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Abstract—An adaptive controller is presented for an induction 

motor which yields simultaneous asymptotic rotor velocity/flux 
tracking without requiring rotor flux measurements and in the 
presence of uncertainty in the mechanical subsystem parameters. 
For the rotor flux control problem, it is shown that the desired 
rotor flux magnitude is generated to minimize the copper loss, 
hence maximizing energy efficiency in the induction machine. As 
the mechanical subsystem parameters are uncertain, an 
optimization algorithm is designed to iteratively seek the 
optimum rotor flux magnitude that minimizes the induction 
motor copper loss. Simulation results are presented to illustrate 
the performance of the control structure. 
 

Index Terms— Adaptive control, Induction motors, Lyapunov 
methods, Optimization methods  
 

I. INTRODUCTION 
The induction motor is the preferred choice of actuator in 

most industrial applications owing to its simple and rugged 
construction, absence of brushes, and low cost. Some of these 
advantageous characteristics create inherent difficulty in 
controlling the mechanical characteristics of the motor (like 
rotor position and speed) due to the complexities associated 
with the relationship between these mechanical characteristics 
and the applied stator voltage which is commonly used as the 
control input. Therefore, the utilization of the induction motor 
in demanding applications (i.e. position tracking, flux 
tracking, and speed tracking) requires the development of 
nonlinear control strategies to overcome problems due to: (i) 
nonlinear coupling in the form of bilinear terms composed of 
the stator electrical current, rotor flux and rotor velocity, (ii) 
the impracticality of using full state feedback in control 
applications as the rotor flux measurements are usually not 
available, and (iii) uncertainty in motor parameters (e.g. 
susceptibility of the rotor resistance to temperature). To deal 
with these difficulties, researchers have proposed various 
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control strategies for induction motors. One common 
industrial approach involves approximating the 
electromechanical dynamics by assuming that the motor speed 
is statically related to the frequency of the applied voltage and 
subsequently controlling the motor speed using variable 
frequency drives (VFDs). One perceived disadvantage of this 
strategy is the difficulty in improving the efficiency of the 
induction motor. Some researchers utilized the full-order 
induction motor model while designing nonlinear control 
laws. First, assuming all states (including the rotor flux) are 
measurable, control strategies developed include field oriented 
control [1]-[3] and input output linearizing control [4]-[6]. 
However measuring the rotor flux is impractical and nullifies 
the argument for using the induction motor due to its 
simplicity of construction, thus several researchers [7]-[22]  
developed partial-state feedback control strategies to jointly 
achieve rotor position/velocity tracking by using rotor flux 
observers or surrogates in order to compensate for the lack of 
rotor flux measurements. Chang et al. [18] proposed a 
nonlinear adaptive sensorless speed controller for the 
induction motor that compensated for parametric uncertainty 
associated with the rotor resistance. Feemster et al. [19] 
developed a sensorless (without the presence of any 
mechanical sensors) rotor velocity tracking controller for 
induction motors by using a novel rotor velocity observer 
where the only available measurements were the stator 
currents. Some of the shortcomings encountered and 
subsequently remedied by these approaches include: (i) 
control singularities which occur when the magnitude of the 
actual or the estimated rotor flux tends to zero, thus resulting 
in local stability results, (ii) neglecting of the system 
nonlinearities, and (iii) the tracking error convergence rates 
being determined by mechanical subsystem parameters as 
opposed to control gains.  

Further constraints imposed by researchers on the induction 
motor control problem include (parametric) uncertainties 
present in the dynamic models. Nonlinear adaptive control 
techniques have been applied when subsystem parameters are 
unknown. Marino et al. [6] designed a nonlinear adaptive 
input-output linearizing control strategy for velocity tracking 
of an induction motor where full-state feedback was available. 
The load torque and rotor resistance were constant unknown 
parameters and it was shown that a nonlinear identification 
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scheme could be used to asymptotically identify these 
unknown values. In [23], Marino et al. designed a global 
adaptive output feedback rotor speed controller for induction 
motors where the speed and stator current measurements were 
the only available measurements and the torque load and rotor 
resistance were assumed to be constant and unknown. Similar 
work was done by Dawson et al. [24], [25] where the 
proposed controllers compensate for uncertainties in the rotor 
resistance and all mechanical subsystem parameters.  

In addition to the conventional tracking problem, additional 
research has focused on maximizing the efficiency of 
induction motors.  In the control problem of efficiency 
optimization, induction motors are used to drive loads at 
constant speeds while the motor power losses are 
simultaneously minimized. The various methods proposed by 
researchers can be classified into two basic types: (i) the 
computation of the optimum rotor flux a priori using a loss 
model, and (ii) real-time computation of losses and the 
utilization of a search algorithm to determine the maximum 
efficiency. Kirschen et al. [26] adaptively adjusted the rotor 
flux of an induction motor by measuring the input power in 
order to achieve optimal efficiency while utilizing field 
oriented control to command the motor torque and speed. 
Sousa et al. [27] described a fuzzy logic-based on-line 
efficiency optimization strategy for an induction motor in 
which an indirect vector controller was utilized. A fuzzy 
controller is used to adjust the excitation current based on the 
measured input power such that at a given speed and torque, 
the measured input power is at its minimum.  When the load 
torque or speed commands change, the optimization search 
algorithm was abandoned and the rated flux of the induction 
motor was sought instead. Kiokerdis and Margaris [28] 
examined loss minimization of induction motor drives using 
search controllers. They discovered that problems arise when 
the input power is used as the controlled variable and proved 
that better results are achieved when the stator current is used 
as the controlled variable. Poirer et al. [29] proposed a novel 
approach to improve the induction motor efficiency by using 
genetic algorithms. Differing from previously discussed 
strategies which used input power as the variable to be 
minimized, this strategy directly minimized a developed 
induction motor loss model by controlling the magnetizing 
rotor flux. Researchers have also utilized neural networks as 
well as flux/torque decoupling to minimize motor losses by 
adjusting the flux-producing current [30], the stator 
voltage/frequency [31] and the slip frequency [32]. 
Vedagarbha et al. [33] developed a singularity-free controller 
for rotor velocity/rotor flux tracking in the induction motor 
without requiring the measurement of the rotor flux. By using 
Lyapunov arguments, they proved that the controller yields 
global exponential stability. Additionally, they showed how 
the desired rotor flux magnitude in the rotor velocity/flux 
setpoint control problem can be selected offline to minimize 
the copper losses. However in their development, the 
restrictive exact model assumption was made which assumed 
exact knowledge of all the system parameters. 

This paper illustrates how the results in [33] can be 
extended to derive a singularity-free rotor velocity/flux 
tracking controller for an induction motor driving a load with 
uncertain mechanical subsystem parameters. This constraint of 
uncertainty in the mechanical subsystem provides 
improvement over [33] where exact knowledge of system 
parameters was assumed in the design of the control law. 
Another focus of the current research is the development of an 
online efficiency optimization technique that minimizes the 
induction motor copper losses. To meet these objectives, first, 
an adaptive controller is developed to achieve rotor velocity 
and rotor flux tracking, provided that the rotor velocity and 
stator current measurements are available. The control 
strategy relies on the astute design of the desired torque 
trajectory signal which ensures asymptotic tracking of a 
desired rotor velocity. The bilinear structure of the static 
torque transmission relationship and the structure of the rotor 
flux dynamics motivate the design of the desired current and 
flux trajectories, which ensure that the desired torque is 
delivered to the electromechanical system, the cancellation of 
current/flux tracking error interconnection terms between the 
mechanical and electrical subsystems, and that the 
“magnitude” of the rotor flux asymptotically tracks a desired 
auxiliary positive function. The desired stator current 
trajectory is then used along with the stator current electrical 
dynamics in the construction of the stator (control) voltage by 
employing the integrator backstepping technique to ensure 
asymptotic stator current tracking. Lyapunov-based analysis 
techniques were utilized to generate the adaptation laws for 
the parameter estimates and to prove asymptotic rotor 
velocity, rotor flux and stator current tracking. Finally, to 
minimize the induction motor copper losses, the desired rotor 
flux magnitude is generated by an online extremum seeking 
optimization algorithm. An online algorithm is required due to 
the unknown motor load and uncertainties in the mechanical 
subsystem dynamics while in [33] these parameters were 
known a priori (exact model knowledge) which implies that 
the optimum rotor flux magnitude was also known a priori. 

The remainder of the paper is organized as follows; Section 
II describes the electromechanical model. Section III describes 
the formulation of the control problem and the development of 
the controller. Section IV describes the development of the 
copper loss reduction strategy. Numerical simulation results, 
presented in Section V, validate the performance of the 
control strategy. Finally, concluding remarks are presented in 
Section VI. 

II. ELECTROMECHANICAL MODEL 
Based on the assumptions of equal mutual inductances and 

a linear magnetic circuit, the electromechanical model of an 
induction motor actuating a mechanical subsystem in the 
rotating rotor reference frame can be written as follows [34]  

 
 ( ) 1

T
m LM B T I Jω ω ω τ α ψ+ + = =  (1) 

 1 2B B Iψ ψ= − +  (2) 
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 3 1I I IL I B J R I L JI Vψ α ω ψ ω= − − − +  (3) 
 
where ( )tω ∈  and ( )tω ∈  represent the rotor velocity 

and acceleration, respectively, ( )tτ ∈  is the 

electromagnetic torque, mM ∈  is the mechanical inertia of 
the system (including the rotor inertia), B ∈  denotes the 
coefficient of viscous friction, ( )LT ω ∈  denotes the 

uncertain nonlinear load, ( ) ( ) ( ) 2T
a bI t I t I t= ∈⎡ ⎤⎣ ⎦ , 

( ) ( ) ( ) 2T
a bt t tψ ψ ψ= ∈⎡ ⎤⎣ ⎦ , ( ) ( ) ( ) 2T

a bV t V t V t= ∈⎡ ⎤⎣ ⎦ ,  

represent the stator current, rotor flux, and stator voltage of 
the induction motor, respectively. In (1)-(3), 

1 1 2 3, , , , ,I IL B B B Rα ∈  are positive constants related to the 
electric circuit parameters which are explicitly defined as 
follows: 
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2

1 1 2 3 2

1 ,

, , ,

r
I s I s

s r r

p r r r

r r r r

R MML L R R
L L L

n M R R M MR
B B B

L L L L
α

⎛ ⎞ ⎛ ⎞
= − = +⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠

= = = =

 (4) 

 
where , ,r sL L M ∈  denote the rotor inductance, stator 
inductance, and mutual inductance of the motor, respectively, 

,r sR R ∈  represent the rotor resistance and stator resistance, 
respectively, and pn ∈  is the number motor pole pairs. In 

(1) and (3), 2 2J ×∈  is a skew symmetric matrix defined as 
follows 
 

 
0 1

.
1 0

J
−⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 (5) 

 
Assumption 1: The parameters of electrical subsystem 

1 1 2 3, , , , ,I IL B B B Rα  are assumed to be known constants. The 
mechanical subsystem parameters are assumed to be unknown 
while knowledge of upper and lower bounds for the 
mechanical inertia of the system mM  are required a priori 

(i.e. m m mM M M< <  where mM  and mM  are known positive 
constants).  

Assumption 2: The nonlinear load ( )LT ω  is linearly 

parameterizable in the sense that ( ) ( )L LW LT T T θω ω=  where 

( ) 1 q
LWT ω ×∈  is a known differentiable regression vector 

dependent on the rotor velocity and q
LT θ ∈  is an unknown 

constant vector. The terms ( )LT ω  and ( ),LT ω ω  are bounded 

provided that ( )tω  and ( )tω  are bounded. 

III. PROBLEM FORMULATION 
The control objective is to track a desired rotor speed 

( )d tω ∈ , while maximizing the motor efficiency by 
reducing the induction motor copper loss such that 

 

 ( ) ( )dt tω ω→  and ( )( )2 *
loss lossP t Pψ →  as t → ∞  (6) 

where ( )( )2
lossP tψ ∈  is the induction motor copper loss, 

that will be defined in Section IV, ⋅  denotes the standard 

Euclidian norm and *
lossP ∈  is the minimum copper loss at 

steady state (constant rotor speed and load torque). 
Remark 1: The desired rotor velocity is designed such that 

( ) ( ) ( ), ,d d dt t tω ω ω  are bounded and known. Since induction 
motor efficiency optimization is usually performed at constant 
rotor speed and torque, the desired velocity will be designed 
to converge to a constant speed. 

To quantify the control objective, the rotor velocity tracking 
error, denoted by ( )e t ∈ , is defined as follows 

 
 .de ω ω= −  (7) 
 
To facilitate the control design, a filtered tracking error signal, 
denoted by ( )r t ∈ , is defined as follows 

 

 ( )1 0

t
r e k e dσ σ= + ∫  (8) 

 
where 1k ∈  is a constant positive control gain. 

Remark 2: Based on the definition of ( )r t  given in (8), 
standard linear analysis tools [35] can be used to prove that: 
(i) if ( )r t  is bounded, then ( )e t  is bounded, and (ii) if ( )r t  

is asymptotically regulated, then ( )e t  is asymptotically 
regulated. 

As mentioned previously, in addition to the rotor speed 
tracking objective, the secondary objective is to minimize the 
induction motor copper losses by controlling the rotor flux 
magnitude. To this end, the rotor flux “magnitude” 1 tracking 
error, denoted by ( )tδη ∈  is also introduced 
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dδη δ ψ= −  (9) 
 

where ( )d tδ ∈  denotes the desired rotor flux magnitude. 

Remark 3: ( )d tδ  is designed: (i) to be strictly positive, (ii) to 
reduce the induction motor copper loss by converging to the 
optimum rotor flux magnitude *

dδ , and (iii) such that 

( ) ( ) ( ), ,d d dt t tδ δ δ  are bounded. 
In addition, to facilitate the subsequent control 

 
1 In this paper, the rotor flux magnitude refers to the term 2 2

a bψ ψ+ ,which 
is actually the square of the rotor flux magnitude in strict mathematical terms. 
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development, the rotor flux tracking error ( ) 2tψη ∈  and the 

stator current tracking error ( ) 2
I tη ∈  are defined as follows 

 
 ,d I dI Iψη ψ ψ η= − = −  (10) 

 
where ( ) 2

d tψ ∈  and ( ) 2
dI t ∈  denote the subsequently 

designed desired rotor flux and stator current trajectories, 
respectively. 

A. Design of the desired rotor flux and stator current 
trajectories 
The desired rotor flux signal ( )d tψ  is defined as follows 
 

 
cos
sin

d
d d

d

ρ
ψ δ

ρ
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 (11) 

  
where ( )d tρ ∈  denotes an auxiliary signal that will be 
designed subsequently. It should be noted that, based on 
Remark 3, it can be inferred that ( ) 2

d tψ ∞∈L . 

The desired stator current ( )dI t  is defined as follows: 
 

 1

2

cos sin
sin cos

d d d
d

d d d

I
I

I
ρ ρ
ρ ρ

−⎡ ⎤ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
 (12) 

 
where ( )1dI t ∈  and ( )2dI t ∈  are subsequently designed. 

From (11), ( )dI t  can be expressed in terms of ( )d tψ  as 
follows 
 

 1 2 .d d
d d d

d d

I I I J
ψ ψ
δ δ

= +  (13) 

 
Remark 4: Based on the structure of (11), the following 
relationship can be determined 
 
 2 2 .d dψ δ=  (14) 
 
Given (14), the rotor flux magnitude tracking error introduced 
in (9) can be re-written as follows 
 
 ( )2 2 T

d dδ ψη ψ ψ ψ ψ η= − = +  (15) 
 

where ( ) 2tψη ∈  was previously defined in (10). In the 

subsequent sections, it will be shown that if ( )tψη  is 

asymptotically stable and if ( ) ( ),d t tψ ψ ∞∈L , then ( )tδη  is 
asymptotically stable. Hence, the secondary objective defined 
in (9) will be achieved if said conditions are met.  

B. Velocity tracking error system 
By taking the time derivative of velocity tracking error in 

(8), then multiplying the resulting expression by mM , and 
substituting the mechanical subsystem dynamics in (1), the 
following expression is obtained 

 
 ( )1 1 ,T

m m d m mM r M k e W I Jω θ α ψ= + + −  (16) 
 

where ( ) ( ) 1 p
m LWW Tω ω ω ×= ∈⎡ ⎤⎣ ⎦  is a measurable 

regression vector, [ ]T p
m LB T θθ = ∈  is a vector of 

unknown constants and 1p q= + . To facilitate the subsequent 

design steps, the desired torque signal denoted by ( )d tτ ∈  
is defined as 
 
 1 .T

d d dI Jτ α ψ=  (17) 
 

Remark 5: To ensure the equality of (17), the desired stator 
current component, ( )2dI t  in (13), is designed to be 
 

 2
1

.d
d

d

I
τ

α δ
=  (18) 

 
After adding and subtracting (17) to the right hand side of 
(16) and then utilizing the current and flux tracking errors 
given in (10), the expression in (16) can be rewritten as 
 

 ( )
( )

1

1

m m d m m d
T T T

d I d I

M r M k e W
I J J Jψ ψ

ω θ τ
α η η ψ η η

= + + −
+ + − . (19) 

 
Based on the structure of (19), the desired torque signal is 
designed to be 
 
 ( )1

ˆˆ ,d m d m m sM k e W k rτ ω θ= + + +  (20) 
 

where sk +∈  is a constant control gain, and  ( )ˆ ,mM t ∈  

( )ˆ p
m tθ ∈  denote the estimates of mM  and mθ , respectively, 

whose update laws are designed subsequently. After 
substituting (20) into (19), the following closed-loop error 
system is obtained for ( )r t  
 

 ( ) ( )
( )

1

1

m m d m m
T T T

I d d I s

M r M k e W
J I J J k rψ ψ

ω θ
α η ψ η η η

= + + ⋅
+ + − −

 (21) 

 
where ( ) ,mM t ∈  ( ) p

m tθ ∈ are estimation errors defined 
as follows 
 
 ˆˆ .m m m m m mM M M θ θ θ= − = −  (22) 
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C. Rotor flux tracking error system and desired stator 
current design 
Taking the time derivative of the rotor flux tracking error, 
( )tψη  defined in (10) and substituting the rotor flux dynamics 

in (2), yields the following open-loop rotor flux tracking error 
system 

 
 1 2 .d B B Iψη ψ ψ= + −  (23) 

 
After utilizing the stator current and rotor flux tracking errors 
defined in (10), the open-loop tracking rotor flux error 
dynamics can be rewritten as 
 
 1 1 2 2d d d IB B B I Bψ ψη ψ ψ η η= + − − + . (24) 

 
After substituting the time derivative of the desired rotor flux 
trajectory ( )d tψ  defined in (11), the open-loop error system 
can be expressed as 
  

 1 1

2 2

cos sin
sin cos

.

d d
d d d d

d d

d I

B B

B I B
ψ ψ

ρ ρ
η δ ρ δ ψ η

ρ ρ
η

−⎡ ⎤ ⎡ ⎤
= + + −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
− +

 (25) 

  
Using the definition of ( )d tψ  in (11), the rotor flux tracking 
error dynamics can be rewritten as 
 

 1 1 2 2
d

d d d d d I
d

J B B B I Bψ ψ
ψ

η δ ρ ψ ψ η η
δ

= + + − − + . (26) 

 
Using the definition of the desired stator current ( )dI t  in (13) 

and the current component ( )2dI t  in (18), the expression in 
(26) can be rewritten as  
 

 
1 1

1
2 22

1

.

d
d d d d

d

d d
d d I

d d

J B B

I
B J B

ψ ψ
δ

η ψ ρ ψ ψ η
δ

τ
ψ ψ η

δ α δ

= + + −

⎛ ⎞
− + +⎜ ⎟

⎝ ⎠

 (27) 

 
Based on the structure of (27), the desired stator current 
component ( )1dI t  and ( )d tρ  are designed as follows 
 

 1
1

2 2 2

d d
d d

d

rB
I

B B B
δ τ

δ
δ

= + +  (28) 

 2 1
12 2

2 21 2

.d d d
d

dd d

B rB
r

B B B
τ δ τ

ρ α
δα δ δ

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠
 (29) 

 
Substituting (28) and (29) into (27) results in the following 
closed loop error system for ( )tψη  
 

 1 2 1 .I dB B rJIψ ψη η η α= − + +  (30) 
 
Substituting (18) and (28) into (13) results the following 
expression for the desired stator current trajectory 
 

 2
1

d
d d f d

d

I J u
τ

ψ ψ
α δ

= +  (31) 

 
where ( )fu t ∈ is defined as follows 

 1
2

2 2 2

.d d
f

d d

rB
u

B B B
δ τ

δ δ
= + +  (32) 

D. Stator current tracking error system 
The final step in the design procedure is the design of the 

stator voltage ( )V t  to ensure that the stator current tracking 

error, ( )I tη  defined in (10) tend to zero. Taking the time 
derivative of the stator current tracking error, and then 
multiplying by I mL M  results in the following open-loop error 
system 
 

 

( ) ( )
( )

2 3
1 1

2
1

3

1

2d d d
d d

d d
I m I I m

d
d f d f d

d

d I I
m

d

J J
L M L M

J u u

B R L J I
M

J V

ψ

ψ

τ τ δ
ψ ψ

α δ α δ
η

τ
ψ ψ ψ

α δ

ψ η ω

α ω ψ η

⎛ ⎞
−⎜ ⎟

⎜ ⎟= ⎜ ⎟
+ + +⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞− − +
⎜ ⎟−
⎜ ⎟− − +⎝ ⎠

. (33) 

 
where the current dynamics in (2), (10), and the time 
derivative of (31) were utilized.  

The signals ( )d tτ  and ( )fu t  can be obtained as follows 
 

 ˆˆ
ˆ

d d d d d
d m m

mm

M
q tM

τ τ τ τ τ
τ θ ω ω

θ ω
∂ ∂ ∂ ∂ ∂

= + + + +
∂ ∂ ∂ ∂∂

 (34) 

 
ˆˆ

ˆ ˆ
f f f f f

f m m
m m

f f
d d

d d

u u u u u
u M

t qM
u u

θ ω ω
ωθ

δ δ
δ δ

∂ ∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂∂ ∂
∂ ∂

+ +
∂ ∂

 (35) 

 

where (20) and (32) were utilized, ( ) ( ) ( )
0

t
q t dω σ σ ∈∫   

denotes the rotor position, and the partial derivative terms are 
defined in Appendix I. Except for the rotor acceleration,  

( )tω , all the remaining terms on the right hand sides of (34) 
and (35) are measurable including the subsequently designed 

( )ˆ
mM t  and ( )m̂ tθ . After utilizing (1) and (10), the rotor 

acceleration can be expressed as follows 
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 ( )
( )( )1

T
d m m

m

I J W
t

M
ψα ψ η θ

ω
− −

=  (36) 

 
where ( )mW ⋅  and mθ  were previously introduced in (16). 
After substituting (34), (35) and (36) into (33) and carefully 
grouping terms, the open-loop stator current tracking error 
system can be expressed as 
 

 
3

I m I a m b m c m d

m m

L M M Y M
M B M V

ψ ψ

ψ

η θ η η
η

= Ω + Ω + + Ω + Ω
+ −  (37) 

  
where ( ) 2 ,pY t ×∈  2,a bΩ Ω ∈  and 2 2,c d

×Ω Ω ∈  denote 
measurable auxiliary functions defined in Appendix II. Based 
on the structure of (21), (30) and (37) and the subsequent 
stability analysis motivates the following design of the voltage 
control input 
 

 

( )1

2 2

2 2 2
1 2 3

ˆ1
ˆ

( )

e I b a m d
m

n c I n d I

n I n I

V k Y rJ
M

k k
k r k B B

η θ α ψ

η η
α η η

∞ ∞

= + Ω + Ω + +

+ Ω + Ω
+ + +

 (38) 

 
where ek +∈  is a constant control gain, nk +∈  is a 

damping constant and 
∞

⋅  denotes the infinity norm. After 
substituting (38) into (37) and using the definitions of the 
parameter estimate errors in (22), the following closed-loop 
stator current tracking error system is obtained 
 

 

[ ]
( )

1
2

2

2
3 3

1
1

2 2 2
1 2

ˆ

I m I e m I m d

c n m c I

m d n d I

m n I

m a m d m

n m I

L M k M Y rJ
k M

M k
M B k B
M Y rJ M
k M r B

ψ

ψ

ψ

η η θ α ψ
η η

η η
η η

θ α ψ
α η

∞

∞

−

= − + −
⎡ ⎤+ Ω − Ω⎣ ⎦

⎡ ⎤+ Ω − Ω⎣ ⎦
⎡ ⎤+ −⎣ ⎦

− Ω + +
− +

. (39) 

E. Development of parameter update law 
Based on the subsequent stability analysis, the update law  

( )ˆ p
m tθ ∈  is designed as 
 

 ( )1
ˆ T T
m m IW r Yθ η= Γ + . (40) 

 
where 1

p p×Γ ∈ is a positive-definite, diagonal gain matrix. 

The estimator ( )ˆ
mM t ∈  is designed with a projection 

strategy as follows 
 

 { }ˆ Projm mM = Ω  (41) 

 ( ) ( )2 1 1
ˆ .ˆ

T
I

m d a m d
m

k e r Y rJ
M
η

ω θ α ψ
⎛ ⎞

Ω = Γ + − Ω + +⎜ ⎟⎜ ⎟
⎝ ⎠

 (42) 

 
where 2

+Γ ∈  is a constant gain. The projection strategy 

{}Proj ⋅  in (41) ensures that ˆ ,m m mM M M⎡ ⎤∈ ⎣ ⎦  as follows 

 

 

if 
if  and 0ˆ
if  and 0

0 otherwise

m m m m

m m m m
m

m m m m

M M M
M M

M
M M

⎧Ω > >
⎪Ω = Ω ≥⎪= ⎨

Ω = Ω ≤⎪
⎪⎩

. (43) 

F. Composite stability analysis 
Theorem 1: The proposed voltage control input in (38), 

ensures asymptotic rotor velocity/rotor flux tracking in the 
sense that ( ) ( ), 0e t tψη →  as t → ∞  provided that the 

control gain introduced in (38) satisfies the following 
sufficient condition 

 

 
1

1 3 2n m
m

k M
B M

⎛ ⎞
> +⎜ ⎟

⎝ ⎠
. (44) 

 
    Proof: To facilitate the proof, a nonnegative Lyapunov 

function ( )1V t ∈  is defined as follows 
 

 

2
1

1 2 1
1 2

1 1 1
2 2 2
1 1 .
2 2

T T
m I I I

T
m m m

V M r L

M

ψ ψη η η η

θ θ− −

= + +

+ Γ + Γ
 (45) 

 
The non-negative function ( )1V t  can be bounded using the 
Raleigh inequality as follows: 

 
 2 2

1 1 2z V zλ λ≤ ≤  (46) 
 

where 1λ  and 2λ  are positive scalars defined as follows: 
 

 
{ }{ }
{ }{ }

1 1
1 1 min 2

1 1
2 1 max 2

1 min 1, , , ,2
1 max 1, , , ,2

m I m

m I m

M L M

M L M

λ λ

λ λ

− −

− −

= Γ Γ

= Γ Γ
 (47) 

 
and { }minλ ⋅  and {}maxλ ⋅  denote the minimum and maximum 

eigenvalues, respectively, and ( ) 6 pz t +∈ is defined as 
 
 T T T

I m mz r Mψη η θ⎡ ⎤= ⎣ ⎦ . (48) 

 
Taking the time-derivative of (45) yields the following 
expression 
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1

1 1
1 2 .

T T
m I I m I

T
m m m m

V rM r L M

M M

ψ ψη η η η

θ θ− −

= + +

+ Γ + Γ
 (49) 

 
After substituting the closed loop error systems in (21),  (30), 
and (39), the update laws in (40) and (41), the estimation 
errors in (22), and then canceling common terms, ( )1V t  can 
be arranged in the following advantageous manner: 

 

 

( )

( ) { }

222
1 1

2 2

2 2

22 2
1 1

22
2 2

1

1
1 1

ˆ .
Proj

s e m I

T
I c n m c I

T
m I d n d I

T
I n m I

T
I n m I

T
I

a m d
mm

d m

V k r k M B

k M

M k

r J k M r

B k M B

Y rJ
MM

k e r

ψ

ψ

ψ

ψ

ψ

η η

η η η

η η η

α η η α η

η η η

η
θ α ψ

ω

∞

∞

−

= − − −

⎡ ⎤+ Ω − Ω⎣ ⎦
⎡ ⎤+ Ω − Ω⎣ ⎦

⎡ ⎤+ −⎣ ⎦
⎡ ⎤+ −⎣ ⎦

⎛ ⎞
− Ω + +⎜ ⎟

+ ⎜ ⎟
⎜ ⎟+ + − Γ Ω⎝ ⎠

 (50) 

 
It should be noted that an adaptive law with the projection 
algorithm defined on a convex set retains all the properties of 
the adaptive law without the projection algorithm [36]. Thus, 
the expression given in (50) can be re-written as follows 

 

 

( )

( )

222
1 1

2 2

2 2

22 2
1 1

22
2 2

1

1
1 1

ˆ .

s e m I

T
I c n m c I

T
m I d n d I

T
I n m I

T
I n m I

T
I

a m d
mm

d m

V k r k M B

k M

M k

r J k M r

B k M B

Y rJ
MM

k e r

ψ

ψ

ψ

ψ

ψ

η η

η η η

η η η

α η η α η

η η η

η
θ α ψ

ω

∞

∞

−

= − − −

⎡ ⎤+ Ω − Ω⎣ ⎦
⎡ ⎤+ Ω − Ω⎣ ⎦

⎡ ⎤+ −⎣ ⎦
⎡ ⎤+ −⎣ ⎦

⎛ ⎞
− Ω + +⎜ ⎟

+ ⎜ ⎟
⎜ ⎟+ + − Γ Ω⎝ ⎠

. (51) 

 
After substituting (42) into (51) and using the nonlinear 
damping argument [37] on the hard-bracketed terms in (51), 
the following upper bound on ( )1V t  is obtained 

 

 

22
1

2 2

1
1 3 2 .

s e m I

m
n m

V k r k M

B M
k Mψ ψ

η

η η

≤ − −

⎛ ⎞
− + +⎜ ⎟

⎝ ⎠

 (52) 

 
From (52), ( )1V t  can be upper bounded as follows 

 

 2
1 3V xλ≤ −  (53) 

 
where 3λ ∈  is a positive constant provided the sufficient 
condition in (44) holds and is defined by  
 

 3 1
1 3min , , 2s e m m
n m

k k M B M
k M

λ
⎧ ⎫⎛ ⎞⎛ ⎞⎪ ⎪= − +⎜ ⎟⎨ ⎬⎜ ⎟⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭

. (54) 

and ( ) 5x t ∈  is defined by 
 
 T T

Ix r ψη η⎡ ⎤= ⎣ ⎦ . (55) 

 
After integrating (53), the following inequality can be 
obtained 
 

 ( ) ( ) ( )2
3 1 0 1

ot
x d V t Vλ σ σ

∞
< − ∞∫ . (56) 

 
From (46) and (53), it can be concluded that ( )1V t ∞∈L  hence 

( )z t ∞∈L , ( )r t ∞∈L , ( )I tη ∞∈L , ( )tψη ∞∈L , ( )mM t ∞∈L , 

( )m tθ ∞∈L  thus ( )x t ∞∈L . Since ( )r t ∞∈L , from Remark 2, 

it can be concluded that ( ) ( )
0

,
t

e t e dσ σ ∞∈∫ L  and Remark 1 

can be utilized to show that ( )tω ∞∈L . Since ( )mM t ∞∈L ,  

( )m tθ ∞∈L , then from (22), it is easy to see that ( )ˆ
mM t ∞∈L  

and ( )m̂ tθ ∞∈L . From (56), it is clear that ( ) 2x t ∈L . Given 

that ( )tω ∞∈L , from Assumption 2, it can be concluded that 

( )mW ω ∞∈L . The expression in (20) can be used along with 
Remark 1 and the above boundedness statements to show that 

( )d tτ ∞∈L . Given that ( ) ( ),d t r tτ ∞∈L and Remark 3, it can 

be inferred from (29) and (32)  that ( ) ( ),d ft u tρ ∞∈L , 
respectively, thus from the time-derivative of (11), it is clear 
that ( )d tψ ∞∈L . Given that ( ) ( ),d ft u tτ ∞∈L , ( )d tψ ∞∈L , 

from (31) and Remark 3, it can be concluded that ( )dI t ∞∈L . 

Given that ( )z t ∞∈L  and ( ) ( ),d dI t tψ ∞∈L , it is clear from 

(10) that ( ) ( ),I t tψ ∞∈L . Given the above boundedness 
statements, it can be inferred that the adaptive estimates 

( ) ( )ˆ ˆ,m mt M tθ  designed in (40) and (43) respectively are 
bounded. This conclusion, in addition to the all previous 
boundedness statements infers from (38) that ( )V t ∞∈L . It 
can be concluded that all of the system signals remain 
bounded during closed-loop operation. Using the closed-loop 
error systems in (21), (30) and (39); and the above 
boundedness statements, it can be concluded that ( )x t ∞∈L . 

Since ( ) 2x t ∞∈ ∩L L  and ( )x t ∞∈L , Barbalat’s lemma [36] 
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can be invoked to show that ( ) 0x t →  as t → ∞ ; thus 

( ) ( ), 0r t tψη →  as t → ∞ .  From Remark 2, it can be 

concluded that ( ) 0e t →  as t → ∞ . 
Theorem 2: The rotor flux magnitude tracking error is 

asymptotically stable in the sense that ( ) 0tδη →  as t → ∞  

provided that ( )tψη  is asymptotically stable and  

( ) ( ),d t tψ ψ ∞∈L . 

     Proof: Given that ( ) ( ) ( ), ,d t t tψψ ψ η ∞∈L  (see proof of 

Theorem 1, it is clear from (15) that ( )tδη ∞∈L . Given that 

( ) ( ),t I tψ ∞∈L  (see the proof of Theorem 1), from (2), it can 

be concluded that ( )tψ ∞∈L . The time derivative of (15) can 

be utilized along with the facts that ( )tψ ∞∈L , ( )d tψ ∞∈L , 

( )x t ∞∈L , ( )tψη ∞∈L  to prove that ( )tδη ∞∈L . Since the 

product of an ∞L  bounded function with an 2L  bounded 
function is an 2L  bounded function, from (15) it can be 

inferred that ( ) 2tδη ∈L . Thus, ( ) 2tδη ∞∈ ∩L L  and 

( )tδη ∞∈L , and Barbalat’s lemma can be invoked to show 

that ( ) 0tδη →  as t → ∞ . 

IV. OPTIMUM REDUCTION OF COPPER LOSSES 
In many applications, induction motors are required to 

operate at constant speed. As mentioned previously, in 
constant speed applications, a secondary objective is to 
minimize power losses. In this section, an optimum seeking 
desired trajectory ( )d tδ  is designed to increase the efficiency 
by minimizing the power (copper) losses during the operation 
of the induction motor. To facilitate this design, the power 
loss denoted by ( )lossP t  is used as the performance index (or 
cost function) and is given by  

 
 T

lossP V I τω= −  (57) 
 
where the transmitted torque ( )tτ  is obtained from (1) as 
follows 
 
 1

TI Jτ α ψ= . (58) 
 
After substituting (3) and (58) for ( )V t  and ( )tτ , 
respectively into the right hand side of (57), the following 
power loss relationship for the induction motor is obtained: 
 
 1 3

T T T
loss IP L I I B I R I Iψ= − + . (59) 

 
Based on the stability analysis from Section III-F, it is clear 
that at steady state (i.e. after a short transient time), exact 

tracking of the desired stator current and desired rotor flux 
(i.e., ,dω ω→  dψ ψ→ , and dI I→ ) is guaranteed with all 
time derivatives being equal to zero. Specifically, the desired 
rotor velocity, rotor flux, and stator current trajectories 
introduced in (7), (11), and (31), respectively, are substituted 
into (59)  and Remark 4 is used to obtain the following 
equation 
 

 
( )222

2
2 2 2 2 2

d d sr
loss s r d

r p d

RLMP R R
L n M M

τ ω
δ

δ
⎛ ⎞

= + +⎜ ⎟
⎝ ⎠

. (60) 

In [33], it was shown that the performance index ( )lossP t , 

which is unimodal in terms of dδ , could be used to obtain the 

optimum value for ( )d tδ  as  
 

 ( )
2 2

2*
4

2 2
r r

d d d
p s p

L R M
n R n

δ τ ω
⎛ ⎞

= +⎜ ⎟⎜ ⎟
⎝ ⎠

. (61) 

 
In [33], the optimum value was evaluated a priori as all the 
constants in (61) were assumed to be known. In our design, 
the steady state value of desired torque trajectory ( )d tτ  is not 
available since the induction motor is driving an uncertain 
load.  Thus, to determine the optimum value for ( )d tδ , 
differing from [33], an online extremum seeking algorithm 
must be designed to iteratively seek the value for ( )d tδ  that 

corresponds to the minimum value of ( )lossP t . In our design, a 
gradient descent algorithm is employed which works by 
taking update steps proportional to the negative of the 
approximate gradient of the performance index at the current 
step. The optimization algorithm updates the optimum value 

[ ]d nδ  at each iteration step of the optimization algorithm. 

These updates, [ ]d nδ , are then passed through a set of second 
order stable and proper low pass filters to generate continuous 
and bounded signals for ( ) ( ),d dt tδ δ  and ( )d tδ . The 
following filters were utilized  
 

 ( ) [ ]3
2

1 2 3
d dt n

s s
ς

δ δ
ς ς ς

=
+ +

, (62) 

 ( ) [ ]3
2

1 2 3
d d

s
t n

s s
ς

δ δ
ς ς ς

=
+ +

, (63) 

 ( ) [ ]
2

3
2

1 2 3
d d

s
t n

s s
ς

δ δ
ς ς ς

=
+ +

, (64) 

 
where 1 2 3, ,ς ς ς ∈  are positive filter constants, s  is the 

Laplace operator and n +∈  is the iteration step. The 
optimization algorithm waits between updates until certain 
criteria are met. In other words, if ( ) 1d t eω ≤ , 
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[ ] ( ) 2d dn t eδ δ− ≤  and ( ) ( ) 3d t t eω ω− ≤  then 1n n= +  

where 1 2 3, ,e e e ∈  are positive threshold constants. 
Furthermore the optimization algorithm is assumed to have 
converged, when the gradient of ( )lossP t  with respect to 

( )d tδ  is within a certain threshold after which the 
optimization algorithm terminates and stops updating the 
optimum value [ ]d nδ . To ensure that ( )d tδ  is strictly 
positive as stated in Remark 3, the initial value and all 
subsequent values of ( )d tδ  are restricted to the set ( )0,∞ .  

Based on the design of the optimization algorithm and the 
preceding stability analysis, it can be concluded that 

( ) ( )2 2
dt tψ δ→  as t → ∞  and ( ) *ˆ

d dtδ δ→  which implies 

that ( ) *ˆ
loss lossP t P→ , where *

d̂δ  is the estimated optimum 

value of ( )d tδ and *ˆ
lossP  is the estimated minimum of ( )lossP t , 

both of which result from the optimization algorithm. From 
the simulation results in the next section it can be further seen 
that if * *

d̂ dδ δ=  then * *
l̂oss lossP P=  results in the optimal 

solution. However, if the optimization algorithm does not 
locate the exact optimal values, then the solution results in a 
sub-optimal value. 

V. SIMULATION RESULTS 
A numerical simulation study was conducted to evaluate the 

induction motor efficiency optimization strategy using 
MATLAB/Simulink. It should be noted that the adaptive 
controller developed in Section III and the optimization 
developed in Section IV were run simultaneously as shown in 
the flow diagram in Figure 1. All initial values of the rotor 
velocity, rotor flux and stator current are selected to be zero. 
The initial conditions of the adaptive update laws given in 
(40) and (41) are assumed to be ( )0

ˆ 0.6m mtθ θ=  and 
ˆ 0.6m mM M= , respectively. Two cases were considered for 

simulation: (a) A system with constant unknown load, and (b) 

A system with an unknown nonlinear load. The following 
values were used for the system [25], [38]: 

 

 
[ ] [ ]

[ ] [ ]
[ ]

2 2

r r

s s

4

0.044 kg m B = 0.007 kg×m

R  = 1.99 L  = 0.14 H
R  =3.2 L  =0.145 H

1 M = 0.12 H
0.1 3 1 10

m

p

m m m m L

M

n
M M M M T θ

−

⎡ ⎤ ⎡ ⎤= ⋅⎣ ⎦ ⎣ ⎦
Ω

Ω
=

= = = ×

 

A. System with constant unknown load 
In this case, the shaft of the induction motor is assumed to 

be directly coupled to a device capable of providing a constant 
load torque of ( ) [ ]0.75 NmLT ω =  (e.g. a separately excited 
direct current motor). The desired rotor velocity trajectory, 

( )d tω , was selected to gradually increase from [ ]10 rad/s to 

[ ]100 rad/s  via a soft start trajectory as shown in Figure 2. 
This speed profile was chosen to determine whether the 
efficiency optimization is robust to gradual changes in the 
desired speed profile. After several test runs, the following 

Fig. 1.  A block-diagram representation of the developed induction motor 
efficiency optimization strategy. Fig. 2.  Desired rotor speed profile ( )d tω . 

 

Fig. 3.  Rotor speed error ( )e t  for the constant load case. 
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control gains were determined to yield the best performance 
 

 ( )
s e n 1

3 3
1 2

k  =1 k =1 k =0.1 k =1
1 10 diag 1 10 1− −Γ = × Γ = × . 

 
The rotor velocity tracking error ( )e t is depicted in Figure 

3. The control voltage ( )V t  is shown in Figure 4. The time 
evolution of the ratio of the designed desired rotor magnitude 

( )d tδ  to the optimum value *
dδ  is shown in Figure 5. It can 

be seen that at steady state, the ratio converges to 1 which 
implies that ( ) *ˆ

d dtδ δ→  and * *
d̂ dδ δ≈ . Similarly the time 

evolution of the ratio of the power ( )lossP t  to the minimum 

power loss *
lossP  is shown in Figure 6. It can be seen that at 

steady state, the ratio converges to 1 which implies that 
( ) *ˆ

loss lossP t P→  and * *
l̂oss lossP P≈ .  

B. System with nonlinear unknown load 
In this case, the shaft of the induction motor is assumed to 

be directly coupled to a centrifugal load torque of 
( ) [ ]2 NmL LT T θω ω= . The desired rotor velocity trajectory, 

( )d tω , is designed to be the same as Case A. After several 
test runs, the following control gains were determined to yield 
the best performance 

 

 ( )
s e n 1

3 3 5
1 2

k  =1 k =1 k =0.5 k =1
1 10 diag 1 10 1 10− − −Γ = × Γ = × × . 

 
The rotor velocity tracking error ( )e t  is depicted in Figure 7. 

The control voltage ( )V t  is shown in Figure 8. The time 
evolution of the ratio of the designed desired rotor magnitude 

( )d tδ  to the optimum value *
dδ  is shown in Figure 9. It can 

be seen that at steady state, the ratio converges to 1 which 
implies that ( ) *ˆ

d dtδ δ→  and * *
d̂ dδ δ≈ . Similarly the time 

evolution of the ratio of the power ( )lossP t  to the minimum 

power loss *
lossP  is shown in Figure 10. It can be seen that at 

steady state, the ratio converges to 1 which implies that 
( ) *ˆ

loss lossP t P→  and * *
l̂oss lossP P≈ .  

Remark 6: The selection of the control parameters in the 
simulation does not satisfy the condition given in (44) of 
Theorem 1; however, this requirement is only a sufficient 
conservative condition generated by the Lyapunov stability 
argument. 

From the simulation results, it can be concluded that the 
efficiency optimization strategy can effectively reduce the 
copper loss of an induction motor driving an unknown 
nonlinear load to a constant speed. Also shown is the 
robustness of the optimization strategy to changes in the 
desired rotor speed. 

VI. CONCLUSION 
A novel approach to improve the efficiency of an induction 

motor driving an unknown load at a constant speed was 
presented. The induction motor copper loss was used as the 
performance index to be minimized. This performance index 
was shown to be unimodal in terms of the rotor flux 
magnitude. In the absence of exact model knowledge 
(unknown load), the optimum rotor flux magnitude is not 
known a priori and an optimization algorithm is presented 
which seeks the unknown minimum of the performance index 
by generating a desired rotor flux magnitude trajectory while 
ensuring that the resulting trajectory remains bounded and 
sufficiently differentiable. An adaptive controller is then 
developed to simultaneously track a desired speed profile and 
the generated rotor flux magnitude trajectory in the presence 
of unknown mechanical subsystem parameters which results 
in the minimization of the motor copper losses. It was proven 
that the developed controller yields asymptotic tracking. 

Fig. 4.  Time evolution of the control voltage: (a) ( )aV t  and (b) ( )bV t  for  
 

Fig. 5.  The time evolution of the rotor magnitude ratio ( )
*

d

d

tδ
δ  for the 

constant load case 
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Numerical results were presented demonstrating the 
effectiveness of the control strategy for both constant and 
varying loads. 

APPENDIX I 

The partial derivative expression for ( )d tτ  and ( )fu t  are 
listed as follows: 

 

( )1 1, ,ˆ ˆ
d d d

d m s
m m

k e W k k
qM

τ τ τ
ω

θ
∂ ∂ ∂

= + = ⋅ = −
∂∂ ∂

( )

1

1 1

1

2 2
2 2

ˆˆ

ˆ ˆ

ˆ
, ˆ

d m
m s m

d
m d m d s d s d

dd
d d d

f f m

d dm

W
M k k

M M k k k k
t

rk ru u Mt
t B BM

τ
θ

ω ω
τ

ω ω ω ω
ττ

τ ω ω

δ δ

∂ ∂
= − − +

∂ ∂
∂

= + + +
∂

∂∂
+ +∂ ∂ ∂∂= =

∂ ∂

 

 

1

2 2 2
2 2 2

2 3
22 2

ˆ
, ,ˆ

2 1, .

d d d
d d

f f fm

d d dm

f fd d

d dd d d

r k r ru u uq
qB B B

u ur
BB B

τ τ ττ τθ ω
ωδ δ δθ

δ τ
δ δδ δ δ

∂ ∂ ∂− + − +∂ ∂ ∂∂ ∂ ∂= = =
∂ ∂∂

∂ ∂⎛ ⎞
= − + =⎜ ⎟

∂ ∂⎝ ⎠

 

APPENDIX II 

The measurable auxiliary functions,  ( ) ( ) 2, ,a bt tΩ Ω ∈  

( ) ( ) 2 2,c dt t ×Ω Ω ∈  and ( ) 2 pY t ×∈  used in the formulation 
of the stator control voltage inputs are listed below 
 

 1 2
1

1 fT d
a I d d d

d

u
L I J J

τ
α ψ ψ ψ

ω ωα δ
∂⎡ ⎤∂

Ω = +⎢ ⎥∂ ∂⎣ ⎦
 

 

 ( )

2
1

2 3
1 1

3 1

ˆˆ
ˆ ˆ

2

ˆˆ
ˆ ˆ

d d d dI
b m m d

d m m

f fI d I d d
d d I d d d

dd d d

f f f f
I m m d

m m

I f d d I I d

c

L
M J

t qM
u uL L

J J L

u u u u
L M

t qM
L u B R L J I J

τ τ τ τ
ω θ ψ

α δ θ
τ τ δ

ψ ψ δ δ ψ
δα δ α δ δ

θ ω ψ
θ

ψ ψ ω α ω ψ

⎛ ⎞∂ ∂ ∂ ∂
Ω = + + +⎜ ⎟⎜ ⎟∂ ∂∂ ∂⎝ ⎠

∂ ∂⎛ ⎞
+ − + +⎜ ⎟∂ ∂⎝ ⎠

⎛ ⎞∂ ∂ ∂ ∂
+ + + +⎜ ⎟⎜ ⎟∂ ∂∂ ∂⎝ ⎠
+ − + + +

Ω =

( )

12

1

2
1

1 .

fT TdI
d I d

d

d

fd
I d d m

d

uL
J I J L I J

J
u

Y L J W

τ
ψ α ψ

ω ωδ
α ω

τ
ψ ψ ω

ω ωα δ

∂∂
− −

∂ ∂
Ω = −

∂⎛ ⎞∂
= − −⎜ ⎟∂ ∂⎝ ⎠
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Fig. 8.  Time evolution of the control voltage: (a) ( )aV t  and (b) ( )bV t  for 
nonlinear load case 

 

Fig. 9.  The time evolution of the rotor magnitude ratio ( )
*

d

d

tδ
δ  for the 

nonlinear load case 



 14

 

Fig. 10.  The time evolution of the copper loss ratio ( )
*

loss

loss

P t
P  for the 

nonlinear load case 
 


