt ominpt
Matrix Identity =
P 0 pt
Y e s (A BK))™ BK(sl - (A-BK)) (sl - (A- LC))‘lEEBD} FE’;'”l"a‘r’]‘d
7 = C
R(S) 5 0 (9 ~(A-Lo)™ EnJaEiP
Y(s) -1 Closed-loop TF looks exact like
=C(sl - (A-BK)) "B the full state feedback form
R(s)
Y(s) =(C'adj(5| -(A-BK)))B } Matrix Identity
R(s) sl - (A - BK)]

(C-adj(sl - (A -BK))) B=0 gives zero of closed-loop TF.
| sl - (A - BK) | =0 gives poles of closed-loop TF.

The closed-loop TF has "2n" poles; "n" poles come from the observer and "n" poles come from
the closed-loop plant. How do you know this is true ?

L sets the location of the "n" observer poles.
K sets the location of the "n" closed-loop plant poles.

During the above calculation, the "n" observer poles given by

|S| - (A-LC) | =0 canceled with the "n" observer zeros.

This cancellation of the observer poles is always true and leads to what is called the
separation principle.

Separation Principle - the gains K and L can be designed separately to achieve
the desired closed-loop plant and observer pole locations, respectively.
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Example

open loop plant

2s+3 u(t) y(t)
H(S)=——— > —
82 +3s+4 H(s)

Design a regulator so the desired closed-loop poles are at s = -1, -2, and
the observer poles are at s = -10, -12.

Find a SSR using RCF

N o[
IV I I } -4 -3 11
v [-4 -3 1 n=2 C=(3 0.2)
y=(3 .2) X

Formulate Observer
X= AX+Bu+Ly
§ = CX

} observer

1
L=4A, (A) o1 (A,C) -[0 ] } Ackerman’s Formula

2 desired
A, (S)=(s+10) (s+12)=s" + 225+ 120

observer
pole locations.

CA| |-08 24
0(A,C)= = } observability matrix
C 3 02
-1
-8 24 1 4.6
L=(A+101) (A+121) 1 = } answer
3 02 0] |26.1

s+ 13.78 -0.8

} Use formula
8234 s+ 822

Check |8l - (A-LC)|=

A, (S)=(s+ 13.78) (s + 8.22) + 82:(0.08) =5 + 22:5+ 120 } checks

Note: observer poles are placed s-10 times further out in the LHP
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Formulate Controller

u=-Kx+r } controller
K = (0 1)-0'1 (A,B) A, (A) } Ackerman’s fromula

A, (S)=(s+1) (s+2)= +3s+2 } desired closed-loop poles

1
] } Controllability Matrix

C(A,B)=(B AB)=2

-1
0
K=(0 1)-[1 (A+1)(A+21)=(-2 0) } answer
-1
Check |8l - (A - BK)|= } use formula
2 s+3

A, (s)=s(s+3) + 2-5°+3s+2 } checks

Review

X

~ ~ State-space regulator

y =CX How do you find A,B,C,K and L for
u a given problem ?
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State Transformation

d
—X=AX + Bu Standard Form for
dt } the State Equation
y=CXx
Let T be an n x n constant nonsingular matrix i.e. | T| 20
-1 .
X, =T X } Define a new state X,
d d _—
X=T X, —X=T —X, From the above definition
dt dt
d
T—x =A-Tx, +Bu
dt } State equation in terms
of the new state
y=C-T-x,
d

Qx =THATx + T BuU

n=
dt } Premultiply by 'I'_1
y=C-T-x,
d_xn=An-xn + Bn-u
dt Transformed State Equation
ransformed State Equatio
y=Cy X,
-1 -1
An=T AT Bn=T ‘B Cn=C-T
Definition

Two state space realizations are equivalent if

A=THAT

1 For some constant
Bn= TB nonsingular matrix T
C,=CT
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Theorem
Equivalent systems have the same transfer function

Proof:

H(s)=C-(dl - A)_l-B } By Definition

H,, (s) =Cn-<S| - An>_1'Bn } By Definition

H (9=CT- (¢ -TLaT) ' Tlg } i A B .C
NOL sl - Substitute for A ,B_,C_

-1 1
H, (S)=CT-<ST IT-T AT> T B } Property of the Identity Matrix

-1 11
Hn(s)=CT-[T (sl - A) T] T"B } Rearrange

1.1 1

-1 -1 1 o R R R
H, (s)=CT-T (sl - A) "T-T "B } Usematrixidentity (MNP) "=P =N ":M

-1 .
H, (s)=C:(sl - A) "B=H(s) } Proof is complete

Theorem

Given two state space representations for the same system, the transformation T for

-1
X.= T ~ X can be calculated by either method

1

T= @ (A,B) @ <An’ Bn> } Use Controllability Matrices
-1
T= @ (A,C) @ <An’Cn> } Use Observability Matrices
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Below are two state space realizations for the circuit

X (1) L R,

Xn1 (t)

The same circuit gives two different state space forms but retains the same TF

RCFE SSF Physics-based SSF
o= 10 0 o L7379 11360
Ers -4 RE "“Ho2 o02f"" HJZGH’
y=[3 0.2]x y=[0.75 0.75]xn

. : . . : -1
Find the matrix T which will satisfy X,= T x

Controllability matrix

((A,B)=(B AB)=

1 -4 for RCF
G/A B B A B |= 0 234 Controllability matrix for
von > [ n-n ”]_ 026 0.052 Physics-based SSF
- 0.339 0
T-0(A,B @ ‘A,.B answer
(ABYL (A By -1.286 3.846 i

Hence, the state that did not have physical meaning in the RCF form are actually linear
combinations of the states in the Physics-based SSF

X X
X=T X = ! = 0.339 0 ) nl } By Definition
n
X5 -1.286 3.846 X0
x,=0.339X |

State Relationships
X,=-1.286"X, + 3.846°X
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Transformation to Jordan Normal Form
The Jordan Normal Form is a very special SSR because the eigenvalues and their
controllability and observability characteristics can be read off of the SSR by inspection.

d_x =AX+B-u
dt State Space equation
y=C-X

d X =A.X_ + B.U Jordan Normal Form

1N 73N J - - -

dt } AT AT B=T'BC=CT x=T"x

Yn= CJ'Xn
" T " is the matrix which consists of " n " eigenvectors of the
matrix "A". Put the generalized (i.e., for repeated roots)
eigenvectors in " T " in the reverse order while keeping
them
next ta each other

Theorem

If the eigenvalues of "A" are distinct then "A"is called simple.
However, repeated eigenvalues does not imply that A is not simple

Theorem
"A" is simple if and only if AJ is a main diagonal matrix
(i.e., there must be only zeros appearing off the main diagonal)
Definition

The eigenvalues of AJ are always along the main diagonal

Theorem (for SISO system only)

If A'is simple, then
a) eigenvalue in AJ is controllable if the corresponding element in B‘J is non zero.

b) eigenvalue in AJ is observable if the corresponding element in C‘J is non zero.
If Ais not simple,

a) eigenvalue in AJ is controllable if the last element of the corresponding Jordan block in

B‘J is non zero.

b) eigenvalue in AJ is observable if the first element of the corresponding Jordan block in

C‘J is non zero.
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Rules for drawing Jordan Blocks

1

2)

3)
4)

Draw vertical and horizontal lines to isolate the eigenvalues which lie on the
main diagonal of AJ

Never isolate a "one" on the superdiagonal - any time you have repeated eigenvalues
you have the possibility of a "one" showing up on the super diagonal

Draw as many lines as possible

Extend lines through B‘J and C‘J

Example - Find the JNF and discuss Controllability and Observability

X = Ax+ Bu

y =Cx

A=§l o B=§E c=[ 1

A=

A =

B, =

State Space equation
10

-3, A, =-2 } eigenvalues or poles of "A"
Vi = 2t v Vo = 20 } eigenvectors of "A"
53 ain
T= @13 _12§D T'= 5_32 _1]% } Formulate transformation matrix
+3 00O
TAT =
0 -2
H H Apply IJNF formulas
re-g
1
ct=[-2 -1

C, =

+3 00 @10

““Ho -2H"*Huf } markh

y=[-2 -1,

Jordan Blocks
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Rules for drawing Jordan Blocks

1)  Draw vertical and horizontal lines to isolate the eigenvalues which lie on the
main diagonal of AJ
2) Neverisolate a "one" on the superdiagonal - any time you have repeated eigenvalues
you have the possibility of a "one" showing up on the super diagonal
3) Draw as many lines as possible
4)  Extendlines through B;  and C‘J
Jordan Block
Ii- 3| 00 (+10]
)'(n = X, + 51{1 Jordan Normal Form
HO -2 L) eigenvalues are on
_ the main diagonal
y= @ @X” Jordan Block
Analysis

Since "A" is a simple matrix (i.e., "A" is a main diagonal matrix)

a) eigenvalue in AJ is controllable if the corresponding element in B is non zero.

(&

b) eigenvalue in AJ is observable if the corresponding element in C‘J is non zero.

Eigenvalue Controllable Observable
-3 Yes Yes
-2 Yes Yes
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Example - Find the JNF and discuss Controllability and Observability
X = Ax+Bu

y =Cx
1 1 20 10 State Space equation
— U _ L4 —
A=® 1 35 B=37 C=[ 1
B 0 25 2H
A=1lm=2, A, =2,m=1 } eigenvalues or poles of "A"
00 a0 50
_ G0 _ [hO _ L[
Vi = 0 Vo = 0 Vs = %D } eigenvectors of "A"
US| 8 1S
1 0 50 @1 0 -50
T= @ 1 ?%D T= @ 1 _35 } Formulate transformation matrix
B 0 1H B 0 1
1 1 0O
_T-1 _ 0
A=TAT=10 1 0F
B 0 25
40 Apply INF formulas
B,=T'B=20"
J 0~ O
Bl H
C,=CT=[1 1 g
d 1 0O 40
X, = g) 1 O%(n + BO SJ We can now
mark the
@ 0 2@ @1 @ Jordan Blocks
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Rules for drawing Jordan Blocks

1) Draw vertical and horizontal lines to isolate the eigenvalues which lie on the
main diagonal of AJ

2) Neverisolate a "one" on the superdiagonal - any time you have repeated eigenvalues
you have the possibility of a "one" showing up on the super diagonal

3) Draw as many lines as possible

4)  Extendlines through B;  and C‘J

Jordan Block

eigenvalues are on the
main diagonal

:?<.
1
4_
N

} Jordan Normal Form with

y

M 0 D:
@ 1 ‘@an Jordan Block

Analysis
If "A" is not simple
a) eigenvalue in AJ is controllable if the last element of the corresponding block in

B

J is non zero.

b) eigenvalue in AJ is observable if the first element of the corresponding block in

C‘J is non zero.

Eigenvalue Controllable Observable
1 No Yes
2 Yes Yes
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Example - Find the JNF and discuss Controllability and Observability

X =Ax+Bu
y =Cx
1 1 20 A0
_ 0 o0 o
A= 1 35 B=pn C=[t 1 0
B 0 17 E)S

A=1,m=3
00 20 80
w s E eyl
HE VS EUS)
3 2 00 0.33 066 00
T= 3 000T*=50 033 07
M 0 17 50 0 18
1 1 00
A=TIAT=9 1 17
B 0 1F
[0.330]
B,=T’B=50 ¢
50 8
C,=CT=[3 5 0
1 100 [0:33]
xnzg) 1 1§<n+gogj
@ 0 15 EO0f{
y=[3 5 0,

State Space equation

} eigenvalues or poles of "A"

} eigenvectors of "A"
} Formulate transformation matrix

Apply IJNF formulas

We can now
mark the

Jordan Blocks
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Rules for drawing Jordan Blocks

1)  Draw vertical and horizontal lines to isolate the eigenvalues which lie on the
main diagonal of AJ

2) Neverisolate a "one" on the superdiagonal - any time you have repeated eigenvalues
you have the possibility of a "one" showing up on the super diagonal

3) Draw as many lines as possible

4)  Extendlines through B;  and C‘J

Jordan Block

Jordan Normal Form with
eigenvalues on the main diagonal

1 1 ] 3
(=fo 1 Do
0

v=Bs ok

Analysis
If "A" is not simple

Jordan Block

a) eigenvalue in AJ is controllable if the last element of the corresponding block in

B‘J is non zero.

b) eigenvalue in AJ is observable if the first element of the corresponding block in

C‘J is non zero.

Eigenvalue Controllable Observable

1 No Yes
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Example - Discuss controllability and observability for the system below

1 1 0 0 0O 0O 0 00O 0O
O _ 0 0
M0 -1 0 0 0 0 0 0f 5
0o 0 -1 1 0 0 0 00O O
0 0 0
X = o 0 0 -10 0 0 0 % + 9‘ Jordan
""0o 0 0 0 -2 1 0 oO" M Normal
U 0 ] Form
00 0 0 0 0 -2 1 0gp 1
Bo 0 0 0 0 0 -2 oCO Eizg
0 0 0 0 0 0 0 -3, 0
y=[1 0 1 1 2 0 0 O,

Rules for drawing Jordan Blocks

1) Draw vertical and horizontal lines to isolate the eigenvalues which lie on the
main diagonal of AJ

2) Neverisolate a "one" on the superdiagonal - any time you have repeated eigenvalues
you have the possibility of a "one" showing up on the super diagonal

3) Draw as many lines as possible

4)  Extendlines through B;  and C‘J

31 ¥ o olo o olon [0
Uo -1l0 olo o o/ o0& N
[ [ [
00 0 |-1 0 0 O0|oO mO
0 0 0
=50 0lo -1l0 0 o0log o
"“Ho 0|0 o0l-2 1 o] ol
Bo olo olo -2 1 OB E
o o|jo 0|0 0 -2/00 D0
0 oo oo o0 o0]-37 0
y=[1 o|1 1|2 o0 o] 0,
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b) eigenvalue in

Jordan Blocks

+1 P o o|lo o o]on o

N O

0 -1J0 o]0 o o|og @

00 of-1 ®o o 0| o0 OO
X_E olo -1]lo o oloy @)
“_Bo 0ol0 0-2 1 0O ogn mg

00 o|l0 oo -2 1|o0f -

0o olo ofo o -2/o0O

5 E%—gg

m> o0 ({0 0|0 O O]-37 w3
y= 0l@ 1|@ o o |@xX

Analysis

a) eigenvalue in

A

J is non zero.

A

C‘J is non zero.

J is controllable if the last element of the corresponding block in

J is observable if the first element of the corresponding block in

Eigenvalue Controllable Observable
1 @ No Yes
1 Yes Yes
-2 Yes Yes
-3 Yes No

Jordan Blocks




Polynomial Regulation

Given an open loop system

U(s) — » Hs) Y(s)} glr;i?loop

where  H(S) =ﬁ }

A(S) } open-loop plant denominator polynomial

open-loop plant numerator polynomial

Find the polynomials T(s), N(s), R(s) in the control structure

H(s)
V(s) T(s) | * Y6)| B(s) - ~Y(9)

Reference @ m Polynomial
Input v Regulator
N(s)

R(s)

such that
B9
Y(s) T(s) A(s) - Desired closed-loop
V(s) B R(s) /1 . &@) Hy (s) } transfer function
L R(s) A(9)

Q(s) } desired closed-loop numerator polynomial
Hd ()=

P(s) } desired closed-loop denominator polynomial

Restrictions

1) degree(P(s))=degree(A(s))
2)  Q(s) must contain the roots found in B™(S)
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Steps for Calculating T(s), R(s) and N(s)

Step 1 Determine A(s), B(s), Q(s) and P(s) from the problem statement and check restriction

1

=ﬁ open-loop TF
He-29 )
Hd (S =% } desired closed-loop TF

Restriction 1: degree(P(s)) = degree(A(s))

Step 2 Find B (s) and B_(s) and check restriction 2

B(s)=B*(s)B7(s) } By Definition

B_(S) denotes the polynomial which contains the roots of B(s) that have positive real parts

B* (S) denotes the polynomial which contains the roots of B(s) that have nonpositive real parts

B(s) =s(s+1)(s—-1)

B’ (S) = S(S+1) } Example
B (s)=(s-1)

Restriction 2:  Q(s) must contain the roots found in B™(S)

Step 3 Define R(s) and T(s) in terms of subpolynomials

= Tl(S)Q(S) R(s) = RL(S) B+(S) efinition
(= o } By Definit
R, (8), T, (S) are unknown at this point.

Step 4 Determine the degree of each polynomial
de{T,} =de{ A} —deg{B"} -1=1L
deg{T} =L } By definition
deg{R} = deg{T,} =L

deg{ N} = deg{ A} -1=C
deg{N} =C } By definition
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Step 5 Define the structure of T, (S),R; (s),N(s)

T,(s)=(s+a) - } "a" is far in the left-half plane and "L" is known

L L-1
Ry (S)=s +r1 _;'s t e + 1 } "L" is known

c-1

C [
N(s):ncs + nc_ 'S Foreenns + I‘IO } C" is known

1

At this point the coefficients denoted by r,n are unknown

Step 6  Solve the Diophantine Equation to determine I, 1. coefficientsin R, (S) and N(S)

A(S)R (s) + B™(S)N(S) = P(9)T,(s) } Diophantine Equation

After matching the coefficients in the above equation, we obtain the polynomials R, (s) ,N (s)

Step 7 Construct R(s) and T(s) E
T(9)= Tls_)gs) R(s) =R(S)B"(S)
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Diophantus of Alexandria
Diophantus of Alexandria (200-284 AD)

Diophantus worked during the middle of the 3rd century and is best known for his Arithmetica, a work on the theory of numbers. 

The Arithmetica is a collection of 130 problems giving numerical solutions of determinate equations (those with a unique solution), and indeterminate equations. The method for solving the latter is now known as Diophantine analysis. Only 6 of the original 13 books survive and the others must have been lost quite soon after they were written since there are many Arabic translations, for example by Abu'l-Wafa, but they only contain material from these 6 books. The most famous Latin translation is due to Bachet. 

Diophantus was always satisfied with a rational solution and did not require a whole number. He did not deal in negative solutions and one solution was all he required to a quadratic equation. In fact most of the Arithmetica problems lead to quadratic equations. Although he did not use sophisticated algebraic notation, he did introduce an algebraic symbolism that used an abbreviation for the unknown. Fragments of another Diophantus book on polygonal numbers have survived and Diophantus himself refers to a collection of theorems called The Porisms but this book is entirely lost. 



Example

V(s) + Y(s)
e E > > H(s) > >
Reference R(s) Polynomial
Input Regulator
A \ 4
N(s)
R(s)
_ s-1 . Y(s) s-1
Given H(S) -— Find T(s), R(s) and N(s) such that = 5
s V(s) (s+1)
Step 1 Determine A(s), B(s), Q(s) and P(s) from the problem statement and check restriction
1
B(s) s-1
H(s =£=— } open-loop TF
A(s) &2
S s-1
Hq ()= Q(s) = 5 } desired closed-loop TF
P(S) (s+1)
Restrictions

1) degree(P(s))=degree(A(s))=2 } ok

Step 2 Find B” (s) and B_(s) and check restriction 2

H(S =ﬁ=s;l } Plant
A(s) &2
B(s) =(s-1) } B(s)=B*(s)B(s)
B (s)=(s-2 }  roots of B(s) with positive real parts
B+(S) =1 } roots of B(s) with nonpositive real parts
Restrictions

2)  Q(s) must contain the roots found in B™(S)

Q(s)=(s-1) B (s)=(s-1) } oK
Step 3 Define R(s) and T(s) in terms of subpolynomials

T.(s)Q(s) _ Ty(s)(s-1) R(s) = R(5)B*(s) = R(5)(2)
B (s) (s-1)

R, (8), T, (S) are unknown at this point.

T(s) =
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Step 4 Determine the degree of each polynomial
deg{T,} =deg{ A} —deg{B*} -1=2-0-1=1 U L=1
deg{T,} =1
deg{ R} = deg{T,} =1
deg{N} =deg{ A4 -1=2-1=1 U C=1
deg{N} =1

Step 5 Define the structure of T, (S),R; (s),N(8)

Poles of Tl should be 10 times bigger than the largest pole of P(s) } Rule of
Thumb
Leta=10

T,(9=(s+10)"=(s+10) } L=1
Rl(S)=S+r0 } deg{R} =1

N(s)=n, s+ n, }  deg{N}=1

A(S)R (S) + B (S)N(S) = P(3)T,(5) } Diophantine Equation

Step 6  Solve the Diophantine Equation to determine T, I, coefficientsin R, (S) and N(s)

/
s$° <S + r0> +(s-1) <n1 S+ n0>= \SZ +2S+ l> (s+ 10) } Insert Polynomial
53 + 52 g+ Ny 32 + <—n1 + n0> S - n0=s3 + 12 52 +21s+ 10 } Simplify
$° <r0 + n1>=s2 (12)
Simplify
s<— n, + n0>=s(21) -ny=10

Ny=- 10 ny=- 31 ro= 43 } Solve for coefficients
N(s)=-(31s+ 10) R, (s)=s+43 } Gives R (S) and N(s)
Step 7 Construct R(s) and T(s)

T(S) :M = (S+1O)M =s+10
B (s) (s-1)

R(s) =R(s)B"(s) = R(s)(1) =s+43
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V(s)

Plant

Y(s)

s+10 | , | S-1 ‘
> > 2 >
S+ 43 S
A
(31 s+ 10)
S+ 43

Check your answer

V(s) s+10 | (s+43)-(s- 1)
s+ 43 $+126%+21s+ 10

v(s) | (s+10)(s- 1) Y(9)
$+125°+21s+ 10

v(s) | (s+10)(s- 1) Y(s)
(s+ 10)-<82+ 2s+ 1>

V(s) | (s- 1) Y(s)

(s+1)?

Y(s) s-1

checks since

V() (s+1)2

Y(s)

.

}

}

Y

Block Diagram
for closed-loop
system

Feedforward
Feedback
Combination

Combine cascade
blocks

Factor
denominator

} Cancel observer pole
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Nonlinear Systems

d

d_tx=f(x,u)
d_ _ f
at é%g

d_x = AX + Bu
dt

where
of, o,
X, 0%,
Cof, of,
X, 0X,
L
ox 0O
o----
Cof, of,
X, 0X,
of _ [of, of,

ou” Buou

The equilibrium point Xe

General form for most nonlinear

f(X,Uu)is annx 1 vector systems

f ' Linearized about an
TN £ LS . i
X=X oud |X= Xq equlibrium
© point Xe .
_[pf _[pf
} A_%g B_é%g S—X=AX+BU
e X=Xe t

Calculation for i
0x

}

Calculation for ﬂ
ou

}

is usually arrived at by examining the “physics" of the problem

or by setting f(x,u) = 0 and solving for x.

X

Note: e

is an n x 1 vector; so youneed "n" values for the equlibrium point
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Example

} One link robot

u=mLA-mgLsing } Dynamic Equation

u - input control torque

m - mass of robot

L - link of robot

0 -link angle

g - gravitational coefficient

Linearize the system about the equilibrium point He =0 96 =0 andthen

obtain a state-space realization.
X=Ax+ Bu X,
y =Cx } X= 5(

2

y=9

B0
s

1

(ie. find A, B, C)
Step 1 - Write the dynamics inthe X = f(X,u) form.

u=mLA-mgLsing } original dynamics

6 = gsin(8) +iu } rearrange
mL

X1:H X2:9 D)'(Z:é From
. problem
X =% statement
X =% } use above information
to rewrite dynamics

X, = gsin( )+iu
2 = gSIn(X mL

O X O
ElhD_D 2 1 0 x = f (x,u)

X = f(x,u) = = .
x=f(x,u) %, H ?gn(xl)+HuE oy

form
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Step 2)

Step 3)

Step 4)

of af

Find —
0x 6u
[of, of, O
Ebiaxi q of _mf o0
ax Oof, of,0  ou Bu  ouB use formila
D, ox,
O 0O X O
%= f X, U 1 2 from above work
0= B B Bine) + - u }
i _ 0 g'COS<X1> substitute for
1) 1 0 f1 and f2 into the formula

of @’ i O } substitute for
au mIE f1 and f2 into the formula

Substitute the equilibrium point to find A and B

10700 = el EQeD } Equilibrium Point
: from bl tat t
X2€ = Be =0 B(zeH @eH problem statemen
f g l 0o 10
A= = .
[OX [ k=x, H‘ g OH Plug-in
equilibrium
0o o point and transpose
g = jl 0, 0O
- =-1
oubl., ©0=0
° OmLO

Find "C" from problem statement

y=600 y= X, } Since X, = 0 by definition

X1
y=(1 0)-
X

C=(1 0)
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Linearized System for One Link Robot

lg Eg OET ﬁlmLHJ
| y=[1 O]x

Find the open-loop TF and the open loop impulse response. Then assuming @, 9
are measurable, design a state feedback controller which places the poles
of the closed loop system at -1.

Y(S) —H(s)=C(sl - A) g } Open Loop TF formula

(e} }
_ -1 s -11 s 1 1 Matrix

(sl AZ) -[_g S = A(S) Algebra

A(s)=s"- ¢

. a0 1000 01 _um
H(S)—[l 0]@ sHH/mL (S)_Sz——g } Open-loop TF

Y(s)=H(s) if U(s)=1 } Impulse response
1
Y(s)= mL Factor denominator
bk
D 1 D
Y(s)=—101 \/_ PFE Tool
() mL Ds+\/_ \/_D }
H H
(t)= 1 <eJ5 t e-JB t> Inverse Laplace Transform
W=—— Impulse Response
2 E mL

Link Falls Down

y(t)=6(t)
\* } Unstable Impulse

Response

> {
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Control Design

« 10 OO0
- % OH B_/ mLHJ State Equation
y—h dx
Find K in =-KX +I sopolesareats=-1 } Objective

Ad(s)=(s+1)2 } n=2

01] [1 0 g+l 2
Ay (A)= + = } Let S=A
g o 01 29 g+1
-1
0o L
L| [gr1 2
K=(0 1)- . Ackerman’s formula
1 0 29 g+1
mL

K= [mL(g +1) 2mL] } answer

Check the answer

SCRERICELISTIN it
1 0 0 1 .
A—BK:m U o mL(g+1) 2m|_:|:D O } Find A - BK
B of d/mL 1 -24
s 0 0 1 s -1
A(s) = -
0 s -1 -2 1 s+2

A(S)=S2 +2s+1=(s+ 1)2 } checks

Note the control is given by

N
=—KX +r where X = @H )

u= —m|_(g +1)g _ Zng' +r } control which must

be implemented
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Computer Implementation

Plant
r===7-7I
| |
Ir(t) L u(t)
1 o,
| Al
I il
| |
|
I +
: < mL(g + 1)
I + A
! 0
: 2 mL »
|
I Computer
| .

y(t)

Encoder —>

A

Numerical

Differentiator

u=-mL(g+1)8-2mLE +r } Control

4
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Same Example

What if g

is not available for measurements ?

Solution:  Use a polynomial regulator

Polynomial Requlator

V(S) T(S) + Y(S)
_ 7 > > H(s) > >
Reference R(s) Polynomial
Input Regulator
A \ 4
N(s)
R(s)
_ 1
Given H(s)= 5 Open-loop TF
mL(s*-g)
[ Y(s 1 Objective:
Find T(s), R(s) and N(s) such that Y (S) _ Place both closed-loop
V(s) (s+ 1)2 poles at s= -1
Step 1 Determine A(s), B(s), Q(s) and P(s) from the problem statement and check restriction

1

H(s) = B(s) = 12 } open-loop TF
A mL(s?- g)
H (s) = Q( S) = 1 desired closed-loop TF
d 2
P(S) (s+1)
Restrictions

1) degree(P(s))=degree(A(s))=2 } ok
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Step 2 Find B” (s) and B_(s) and check restriction 2
B

(s) = L } Plant
AG g

_ 1
B(s)—E
P |
B (s)—H

B (s)=1

Restrictions

H(s) =

2)  Q(s) must contain the roots found in B™()

Q(s)=1 B (s) =1 b ok
Step 3 Define R(s) and T(s) in terms of subpolynomials

_TL(9Q(s) _Ti(9)1 _ vy = RS
T(s)= B (9 1 RS)=R(9B (9=~

R, (8), T, (S) are unknown at this point.

Step 4 Determine the degree of each polynomial
deg{T,} =deg{ A} —deg{B*} -1=2-0-1=1 U L=1
deg{T,} =1
deg{R} = deg{T,} =1
deg{N} =deg{ A -1=2-1=1 U C=1

deg{N} =1

Step 5 Define the structure of T, (S),R; (s),N(9)

Poles of Tl should be 10 times bigger than the largest pole of P(s) } Rule of
Thumb
Leta=10

T,(9=(s+10)"=(s+10) } L=1

Ry (8)=s+ 1 } deg{R}=1
N(s)=n, s+ n, }  deg{N}=1

ro, n1 , I‘IO are unknown at this point
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Step 6

AR (s) + B ()N(s) = P(9)T(s)

<32 _ g> -<S + ro> + (1) -<n1-s + n0>= <82 +2S+ l> (s + 10) } Insert Polynomial

s+ r0-52 -gs-gfry+n;s+ n0=s3 +128%+21s+ 10 } Simplify
2 2
s -<ro>=s ((12) O ro=12
s-<—g + n1>=s-(21) O n=g+21
gy + Np=10 0 Nom10+grp=10+ 012
rp=12 n=g+21 np=12g+ 10 } Solve for coefficients
Ry (s)=s+12

Gives R;(s) and N(s)
N(s)=(g+ 21) s+ (12 g + 10)

Step 7 Construct R(s) and T(s)

LA _ (s+100) _ 1,
B () ®

s+12
mL

T(s) =

R(s) =R(s)B™(s) =

Solve the Diophantine Equation to determine I, N, coefficientsin R, (S) and N(s)
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Plant

V(s) (s+10) |, 1 Y(s)
s+ 12 > > ) < 2 > > >
mL mL-\S -9
\4
_A
(g+21) s+ (12 g+ 10)
] s+ 12 —

mL Block Diagram
for closed-loop
system

Check your answer
V(s
9 (5o (s+12)- - Y(s)
> Tsi12) mi o
mL (s+ 12)-<52—g>+(21+g)s+(12g+10)
.... Feedforward Feedback Combination
V(s) s+ 10 Y(s) |
| 3 > —>— } Combine cascade blocks
ST +12s +21s+10
V(s) 7 (s+10) Y(s) } Factor
2 denominator
(s+ lO)-<S +2S+ 1>
V(S) 7 1 Y(S) } Cancel observer pole
(s+ l)2
Y(s) 1

checks since

V() (s+ 1)’
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Appendix
Causality

We also note that even though only causal systems can be implemented in real time, noncausal
systems are still of inetrest. For one thing, the independent variable may not always be time, as

for example, in optics. Second, even when time is the independent variable, noncausal systems are
useful in providing benchmarks of performance; the ideal band-pass filter is a classic example.
Furthermore, as the reader may know, noncausal systems may often be satisfactorily approximated
by causal systems plus a delay. FInally, noncausal systems may arise in the course of analysis,
when decomposing or recombining causal systems.

The skeleton-in-the-closet of L +Transforms
L= s = Lo ad L [x] =s(L,X -x04

we obtain L [d(t)]=ss*-1=0=L,[0]

This may be a surprise, though it is consistent with the direct calculation
¥
N\ - st
L[d®] = ¢fedt =o
o+
The expected formula for the Laplace transforms of d (t) is 1. But this actually follows

from the use of the L_ formulas.

L [d(t)] =L [di(t)/dt] = ss'-0=1

which also agrees with the direct evaluation.

More detailed discussions of the L transform can be found in many places, e.g., L.A. Zadeh and

C. Desoer, Linear Systems --- A State-Space Approach, MGraw-Hill, New York, 1963.

"Derivatives" of Discontinuous Functions and Delta Functions. The introduction of the delta
function enables us to give meaning to the derivative of a function at a point of discontinuity. We
should note that Q d(.) can be regarded as the derivative of a step function. This
derivative relationship is certainly true (in the conventional sense) as long as € # 0 and the use
of the symbol d(.) allows us to extend it to the case where e=0.

At)-ut-e) _d
e ot

Having gotten this far, we can go further and, using the same ideas, introduce a derivative
for the delta function and in fact also second-and higher-order derivatives. To introduce the

d(t) =lim p,(t) =lim 1t)

1
derivative, say d( ) (.) ,we write

d‘l)(t):dd(t)/dt:Li(mw

212



A pictorial interpretation using sequences is provided by the figure below. As e® 0 | the

function in Fig a) tends towards the unit impulse d(.), while the function in Fig b) approaches

what can be interpreted as its derivative. Since for very small e the functionin Fig b) approaches what
can be interpreted as its derivative. Snce for very small e the function in Fig b) consists of two narrow
but strong pulses of opposite sign, the function in the limit is called the unit doublet. It is an idealization
of a dipole in electromagnetic theory and a couple (torque) in mechanics.

. - , (2) 3
This procedure can be similarly extended to define  d"~" (.),d” (.) andsoon: We merely

with smoother and smoother approximating sequences for  d(.). The derivatives obtained by the
above procedures may be called generalized derivatives since the conventional derivatives are not
defined.

1 1
eT 2
e
‘ > >
e € e €
2 2
1
? 1
a) b)
1
. -
— €a
e
. > — >
e
1
C) d) e
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