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Abstract: In this paper, a continuous output feedback (OFB) tracking controller is developed for a
class of high-order multi-input multi-output (MIMO) nonlinear systems with an input gain matrix
that has nonzero leading principal minors but can be non-symmetric. Under the mild assumption
that the signs of the leading minors of the control input gain matrix are known, the controller yields
semiglobal uniformly ultimately bounded (SGUUB) tracking while compensating for unstructured
uncertainty in both the drift vector and the input matrix. First, a full-state feedback controller
is designed based on limited assumptions on the structure of the system nonlinearities, and the
controller is proven to yield SGUUB tracking through a Lyapunov-based analysis. Then, an output
feedback control design based on a high gain observer is proposed. A comprehensive stability
analysis of the closed-loop system under output feedback is carried out and a recovery of the state
feedback SGUUB result is demonstrated for the output feedback control system. Next, an adaptive
extension is provided for a sub-class of MIMO systems for which both the drift vector and input
gain matrix are affine in the unknown constant parameters of the system. Two novelties of the
results obtained here are the singularity free procedure for control design as the well as the fact
that the estimation of uncertainty does not lead to uncontrollability.

1 Introduction

Over the years, a lot of progress has been reported in nonlinear systems — specifically, research
has moved from analysis into systematic techniques for controller synthesis for classes of nonlinear
systems. As reported in a survey paper by [11], many researchers either assume no uncertainty in
the plant model or assume that the uncertainty is a product of unknown parameters with known
nonlinearities — the latter case leading into adaptive control. For multi-input nonlinear systems
that are representable in the parametric strict feedback form, Krstic et. al. [13] were able to
formalize the adaptive backstepping design procedure; however, the gain matrix premultiplying the
control is assumed to be known. In [12], a general procedure was presented for designing switching
adaptive controllers for multi-input nonlinear systems which includes feedback linearizable systems,
parametric-pure feedback systems, and systems with a control Lyapunov function that is linear in
the parameters. Other examples of adaptive results can be found in [6], [7], and many others
(See references in [11]). Even where unstructured uncertainties are dealt with, classes of single-
input single-output (SISO) systems make up a large amount of the total effort. For SISO nonlinear
systems in the strict feedback form that are non-affine in the unknown parameters, a global uniform
ultimate bounded result due to [27] employs a Nussbaum gain and a smooth parameter projection
algorithm. In [5], Ding ef. al. obtain an ultimately bounded output feedback result for uncertain
SISO systems via a modification of the backstepping technique using a Nussbaum gain and a
Lyapunov function that is flat in a specifiable region around the origin. It is to be noted that
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both these results are robust to disturbances and do not require any knowledge of the sign of the
high-frequency gain.

As far as multi-input uncertain nonlinear systems are concerned, there are very few results
available. In [29], a neural network-based state feedback adaptive controller was formulated for the
following class of systems

x(n) = h(l‘,jj‘, o -,Ji(nil),d)(t),t +
G([E,[ﬁ, t .’w(n—1)7 d)(t)?t)u (1)

with the only restriction that G (-) be uniformly positive or negative definite. The proposed con-
troller was shown to guarantee the semi-global convergence of the tracking error to a residual set.
The drawback of the control strategy is that the estimation strategy utilized can lead to loss of
controllability in which case the control input tends to zero.

In this paper, our goal is to design a continuous output feedback (OFB) tracking controller
based on the limited assumptions that the nonlinearities are second-order differentiable and the
input gain matrix has nonzero leading principal minors but is allowed to be non-symmetric. The
C? restriction on nonlinearities is required in order to ensure that the Lyapunov analysis based
synthesis procedure yields a continuous controller. Since state controllability requires that the
smallest singular value of the input gain matrix be lowerbounded by a positive constant, a sufficient
condition is to reuire the input gain matrix to have nonzero leading principal minors. However,
we drop the requirement that the input gain matrix be symmetric since many practical nonlinear
control systems do not possess such a property (See examples in [30, 24]). Motivated by a matrix
decomposition introduced in [18] and subsequently utilized in [3], we decompose G(-) into the
product of a symmetric p.d. matrix, a known diagonal matrix with 4+1 or -1 on the diagonal
(comprised of the ratios of the signs of the leading minors of the control input gain matrix), and
a unity upper triangular matrix. The symmetric p.d. matrix is exploited in the Lyapunov based
stability analysis while the unity upper triangular matrix allows for an algebraic loop free sequential
synthesis of control signals w; (¢) Vi = 1,2, ...m. Next, we adapt a high-gain observer (HGO) result
in [2] for full-state asymptotically stable systems to uniformly ultimately bounded systems in order
to design a continuous OFB controller that drives the closed-loop trajectories for the tracking
errors into an arbitrarily small residual set. In order to broaden the applicability of the approach,
we introduce a modular feedforward scheme which is shown to be achievable via neural network
compensation.

In addition to the robust output feedback control strategy discussed above, this paper also deals
with the design of an adaptive strategy for the following sub-class of the system introduced in (1)
31]

() — h(z, &, - x<n—1>,91) @)
+G($7 'i:a ) x(n72)7 92)“’

where (-)®) denotes the i** derivative with respect to time, the uncertain C° functions A (-) € R™ and
the uncertain matrix G (-) € R™*™ were assumed to be affine in the unknown constant parameter
vectors 61 and 2. Here, we extend the state feedback adaptive control design in [31] to achieve
practical convergence of the tracking error to the origin under output feedback for the class of
systems in (2). Again, the design mechanism relies on the matrix decomposition of [18] and
an adaptation of the high-gain observer of [2]. The final stability result obtained is semi-global
uniformly ultimately boundedness of the tracking errors.

The rest of the paper is organized as follows. In Section 2, we present the system dynamics
and the input gain matrix decomposition. Section 3 details the error system development for the
open-loop system. In Section 4, we propose full-state feedback (FSFB) and output feedback (OFB)
controllers for the general MIMO system; this is followed by a Lyapunov based stability analysis. In
Section 5, we present the development of an adaptive OFB controller for the sub-class of systems
shown in (2). In Section 6, the theoretical development of the paper is complemented with a
numerical simulation for a two degrees-of-freedom (DOF') mechanical system. Section 7 draws the
conclusions.



2 Problem Formulation and Preliminaries

We consider a class of MIMO nonlinear systems having the form
2™ = h(x) + G(x)u (3)

where () (t) € R™, i = 0,1,..., n — 1 are the system states, x £ [2T 27 ... (z(»=D)T]T € R™,
u(t) € R™ represents the control input, and h(x) € R™ and G (x) € R™*™ are uncertain C2
nonlinearities. We assume G (x) is a real matrix with nonzero leading principal minors.

The following matrix decomposition will be a key factor in the proposed control design.

Lemma 1 Any real matriz G € R™*™ with nonzero leading principal minors can be decomposed

as [3]
G =SDU (4)

where S € R™*™ s symmetric positive definite, D € R™*™ 4s a diagonal matriz with diagonal
entries +1 or —1, U € R™*™ js unity upper triangular.

Proof. Since the leading principal minors of are nonzero, there exists a unique factorization [26]

G = L1D,L% (5)
where L1, Ly € R™*™ are unity lower triangular and D,, € R™*™ defined as follows
D, £ diag{dy,da,---,dm} (6)
and
d 2N diR s i=23,..m. (7)
n (7), A, Dg, - -+, Ay, are leading principal minors of G. Factoring D,, as
D,=DyD (8)
where Dy, D € R™*™ are defined as follows
Dy £ diag{|dy], |do| -+, |dm|} (9)
D £ diag {sgn (d1) ,sgn (dz) ,---,sgn (dm)} - (10)

After substituting (6)-(10) into (5), (4) is satisfied by selecting S and U as follows
S, L7 U2D'L'DLY .

Remark 1 For control purposes, we assume that D is known. For the case of a positive definite
G, the factorization of G can be simplified as G = SU.

After time differentiating (3), the following expression can be obtained
2 = p(x, 2) + G(x)i (11)
where p(x, (™) € R™ is defined as follows
p(x,2™) 2 h(x) + GG (x) (2~ h(x) )
Invoking Lemma 1, (11) can be rewritten as
M(x)z™Y = f(x,2) + DU (x)i (12)

where M (x) £ S~1(x) € R™*™ is symmetric positive definite, f(x,z(™) £ S~ (x)p(x,2(™) € R™,
and S(x), D, U(x) are defined as in Lemma 1. We will assume that the matrix M (+) is bounded by

m|El* <ETMC)E <m()lE)* Ve e R™ (13)

where m € R denotes a positive constant, and m(-) € R denotes a positive, non-decreasing function.
The (n + 1) order system in (12) will be used as a basis for the subsequent control design and
stability analysis.



3 Error System Development
Let z4(t) € R™ be a C™*2 reference trajectory such that
29(t) € Lo, i=0,1,.,m 42 (14)
and xq = [24 27 ... (xfin_l))T]T € R™". The output tracking error e;(¢) € R™ is defined as follows
€1 =Tq— 2. (15)

The control objective is to ensure that e;(t) — 0 as ¢ — oo as well as guarantee the boundedness
of all closed-loop signals. To simplify the subsequent control design, we introduce the following
auxiliary error signals e;(t) € R™, i =2,3,...,(n + 1)

e2 = €1 +eq
ez =¢éx+ex+eg
eq = €3+ e3+ es (16)

€nt1 = én +en+en—1.

Following [28], it is easy to obtain
i—1 ]
ei(t) = aye) (t) Vi=23..(n+1) (17)
=0

where the known constant coefficients a;; are generated via a Fibonacci number series [28]. We
define the error signal r(t) € R™ as follows

r=eéni1+en. (18)

After taking the time derivative of (18), multiplying both sides by M(x), and then substituting
from the derivative of (17) for i = n + 1, we have

n
Mi =M appijed ™ + Meé,. (19)
5=0

After applying (15) to (19), we have

n—1 .
Mi = Mz — Mzt 4 v ( any1;e7 Y 4 én)

Jj=0

(20)
n—1 .
=M (xff* DS appryed ™ + en) — f = DU(x)i
j=0
upon the use of (12). We now arrange (20) into the following form
1. _
M?'“:—ng—enH—U(x)u—Du—FN (21)
where N(x, 2™ t) € R™ is defined as follows
n—1 .
N= M xt(inﬂ) + > an+1j€§]+1) +eén | —f
. 3=0 (22)
+§MT + én+t1



and U(x) £ DU(x) — D. Note that U(x) is a strictly upper triangular matrix. We now define

Na(t) & N(xa, 2", 2§ ) (23)
and rewrite (21) as )
M?'ﬂ:—aMr—enH—Uu—Du—l—Nd—i-N (24)

where N (-) £ N (-) — Ng(t). Note that Ny(t), Ng(t) € Lo due to (14) and the C? condition on
G(x) and h(x). Since N (-) defined in (22) is C*, it can be shown that N (-) can be upper bounded

as follows B

|3 < ox iz 121 (25)
where z (t) € R™ ™ is defined as follows
el e el

z rT ]T (26)

and py () : R>g — R>p is a globally invertible, nondecreasing function. We can write a compact
form of the open-loop dynamics for z(¢) from (16) and (26) as follows

i(t) = Az + Br (27)

where A € Rmntm)x(mntm) p ¢ R(mntm)xm are defined as follows *

S S (8
Iy —Im Ly - Op O
R T S A S
A2 , : L . (28)
L0 Om Op On  Om |
B=[0n On O Im |". (29)

4 Robust Control Development

4.1 State Feedback Control Law

In this section, we assume full state feedback (i.e., ¥ (t), i = 0,...,n — 1 in (3) are measurable).
We propose the following state feedback control law

u= t D (K + Ip) (ens1(7) + (7)) dr + t Df(r)dr (30)

to to

where K € R™*"™ is a positive-definite, diagonal matrix, D is defined in (10), and f(¢) € R™ denotes
a yet to be designed feedforward component included to compensate for the term f(x, (™) in (12).
We assume f(t) is designed such that f(¢t) € Lo. Note that e,(t) and [eny1(t)dt in (30) are
measurable since they are a function of the system states and the reference trajectory. Note that
[ en+1(t)dt is measurable via integrating the right hand side of the last definition of (16).

!The notation I,, and 0,, denotes, respectively, m x m identity and null matrices for any positive integer m.



By employing the time derivative of the control input vector of (30), the vector Ut in (21) can
be written as

sgn (dl) Z Ulj’llj
j=2
e | m@ S | _face) o
j=3 0
Sgi (dm—l) U(mfl)mum
i 0 i

where d;, i = 1,...,m—1is defined in (7), the auxiliary signals are defined as: A = [A; Ag - - - Am,l]T,
Py = [Py Pz - - - @d(m_l)}T, and the individual elements A;, ®4 € R,i = 1,...,m — 1 are defined
as

m

A = sgn(di) Y {Uz’j(Kj + U)rj + Uiy fj + Usj(xa) (K + 1)7“j] (32)
J=i+1

Cg = sgn(di) Y U(xa)fy. (33)
j=it+1

In (32) above, U;; & Uij(x) — Uij(x4) while the subscript ij denotes the ijthAelement of the
corresponding matrix, K; € R denotes the j™ diagonal element of K, and r; (t), f; (t) € R denote
the jt" element of r (t) and f (t) respectively. It can be shown that A; (¢) is upper bounded as

follows
1Al < pas([12]]) []2]] (34)

where z(t) was defined in (26), and py; () : R>g — R>q is a globally invertible, nondecreasing
function containing only the diagonal elements ¢ + 1 to m — 1 of K due to the strictly upper
triangular nature of U (x). After taking the derivative of (30) and substituting into (24), one can
arrive at the following closed-loop dynamics for r (t)

1 .
where A P
H:N—[O ] md:Nd—[Od}—ﬁ (36)

It is not difficult to show that Wg(t), Wg(t), U(xq) € Loo. Also note that g (£) is not a function of
any control gains. The stability of the closed-loop system is stated by the following theorem:

Theorem 1 Provided the elements of K are selected sufficiently large, the control law of (30) en-
sures that: (a) all closed-loop signals stay bounded for all time, and (b) tracking is locally uniformly
ultimately bounded in the sense that

les)| <e, i=1,2,--n+1 Yte[tog+T,00) (37)
where €, T are some positive constants.

Proof. We begin the proof of Theorem 1 by defining the function V (¢, 2) : R>g X Rmn+l) R>g
as follows

1o 1
V= 3 ; ele; + arTMr. (38)



Note that (38) can be bounded as
Al <V < (2] 11 (39)
where z (t) was defined in (26), and A\; and A\a(]|z||) are defined as follows
1 1
A= 5min(1,m) Xo(]|z]]) = max(l m(x)) (40)

and we have taken advantage of (13). After taking the time derivative of (38) and substituting
from (35), we have

n+1
vV o= — Ze{ei — Ty — v TKy 4+ 7T+ rT\Ild
=1
_ m—1
< wW+Uwﬁw@MW]+EZWAmmmmmﬂ
=1
o+ [[[a = @a= 7| 171 = g 1r1?] (41)

where K = (k, + kq) Im, + Kg; here, k,, k, are positive scalars while K is a diagonal gain matrix
defined as Ky = dlag{Kdl, Ko, - ,Kd(m 1 ,O} After making use of (25), (34) and completing the
squares on the last bracketed term of (41) we obtain

Vo =l [l o (2l izl = Fp P

m—1
2
+ 3 [Ird paiCl=l) 121 = Kailrif?] +vo (42)
i=1
12
where v is some positive constant such that — HNd — [®g4 O] — f|| < vg; note that we have taken
advantage of the a priori boundedness of Nd( ), ®4(-), and f(-). Again, completing the squares

on the bracketed terms in (42), we obtain

V< < ~ Il - Z pm, (Il1) ) =11 + vo. (43)

Since px(]|z||) is independent of control gains and p,;(||2||) contains only control gains k,, kg,
K1y, Kagira)s - Kamm—1), we can design Kg; Vi = 1,2,---(m —1) in the above equation without
an algebraic loop. We can state from (43) that

V< =g 2]+ vo (44)

provided that

> Sz or llell < o (/2R -
.m¢< ) (o 2l < gty i)

where ¢ = 1,2,- - -,m — 1. With the gains chosen as specified above, one can ensure that

1
&:{1—?mnn EZMfmwﬁﬁ

is a positive constant.



Since our aim is to prove Theorem 1 via an application of Lemma 2 in Appendix A, we define
the relationships between the variables defined in Lemma 2 and those in the analysis above in
(38)-(45). From (39), the lower and upper bounds for (38) can be expressed as follows

112l = A ll=l® - yadll2ll) = Azl 1)1 - (46)

It is easy to check that v, (-) and 7,(+) are class Ko functions. Define the region D as
D={z e R™"™D)| ¢ < 2] < &} (47)

where £, &, are positive constants defined as

&=y &= min (o5 (/2Ep), pni(y/2E4)) (48)

1=1,2,---,(m—1)
We remark here that §; can be made as small as possible by picking k, large enough while &, can

be made as large as possible by choosing k, and Ky; large enough such that it is always possible
to satisfy (y;'072)(&;) < & (See also Remark 2 below). From (44), we have

V<-M|z|? VzeD (49)

where )4 is some positive constant. The upper bound for the derivative of (49) can be expressed
as

a(llzl) = A ll2]* (50)

where v3(-) is a class Koo function. We are now in a position to apply Lemma 2 to prove boundedness
and ultimate boundedness in the sense of Theorem 1. The region of attractlon (to the ultlmate
bound) for the closed-loop system of (35) is given by D, £ {z € R™"+1) ‘ 2]l < (v oyy)(€y)}. A

Remark 2 Though the stability result presented is local and only ultimately bounded, the bound-
aries of the bounded regzon D m (47) can be expanded by increasing the control gains. For §; = \/vg

where — HNd — [®q 0 —f H < vo, the inner boundary &, will shrink around the origin by increas-

mng control gain kg which also implies that the tracking error e(t) can be driven to an arbitrarily

small region around the origin. For £y = min(pjvl(\/Zk ), pAZ( and{)), the outer boundary can

be expanded by increasing the control gain k, and Kg; ¥V @ =1,2,---,m — 1. Hence, the attraction
region can be made arbitrarily large to include nearly any im’tial condz'tion by increasing the control
gains ky, kq, Kq1, Kao, - - -, Kgm—1) (i-e., a semi-global stability result).

4.2 High Gain Observer

When z(t) is the output of the system and is the only measurable state, we can only measure ell“(t)
given z(t) and z4(t). Motivated by the result in [2], an estimate 2 (t) = [ é] &l --- &L 77

R™™+Y) for the auxiliary error signals z(t) € R™™+1) can be obtained via the following HGO

A ~ A~ aq A~
é1= €z —e1 + ? (61 — 61)

~ ~ N ~ a2 ~
62263*62*61+§(61*61)

an,
en="1— 26, — én_ 1—|——(€1—61)
L Op4l

- Zﬂ (e1—é1)




where a; € RV 1 =1,2,---,n+ 1 are yet to be designed gain matrices, and ¢ is a positive scalar.
To make for facile analysis in the sin%ularly perturbed form, we further define scaled observer error

n®) & [nf@) ) - nl¢) ] € R as follows

1 . ,
nz(t) = €n+1,iA(ei - ei) = 1a 2a N (52)
M1 (t) =7 — 7.
Based on (52) and the definition of 2 (¢) and z (t), it is clear that
Z=2z—Dgn (53)

where D, € R(mntm)x(mnim) ig defined as follows
D, & diag{ "Ly, € 'y -+ ely Iy }.

After differentiating (52) and taking advantage of the definition of (16) and the design of (51), we
obtain the following dynamic observer error system:

en(t) = Am(t)+eg (54)

where Ay € Rimntm)x(mntm) and g (t) € R™*+™ are defined as follows

—ayl, Ly, Opm - Op
—OzQIm Om Im Om
A= | : : - (55)
—anly O Om - In
| —oni1ln Om O oor O |
g=—[nl el +u% -~ enl_ +2mT —T]". (56)

Iél 555), i, Vi=1,2,---,n+1 are chosen such that Ay(-) is Hurwitz. The boundary-layer system
n(r

dr
a Lyapunov function W (n) = n Pyn that satisfies the following properties

= Agn(7) (obtained by applying a change of variable 7 = /< and then setting ¢ = 0) induces

Amin (Fo) H77||2 <8VI?//(17) < >‘ma2X(P0) ||77H2 )
W= i < — ], 57
|22 < 208000 1ol 2 A (Po)

In the above equation, Py € R(mntm)x(mn+m) jg 5 p.d. matrix that satisfies PyAg + AOTPO =
— I (nt1)- From (57), it is clear that 7(t) = 0 is a globally exponentially stable equilibrium of the
boundary-layer system.

4.3 OFB Control Law

From (54), it is clear that the solution of 7(t) contains terms like %e_“’t/ ¢ for some w > 0 (i.e.,
the amplitude of 7(t) is O(2)). This so-called peaking phenomenon can possibly drive an output
feedback controller (that is based on a naive application of the separation principle) out of its region
of attraction, thereby causing instability. To suppress the amplitude peaking of n(¢), the full-state
control design of (30) is modified to an output feedback saturated control as follows [2]

u(t) = | D7 'sat{(K + L,)(?(r))}dr + [ D f(r)dr (58)

to to



where the time derivative of (58) is saturated in the variable 7 () outside a compact set D, =
{z(t) € R™"D) | V() < ¢} of the region of attraction D, for the full-state feedback system. After
substituting (58) into (24), the following expression can be obtained

P& ¢ (2, Den, t) (59)
= M! —%Mr —ent1 — sat{(K + I,)7} — f

—UD Y(sat{(K + In)i} + f) + Ny + N] .

After combining (27), (54), (56), and (59), we obtain the following closed-loop error dynamics for
3)

i) = fr(2(t), Den(t), t)
= Az+ B¢ (z,D:n,t) (60)

en(t) = Aon(t) +eg(2(1), Den(t)).

From the global boundedness of f (t), the global saturation of the estimated states, and the bound-
edness of z (t) inside D,., it is easy to see that || f(z(t),n(t))|| < k1 V 2z (t) € Do and ¥ 7 (t) € R+,
Here, ki is a positive constant independent of ¢.

4.4 OFB Stability Results

To directly construct a Lyapunov function to prove the stability of (60) is non-trivial owing to the
augmented set of dynamics as well as saturation introduced in the OFB design. Instead, the proof
is split into multiple steps (as similarly done in [2]) to reduce the complexity at each step. First,
we prove the existence of a positively invariant set for the solutions of (60). In the second step,
we regain the boundedness of solutions of (60) provided the trajectory (z(t), 2 (t)) starts inside a
compact subset of D, x R™" 1) We are then able to show that the HGO constant e can be chosen
small enough to ensure that any trajectory (z(t),Zz(t)) starting in the aforementioned compact
subset results in 7 (t) entering the invariant set (from step 1) before z (¢) can escape. In the third
step, we recover semiglobal ultimate boundedness for (60).

We define Z to be any compact set in the interior of D, such that Z C D, € D,. We
further define H to be any compact set in the interior of R™"*1). Let D, £ {n(t) € R™n"+1) |
W(n(t)) < o2} be a compact set where W (t) was defined in (57), ¢ is a positive constant that
is yet to be selected, while € is the HGO constant. In our analysis of the stability of (60), we
will consider trajectories for closed-loop solutions (z (¢), 2 (¢)) that start inside Z x H. With these
definitions, we present the stability analysis for the system of (60) via the following theorems:

Theorem 2 (Invariant Set Theorem) Given % £ D, x D,, there exists an & > 0 such that
Ve € (0,81], X is a positively invariant set for the trajectory (z(t),n(t)).

Proof. Define a composite Lyapunov function V. (z,7) as follows
Ve=V(2) +W(n) (61)

where V' (z) and W (n) have been previously defined in (38) and (57). The derivative of (61) along
the trajectory of (60) can be obtained as follows

Vo=V +W (62)
where V (t) and W (t) can be expressed as follows

_ oV (2)

v 0z

fr(2(t), Den(t), t) (63)

10



WD (g + g(e(0) Den(®).1). o

Our aim here is to show that Vc|az < 0 where the notation 0% denotes the boundary of the compact
set 3. From the analysis in Appendix B, the term V' (¢) of (62) can be upperbounded as follows

W:

V< —)\3||ZH2+I/0+H1HQH77H. (65)

After defining ¢ 1 £ R1k2,/ ﬁ@ and sz (c) = %)\3 [v2 1 (c)]Z, we can utilize the definition of D,
to upperbound V (t) on the boundary 0% as follows

V (t)]ox < = [s2(¢) = vo] = [s2(¢) — €] (66)
where we have utilized the definition of D, to upperbound ||n (¢)|| as well as the fact that V' (z) is
upperbounded by 74 (||2]]) (See (46) and (106) in Appendix A). If one selects ¢ > 7, (\/2u0)\31>,

then a selection of £; = ¢ 2 ensures that V () [sx <0V 0 < & < 1. The term W (¢) of (62) can
be upperbounded as follows

. 1
W < =L gl? + 210 1l Bl (67

where we have utilized the fact that PyAg + AL Py = —1,, nt1)- Given the boundedness of z (t)
inside D, the linear dependence of g (¢) on 7 (t), and the Eact that € is strictly less than 1, the
definition of 556) suggests that g (t) can be upperbounded as ||g|| < o1 ||n|| + 02 V 2z (t) € D, and
¥ 7 (t) € R™7+D: here, 01,09 > 0 are constants independent of & (See Appendix B for explicit
definitions for o; and ¢3). Utilization of this upperbound given in (67) allows us to formulate the
following upperbound on W

. 1
W< (2=2IRlen ) Iol? + 20 o] o (68)

1 : 1603} 0H3 VV
L v < — 219 e e —
If one chooses g9 < 2||POH 1 then 0<e X €2, a choice Of 0 = (1 2||P0|| 16)2 nsures that ‘82

W|ap. < 0. Finally, if one defines &, = min{1,e1,e}, then (66) and (68) imply that ¥ = D, x D,
is an invariant set for Ve € (0,2,]. ®

Theorem 3 (Boundedness Theorem) There exists an €2 < &1 such that Ve € (0,&q], any tra-
jectory (z(t), 2(t)) that starts inside Z x H is bounded for all time.

Proof. Given the boundedness of e (0) and z (0), the definition of (52) implies that ||n (0)|| < ke™™
where k£ > 0 is a positive constant of analysis while n is the order of the system of (3). From the
boundedness assertion on f,.(z(t), n(t)) of (60) in the set D.x R"™"+1) made in Section 4.3, and the
closed-loop system definition of (60), it is easy to see that z (t) satisfies the following linear time
growth upperbound in the compact set D,

[2(t) — 2(0)|| < kat (69)

where k1 > 0 is a positive constant of analysis. Thus, there is a time T, independent of € such that
2(t) € D. ¥ t € [0,T;]. Our aim now is to show that one can pick an e such that if »; () starts
outside the invariant set ¥, it can be made to enter the invariant set before z (¢) can exit D, —
the key idea to be exploited here is the growth bound established in (69). Proving this previous
assertion would imply that the solution (z (t), 7 (¢)) is in the invariant set X at some time 7. which

2 3.2
means that it will stay there V ¢ € [T, 00). Outside the invariant set, W (n) > pe? = (f—g%

which implies from (57) that ||n| > %. From (68), one can upperbound W (1) as follows
. 1
W s -5 (2 —2|Rllon) [Inll?

+ =3 (2 =2(Pollor) [l + 2| Poll o2] 1] -
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The bracketed term in the above equation can be upperbounded by zero 0W1ng to the lower bound
established on ||17|| above. If one defines §V 0 < € < &1) a strictly increasing function g3 (¢) =

e(1—2||Ry| o1e)t, then W (n) < %ﬁ() <0V 0 < e <& — by solving this differential
inequality, an upperbound for W (n (t)) can be obtained as follows

2
W(n (1) < ELRl exp(—grRaE) (70)

where k is defined above in the |5 (0)|| upperbound. Since tlim W(n(t)) = 0 from above, there

exists a time T; for W (n (t)) to reach inside the region defined by W (n (¢)) < ge2. So, we can find an
0 < g9 < &1 small enough so that W (n (t)) enters D; at a time T, = 2| Py| <3 (¢) In (gk 1P| ) <T./2

e2(n+1)
V e € (0,82]. Since n(t) enters the invariant set ¥ in less than half the time it takes for z (¢) to
exit 3, this implies that (z (t),7n (t)) enters ¥ during [0, 7;] and hence z (t) ,n (t) € L for all times
t > T,. For t € [0,T], the trajectory (z(t),n(t)) is bounded by virtue of (69) and (70). Thus,
we have proved that all closed-loop trajectories (z(t),2(t)) starting in Z x H are bounded for all
time. H

Theorem 4 (Ultimately Boundedness Theorem) Given any solution (z(t), 2(t)) that starts in

Z x M and given any small § > \/2X3 v, there evists an 0 < 23(6) < &9 and a T1(8) > 0 such
that ||z (t)|| < 6 and [|Z2(t)]| <26Vt >T1 and ¥V € € (0,&3].

Proof. From (70), hm W(n(t)) =0V 0 < € < &; hence, for any given small value §, we can
find e3 = e3(6) < &2 such that for Ve € (0, €3], the following upperbound can be defined

InOI <6 Vit>Tez=T3(0). (71)
Inside the invariant set 3, one can upperbound the time derivative of V' (¢) of (38) as follows
V < =Xz |z]|? + vo + kse (72)
where we have utilized the upperbound of (65) and the definition of the compact set D.. Define
a compact set D, £ {z e R ¢ 2(8)| < p(e) & ﬁgﬁ—’ﬁl} then [|z(t)|| ¢ D, implies that
V (t) can be upperbounded as
' A3 vo+L
V() < =S Il = (el = 22e) < =3 )* < (73)
which implies that V (2 (t)) is decreasing outside Dy,. Define a compact set Dy £ {V(2) <wvgle) £

I%&XV (2)}; clearly, D, C Dy since vy (¢) is deﬁned to be a non-decreasing scalar functlon We
"

know that D, and Dy lie inside D, V ¢ € (0,&2]. Given any 6 > \/2)\511/0, one can pick an

g4 = €4(6) < & such that Dy C Ds £ {z € R |2()] < 6}. From these assertions and the
upperbound of (73), it is obvious that the set ¥, £ Dy xD, is positively invariant. Moreover, any
trajectory in ¥ will enter ¥, in a finite time Tz4 = T.4(6) for Ve € (0,e4]. Defining &5 = min{es, 4}
and T, = max{T.3,T.4}, we obtain

2| < |lz@)] + In(t)]] < 26 for Ve € (0,23] and Vt > T,, (74)

where we have utilized the definition of (52) and the fact that ¢¥ < 1V k& = 0,1,--,n. Thus
(2 (t),2(t)) starting in Z x H are ultimately bounded. B

Remark 3 Since lim vog = 0 (See Remark 2), vy can be made arbitrarily small with kq large

enough. This allows us to drive 8 to any arbitrarily small value thus ensuring that the ultimate
bound on (z (t),n (t)) can be made arbitrarily small.
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5 Adaptive Output Feedback Control
Now we consider a sub-class of MIMO nonlinear systems having the form
2™ = nh(z, i, 2"V 0) + Gz, i, -, 2D 02 (75)

In this section, we redefine x = [xT T . (x=2)T)T ¢ R™ =™ We assume G (x,69) is a real
matrix with nonzero leading principal minors. Invoking Lemma 1, (75) can be rewritten as

M(x,00)z™ = f(x,2Y, 01,05) + DU(x, 02)u (76)
where M(x,02) £ S~1(x,02) € R™*™ is symmetric and positive definite, f(x,z("~ D, 0;,0;) € R™
Fx,z™Y 01,0,) 2 57 (x,00)h(x,z"V, 6)

and S(x,02),U(x,03), D are defined as in Lemma 1.
We define the error signal r(t) € R™ as follows

r=en+en1. (77)

where ¢;(t) € R™ Vi =1,2,---,n are defined in (16). After taking the time derivative of (77), and
then substituting from the derivative of (17) for ¢ = n, we have

1.
r = ]\471 (gM’F —+ Ye — Du — enl) (78)

where (76) was utilized and Y (-) @ € R™ is a linear parameterization that is defined as follows
Y()0 = M|af +Zaw T (79)

1
—fxz ), 01,02) + §M7“
—-D (U(X, 92) — Im) U+ €n_1.
n (79), 0 is the unknown constant vector of gystem parameters and Y (+) is a measurable regression

matrix. By defining z (t) = [ ef € R™ we can write a compact form of the
open-loop dynamics for z (t) from (16) as follows

(t) = Az + B (80)
where A € R™™>™mn - B € R™M™*™ are defined similar to (28) and (29).

5.1 State Feedback Control Law

In this section, we assume full state feedback, i.e., (9 (t), i = 0,...,n — 1 in (3) are measurable.
We propose the following state feedback adaptive control law

w= D" (Yé+Kr+kHYH2r) (81)

where K € R™*™ is a positive-definite, diagonal matrix, k¥ € R is a control gain to be designed,
and the parameter adaptation law for 0 is designed as follows

o= Proj {PYTT, 9} (82)
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where I' € R™*™ is a constant diagonal, positive definite matrix and Proj{-} is a parameter
projection operator [22]. The projection algorithm is employed in order to bound 6 (¢) to a known
compact set €. in the sense that

0(t)eQ. Vt>0 iff(0) € Q..
After applying (81) to (78), and then multiplying both sides by M (x,02), we have

1. _
Mr':—§MT+Y9—en,1—Kr—k||Y||2r (83)
where 0 (t) is defined as follows . .
0(t)=0—0. (84)
To analyze the stability of the proposed control law, a non-negative function V; (t) € R is defined
as follows .
1« 1
=3 Z ele; + §rTMr. (85)
i=1
Note that (85) can be bounded as
Al < Vi < Xe(llz]) 12 (86)

where z (t) was defined in (80), and A; and )\g(HzH) are defined as follows
1 . 1
A= g min(lm) As([lz]]) = 5 max(L,m(-)) (87)

and we have taken advantage of (13). After taking the time derivative of (85) and substituting
from (20), we have

n—1
=Y eFes—rTEr+ |l Y- 0] = £ 1YIP - ) (88)
=1

where (16) and (18) were utilized. After applying the nonlinear damping argument in [13], (88)
can be rewritten as follows

Vi <=Xsllz))* +¢/k (89)
where A3 £ min {1, Amin(K)}, Amin(K) denotes the minimum eigenvalue of K, and ¢ € R is a
positive constant defined as follows
£ = sup H H (90)
0.

Similar to the proof of Theorem 1, Lemma 2 can be applied to (85) and (89) to prove the uniformly
ultimately bounded tracking result.

5.2 High Gain Observer

AT 2T AT »T ]T € R™ for the auxiliary

Similar to Section 4.2, an estimate 2(¢) = [ é] é5 --- ¢
error signals z (t) can be obtained via the following HGO

« ~ ~ aq ~

é1= €2f61+?(61 fel)

« N o N (0] N
62263—62—61—%?(61—61)

(91)

~ o ~ ~ (679 ~
en—1=7T— 2€n—1 — €n—2 + Sn—l (61 — 61)
L Qp

ng—n(elfél).

14



A scaled observer error 7(t) = [ nt ot .ol ] € R™ is defined as follows

1 . .
ﬁi(t) = cn—i (ei - €i) 1=1,2,---,n—1 (92)

nn(t) =r—7

After differentiating (92) and taking advantage of the definition of (16) and the design of (91), we
obtain the compact form for observer error system of 7n(t) as follows

en(t) = Amm(t) +eg (93)

where Ag € R™*™" and g (-) € R™" defined as follows

[ —ayly, Iy Opp -+ Op
_QQIm Om Im to Om
Ao = | P : (94)
—an-1lm Opm O - Iny
| —onlm O Op oo Op
g2 —[nf enf+nf - e+l —T]". (95)

5.3 OFB Control Law

Similar to Section 4.3, the full-state control design of (81) is modified to an output feedback
saturated control as follows

u(t) = D™? [Y@ + Ksat {r} +k HYHQ sat {f}] (96)

where Y () is the same measurable regression matrix defined in (79) with respect to sat{2 (¢)}
instead of z (t), and K, k are defined in (81). In (96), 6 (¢) is generated by the projection algorithm
in (82) with respect to Y (¢) and 7 (t) as follows

f= Proj {FYTf, 9} . (97)
Since we use the same projection algorithm as in (82), it is clear that 8 (¢) € Q. if 6 (0) € Q.. The
saturation of input is employed outside a compact set D, = {z(t) € R™" | V(t) < c} of the region
of attraction domain D,. After substituting (96) into (19),

P2 6(z Dent) (98)

1. ~ o

= M! |:—§M?” +Y0 —e,_1+Y (sat {2})0

12
+Ksat {7} +k HYH sat {f}] .

After combining (80), (93-95), and (98), we can obtain the same compact form as (60) for closed-
loop error dynamics for (3). Since we obtain the same compact form for the closed-loop system
as in (60), it is easy to follow the steps in Section 4.4 to prove the uniformly ultimately bounded
tracking result.
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6 Simulation

In this section, the results of a numerical simulation are presented in order to demonstrate the
performance of the proposed control law. The following two DOF system was considered [25]

[71} {Hn H12:||:(.].1}_’_
T2 Hy1  Hao o

—hgz  —h(¢1+ ¢o) } [ Q1 }
. . 99
[ hq 0 2 (99)
where ¢;(t) denotes the i** DOF position,

Hi1 = a1 + 2a3 cos gs + 2a4 sin qo,

His = Hoy = as + a3 cos ga + ay sin qo, (100)
H22 = az, h = as SiDQQ — a4 sinqg,

T1 . 1 1 Ul
|:7_2:|_a(QIaQQ)|:O 1:||:’LL2:|’ (101)

ap = 4.42, ay = 0.97, a3 = 1.04, and a4 = 0.6. In (101), ui(t), u2(t) are the control inputs, and
o = Hi1Hoo — HioHo1 € R can be taken as some sort of environment related factors such as shown
in [1, 4] or items shown in the input-output module [8, 9, 16].

The control objective is to make q(t) = [ q1(t) qa(t) }T track the following reference trajectory

[ 30sin(t) (1 — exp(—0.3t3) _
alt) = [ 45 sin(t) El exg(o.3t3)§ }deg’ (102)

hence, the system tracking error was defined as e (t) = gq(t) — ¢(t). The initial conditions were set
to ¢(0) = 0.06 [deg] and ¢ (0) =0 [deg.s™!].

Toward designing the feedforward function f (¢), neural-network (NN) based compensation was
utilized. We employed a radial basis neural network (RBNN) [15] to approximate the unknown
nonlinear function Ng4(-) in (23). The RBNN is comprised of a layer of radial basis activation
functions with p = 10 number of neurons and the output of the neural network system is designed
as follows . . -

F) =wW(®) o (VI x1 + Vo) (103)

.T . .
where x; = | & @& oay, 7 € R® denotes a bounded vector of the desired trajectory and

T
its derivatives, V € RlOX% is set to constant uniformly distributed random values between -1 and
1, W(t) € R%%2 is an estimate of the ideal weight gain matrix W, while Vo € R!? is set to
constant random base values uniformly distributed between Vinax and Vinin; in the simulation, we

pick Vimax = 20 and Vipin = —20 [15]. The sigmoid function o(s) = m is utilized as
<D(—

activation function. We proposed the following weight tuning law for W(t)

{ I/i/: —a W + Fla(VTxl)sat(éz +¢1) (104)
Cl = %2(7C2 + é2)a<2 = ;%2(*<2 + é2)7

where sz, st are some small positive constants, I'y € R19%10 is a diagonal, positive definite matrix,
sat(+) € R? is the standard saturation function, while 1, (5 € R? are auxiliary filter signals. It is not
difficult to check that W (t) € L. The weight tuning gains in (104) were tuned by trial-and-error
until a good tracking performance was achieved. This resulted in the following gain values

{ w1 =1le—2, p=1e—4, (105)

I'y = diag(100, 220, 200, 120, 150, 150, 240, 200, 160, 280).
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The control gains in (30) were chosen to be K = diag{5,3}. In the OFB scenario, we select
the HGO as defined in (51) with parameters setting: n = 2,a; = 9.1e — 1, ag = 1.5e — 1, and
ag = 1.5e — 2. The simulation was carried out both with and without the feedforward term f(¢)
in the control input. No serious peaking phenomenon was observed during the simulation with
the HGO constant chosen between ¢ = le — 3 and ¢ = le — 4 and the maximum and minimum
values for the saturation Z(t) set at £100. Figures 1-6 show the comparisons of the tracking errors,
control torques, and HGO estimation errors under four different scenarios. The simulation results
demonstrate that the OFB controller recovers the performance of the FSFB controller. It is to
be noted here that the magnitude of the tracking error e (t) can be further reduced by increasing
control gain matrix K. As seen in the figures, a substantial reduction in the tracking errors is
observed when feedforward compensation is introduced.

7 Conclusion

This paper considered the output feedback tracking control problem for a class of MIMO nonlinear
systems for which the input gain matrix is full rank but not necessarily symmetric. By utilizing the
decomposition property of the input gain matrix, a continuous FSFB control strategy was proposed
to compensate for uncertainty in the nonlinear functions associated with the system dynamic model
and to ensure nearly semi-global uniformly ultimately bounded tracking under limited smoothness
restrictions on uncertain system nonlinearities. Furthermore, a high-gain observer was introduced in
order to estimate the derivatives of the system output to realize OFB tracking control of the system.
Rigorous analysis was provided to prove the near SGUUB stability of the OFB control design. NN
based approximation techniques were employed in the control design to reduce the amount of
control effort requirement. Simulation results were presented to provide a clear, quantitative view
of both the FSFB and OFB control performance. An extension was also provided to show the
design of an adaptive output feedback controller for a subclass of systems.
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Appendix A
Lemma 2 Assume that for any bounded set D C R™, the function F maps DxR>q into bounded

sets in R™, and v1,72,73 : R0 — R>q are class Koo functions. If there exists a C* function V :
R™ x R>p — R>q satisfying

N (llz@®) < V(x(t), 1) < 2 (llz(@)]) (106)

VY (x,t) € R™ x Rsg, and positive constants &, &y satisfying £ > (71 075)(&1) such that, along the
trajectory of & = F(x,t), )

V(x(t),t) < =y3(llz(@)])) (107)

Vit>0andV x € {x e R": & < |lz(t)|| < &a}, then the solution x(t) : [to,00) — R™ of @(t) =
F(x,t), with initial state xo, has the following properties:
(i) Locally uniformly bounded. If ||xo|| < s, then ||z(t)]] < d(s) ¥V t € [to, 00) where

(7t ev)(s) i & <s< (1t om)(&)
d(s) = { (7%1 ov9)(§1) if s< & : (108)

(ii) Locally uniformly ultimately bounded. Given & with d(&;) < & < &, if ||xol| < s, then
lzt)|| <€V teto+T(,s),00) where

0 if s<(r3'om)(E)
Y9(s) = (710795 " 071)(§)
T = min {va(7)) (109)
{7z o1 (&)<r<d(s) }
if (v3 ov1)(€) <5 < (73 o) (&a)-

Proof. Direct application of Theorem 2.15 in [23].

Appendix B

Inside the set ¥ = D, x D, saturation does not apply and the term V in (62) can be obtained
as follows

. n y
V= —>cele+eleni1+ %TTMT
=1
T [~ ANr — ey~ ODTH((K + L)y + )
~(K + In)r = f + Na+ N|
T (UD_l + Im) (K + Im)nnJrl

where we have utilized the definition of (38), the dynamics of (16) and (21), the control input
design of (96), and the error definition of (52). By utilizing the upperbound of (44) as well as the

fact that ||7| < ||z|| < k1 2 y/cA[! inside the compact set D., we can upperbound V (t) as follows

V< =M l2)? 4 vo + Kikz |
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where we select 0 < & < 1and k2 £ 2(maxges, {||U (z) D7! (2)||}4+1) | K + I, 53 = max {||U () D7 ()|},

and ¥, 2 {r ER™: 2 =24 — e V e € ©}. We note here that the upperbound of (44) is applicable
here because D. C D,.
By defining xy = max {||M~1(2)||} and x5 £ max {Ha]\gf)

TEX,
g () of (56) as follows

}, it is possible to upperbound

A~

lgll < 3+ mzma) lml + [a | Nall + a1+ 3) | 7]
3+ ka + Ra(l + ) LK+ L) [12] (110)
552 (lall + el 2] + rapn(l=) 1]

where we have utilized the bound of (25). Since the first bracketed term is a priori bounded and
the second bracketed term contains smooth functions of z (¢) that is bounded inside D, it is easy
to see that the upperbound on ¢ (-) can be expressed as follows

91l < o1 [Inll + o2 (111)

where the definitions of o1 and o2 can be obtained by comparing (110) and (111).
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Figure 1: Tracking Error Comparison w/ and w/o NN Feedforward Compensation
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Figure 2: Tracking Error Comparison: FSFB vs OFB (e = le — 4)
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Figure 3: OFB Tracking Error Comparison for HGO Constant ¢ = le —4 and € = le — 3
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Figure 4: Control Input Comparison w/ and w/o NN Feedforward Compensation
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Figure 5: Control Input Comparison: FSFB vs OFB (¢ = le — 4)
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Figure 6: OFB Control Input Comparison for HGO Constant ¢ = le —4 and ¢ = le — 3
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