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A New Tuning Function-Based Robust Adaptive Controller for
Parametric Strict Feedback Systems

F. Gao, M.S. de Queiroz, and D.M. Dawson

Abstract— This paper reports a new robust adaptive tracking
controller for multi-input/multi-output nonlinear parametric
strict-feedback systems in the presence of parametric uncer-
tainty and any unknown continuous bounded additive dis-
turbance. The proposed solution uses a new projection-like
adaptation that allows the application of the standard tuning
function approach, thereby avoiding overparametrization and
the need for extra nonlinear damping-type terms in the control.
The robust adaptive control is shown to guarantee practical
tracking in the presence of the disturbance and asymptotic
tracking when the disturbance disappears.

I. INTRODUCTION

Consider the nonlinear system
&= f(z,0,d)+ g(z)u &)

affine in the uncertain constant vector ¢, where d(t) denotes
unknown bounded external disturbances. The adaptive con-
trol problem consists of finding a dynamic state feedback
controller

u(z,0) )

u =

0 = 7(x,0), (3)

where 6(t) denotes the estimate of 6, that drives the tracking
error to zero or a small residual set while keeping all closed-
loop signals bounded. It is well known that the performance
of such adaptive controllers can significantly deteriorate
and even become unstable when d(t) # 0 [12]. In this
case, 6(t) cannot be proven bounded, possibly leading to
the unboundedness of other closed-loop signals. Common
approaches for counteracting this problem include adding a
robustifying (leakage) term to the adaptation law (3) (e.g.,
the o-modification [12] and the e;-modification [19]), or
using a projection operator [12], [15], [24] to confine 6(t)
to a bounded convex set in the parameter space. Leakage
modifications have the disadvantage of not recovering the
disturbance-free stability performance of the unmodified
adaptation law if d(t) = 0 V¢ > T > 0. On the other
hand, projection operators preserve the ideal properties of the
adaptive controller if the disturbance disappears, but require
parameter bounds to be known a priori. See [4], [8], [9],
[11], [13], [16], [21], [22], [23], [26] for examples of robust
adaptive controllers.
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The class of systems to which adaptive control can
be applied was broaden with the advent of the integrator
backstepping design [15]. This systematic design procedure
allows one to adaptively stabilize systems that are in the
so-called parametric strict-feedback form [15]. In the stan-
dard adaptive backstepping design, the recursive procedure
generates at each step a new adaptation law, thereby leading
to overparametrization. Furthermore, an nth-order parametric
strict-feedback system (where n > 3) requires the (n — 2)th
derivative of the first adaptation law, the (n — 3)th derivative
of the second adaptation law, and so on. In the disturbance-
free case, the tuning functions method [15] avoids the
differentiation of the adaptation laws as well as overparame-
trization. However, when d(t) # 0 and df/dt = Proj(x,6),
where Proj(-) denotes a standard projection operator, the
tuning functions in the time derivative of the Lyapunov-
like function will likely not be cancelled by the adaptation
law as in the disturbance-free (no projection) case nor can
be proven nonpositive. One recourse is to use the standard
adaptive backstepping procedure (with overparametrization).
This however would require multiple differentiations of
Proj(-), which in most cases is Lipschitz continuous at best.
As a result, the derivatives of Proj(-) would be discontinu-
ous or not well defined. This differentiability problem was
recently overcome in [3], where a smoothened version of the
projection operator of [23] was proposed. Specifically, [3]
replaces the Lipschitz continuity with the stronger property
of arbitrarily many times continuous differentiability while
introducing minor or no modifications to the other projection
properties. The projection operator of [3], like the one
in [23], is not amenable to the use of tuning functions.
Another recourse is to inject extra nonlinear terms in the
stabilizing functions to dominate or damp the projection-
related terms left over in the time derivative of the Lyapunov-
like function (see [16], [17]). This alternative avoids the
overparametrization, but may lead to high control effort.

A common assumption in adaptive control designs for
(1) is that the disturbance is the output of an autonomous
exosystem (i.e., d = s(d)) with partially known structure
and having certain properties (e.g., s (d) = Sd where S is
an unknown stable matrix). Such an assumption naturally
restricts the class of disturbances under consideration, and
facilitates the control design since the internal model prin-
ciple or an observer can be used to compensate or estimate
the unknown disturbance. See [5], [6], [7], [10], [18], [20]
for examples of such results. Among the benefits of the
exosystem assumption is the lack of overparametrization in
the adaptive controller.



In this paper, we consider the tracking problem for para-
metric strict-feedback systems with parametric uncertainty
and additive disturbances that are not exosystem-generated.
Our goal is to design a robust adaptive control that is not
overparametrized. We address this problem by incorporating
a projection-like operator inspired by [1], [2] in the adaptive
backstepping control that enables the use of the standard
tuning function approach. Thereby, we avoid the need for in-
jecting extra nonlinear damping-type terms in the control. A
Lyapunov analysis is used to prove practical tracking (i.e., the
steady-state tracking error can be made as small as desired)
in the presence of the disturbance and asymptotic tracking
when the disturbance disappears. The main contributions
of this work are that the proposed solution: i) can handle
any unknown continuous bounded additive disturbance, and
ii) leads to a control law simpler than the ones in [16],
[17]. The authors of [25] studied a more general class
of multi-input/multi-output (MIMO) strict-feedback systems
with additive disturbance than the one in this paper; however,
the proposed robust adaptive controller is overparametrized.
Finally, we note that adaptive control presented in this paper
can be easily integrated with the dynamic robust control
of [4] to guarantee asymptotic tracking if the disturbance
never disappears. This extension requires some additional
assumptions on the disturbance, which are outlined later in
the paper.

The paper is organized as follows. Section II introduces
the class of MIMO nonlinear systems and states the control
objective. Some preliminaries concerning the parameter es-
timation are given in Section IIl. The design and stability
analysis of the robust adaptive controller are presented in
Section IV. An extension to the proposed control is briefly
discussed in Section V. A numerical example is reported in
Section VI while concluding remarks are given in Section
VII.

II. PROBLEM STATEMENT

We consider MIMO parametric strict-feedback systems of
the form

i = @l (#1)0+ 29 +d; (4a)
T = @] (x1,..,2)0+xip1 +d; (4b)
B = QL (1, ey ) 0+ dy +u (4¢)

where z;(t) € R™, i = 1,...,n are the system states, ¢, €
RP*™i§ = 1,...,n are known nonlinearities, § € RP is
an uncertain constant parameter vector, d;(t) € R™i, { =
1,...,n are unknown additive disturbances, u € R is the
control input, and y = x; is the system output. We make the
following assumptions regarding the system:

Al. p,eChi=1,..,n.

A2, dieC’i=1,..,nand |di(t)|,_ <d; whered;

are unknown positive constants.

A3.  The elements of 0 satisfy 0, < 0; < 0;,i=1,....p
where 0, 6; are known bounds.

Let the output tracking error be defined as
e=y—y ®)
where the C” reference trajectory y.,.(¢) is such that
Y (t) € Loo, i=0,....n+1, (6)

and (~)(2) (t) denotes the ith derivative with respect to
time. Our goal is to construct a C° state feedback control
u(xy, ..., T, ) that ensures the boundedness of all closed-loop
signals and e(t) — 0 as t — oo (or ||e(t)]| — € as t — o0
where € can be made arbitrarily small).

For the sake of reducing the notational complexity, the
control construction that follows is presented for the case
where m; = 1, i =1,...nand d; = 0,7 =1,...,n — 1.
Note however that the main result is readily applicable to
the MIMO case and when the disturbance is present in each
equation of (4).

III. PRELIMINARIES

To facilitate the design of the robust adaptive controller,
we introduce the following parameter transformation. Let
—\T T
7)) 0=(0.....0)

' Zp

i=(0,...
— 7
o, ()
T=—

A

then ||0]| < [|6]] < ||6]| and ||7|| < 1, where |-|| denotes the
2-norm.
Now, consider the function

a=[-o|

W = -7 T 'ln(#)—(1,—7) I 'In(1, —7)
+7 T n (1)
+(1,—7) T (1, —7) (8)
where 7 € RP denotes the estimate of the transformed para-
meter 7, In (€) == (In&;,...,In€,) ", 1, = (1,...,1),,
and I' is a positive-definite diagonal matrix. The above
function has the following special properties.
Lemma 1: The function (8) is nonnegative and radially
unbounded in S := {7 € R? | 0 < 7; < 1 Vi}.
Proof: We write W (7) = Y_¥_, W;(#;) where
W, = —nT;'In(%) — (1 —7)0; In(1 — 7;)
+7'i1"i_i1 In (1)
+(1—7) Tt n (1 — 7). ©9)

It follows from (9) that
—(1i —74)

dw;
= . 10
dri  Turi(1—70) (10)
It is easy to check that for 7; € (0,1),

T < Ti
7A'i=7'i
’f’i>’7'i;

aw, [ <0

—={ =0
dTi >O

an



therefore, W;(7;) has a global minimum at 7; = 7;. In fact,
Wi(7; = 7;) = 0 from (9). Finally, it is not difficult to see
that

7A'7;—>O

=400 and lim W;(#;) =

Fi—1-

+o0.  (12)

|
Remark 1: The function in (8) was inspired by work of
[11, [2], where a similar function was used in the stability
analysis of a saturated dynamic controller.
IV. ROBUST ADAPTIVE CONTROL LAW
Step 1
Let z; = e, and use (4a) and (7) to obtain
9010 + 22 — Yr
el (0—7A) —gr + o1 + 22

Z =
(13)

where zo = 9 — 1. We design the stabilizing function oy
as B
o =—crz1 — ] (0—7A) + 9

(14)

where ¢; > 0.

We now define
1

Vi=52a+W(7)

where W was defined in (8).
Taking the derivative of (15) along (13) and (14) yields

(15)

Vi=—czf— 7" <§1 - F—lN—l%) +z22 (16)

where
7~':’T—7A', §1:(p121A, N:dlag[%l(l—%l)]pxp
(17)
Step 2
After taking the derivative of z5, we obtain
. ooy ooy
o= @) (9 —7A) — o [gol (9 — TA) +x2] _ 8%1T
Oay . Jas ..
_ . — —— ]y . 18
8%9 3yTy +ag 423 (18)

where z3 = x3 — ag. We design the stabilizing function aw
as

_ o _
Qr = —caz— o} (0-7A) + zi (o] (0 —#A) + 5]
(9041 . 6‘&1 .
—|—8—yT?JT + 8—y.ryr — 21+ ¢y (19)

where co > 0 and ¢, is a tuning function [15] to be selected.
If

1
Vo=Vi+ -z

3% 20)
its derivative along (18) and (19) is
Vy = —clz% - cng —F7 (CQ + F_lN_l;')
van (0= G2 2 @

where
(9051
2=t | pomGen ) A (22)
If we set the tuning function ¢, to
O
¢y = =5 NIz, (23)
we can rewrite (21) as
Vo = —C12] — ca25 — 7T <§2 + F1N17;')

Oa N
—226—;Nr <g2 + F_lN_17-> + 2025. (24)

Stepi B< ¢t <n-—-1)

Let z; = x; — a;—1, and take its derivative to obtain

. — 8041 1
4 = —TA) Z or, ; —TA) 4 zj41]
a1 . oy )
_ 8% T—Za = 1)y +az+zi+1. (25)
j=1
Now, design the stabilizing function «; as
o = —czi— ] (0—7A)
= Doy —
T N N
=1
+§: DUy — 21+, (26)
Lo o, G0 Tt
j=1 Yr

where ¢; > 0 and ¢, is the tuning function.

Set V; = Vi1+ 3 122 and take its derivative along (25)
and (26) to obtain

- - chzj. -7’ (gi + r—lN—%)
—Z(zm >NF <g1 L4+ T IN 1A>

davi—y .
<¢ - ) + 2z 27)
where
60[1‘,
Si=6i—1+ | ¢; — 1(,0- zZi A (28)
Ox: I
j=1
We first set the tuning function ¢, to
Oa;— -
61 = ~—5 NI + 6, (29)
T




where ¢, is an auxiliary tuning term, so we can rewrite (27)
as

Vi

chJz -7 (giJrFlNl%)
1—2 a ) 1A
-3 z]Ha NI (g1 +T7 "N~

j=1
i1 N <<z- + rlNlé) + 20,

bor
+Zizi+1 .

(30)

From (30) it is clear that ¢; needs to be designed as

=2 804 6% 1
T NT | ¢, — E . P A
i—1 J

’ 31)

so that we have

j=1
- i <zj+1%> NT <§i - F—lN—lé)
=1
. (32)
Step n

Taking the derivative of z,, = x,, — a,,—1 yields

. Doy _
2 = T (0 — TA) g - ! [gp; (0 - TA) + :EH_J
=1 O

aanq N - aan 1.
=== vy +d, +u. (33)
or = ay(J nY
The control input is designed as
U = *(Cn+k) —@L(E—%A)
8an 1 — ~
g 6;127 } —TA) +$j+1:|
aOén 1
+ 2 T s (34)

where ¢, k, > 0 and ¢,, is the final tuning function.
Given that V,, = V,,_1+ 122, it follows from (33) and
(34) that

n )
= —chz?—%—r <§7L+F1N1f'>
j=1
n—2
Oa; .
Z(zma )Nr(cn L+DINT )

j=1

T

(35)

where
aan 1
Sn =Cn-1+ | ¥, — X_; ax] ¥j YA (36)
Setting the tuning function to
aanfl
= - NTg,
by, 57 S
n—2 —
Oa O
- Z (Zj-i-la_) NI | ¢, — Z
Jj=1 =
(37
gives
Vn = —ZCJ'ZJZ —’7~'T <§n+].—‘_1N_17;')
j=1

n—1
_ Z (Zj+1 88

e (s et

j=1
+2pdy, — kp22. (38)

We now design the adaptation law as
#=—NTs,, #(0)€S, (39)

which ensures 7(¢) € S for all time due to the form of N
(see (17)). Finally, we get after completing the squares
—2

—min () || + 7= @0)

4k
where assumption A2 was used and z := (zl,...,zn)T
Since V;, is nonnegative in R™ x S and V,, is negative in
the set

dn
zeR" 2] > , @D
<knmjn (cj)>
j

we know that z(¢) is ultimately bounded and the bound
can be made arbitrarily small. The boundedness of all other
closed-loop signals can be easily checked by signal tracing
arguments. It also follows from (40) and Barbalat’s lemma
that if d,,(¢) — 0 for ¢t > T > 0, then z(¢t) — 0 as t — oo.

V. EXTENSION

Due to the nature of the above formulation, the proposed
adaptive control can be fused with the dynamic robust mech-
anism reported in [4] to ensure asymptotic tracking even
if the disturbance never disappears. However, assumptions
Al and A2 given in Section II would have to be replaced,
respectively, by

Al. g, el i=1,...n

A2, d, € C?and ||d,(t)|l,_ < do, < dy,

-"(t)ch
H < dy where dy, dy,ds are known

pos1t1ve constants.




Furthermore, it would require that the disturbance be
matched in the sense thatd; = 0,7 =1,...,n—11in (4). The
derivation of this new control law is straightforward given
[4] and the formulation in Section IV of the present paper,
so the details are omitted here.

VI. SIMULATION

For simulation purposes, we considered the parametric
strict-feedback system of (4) with the following model

—? —a? —Z
pro= | 1 pp=1 1 p3=1 1
1 Z.’L‘:f 2 Zl’% 3 Z$%$3
(42)
2 sindt 0<t<15
o = [ 1 ] ds(t) = { 0 otherwise.
The reference trajectory was selected as
. 1.5
yr =sin(¢) [ 1 —exp —gt ) (43)

The initial conditions of the system were set to z; (0) =
25 (0) = 23 (0) = 0, and 7(0) = (0.6,0.4) " . The bounds on
the uncertain parameter vector were set to 6 = (1.5,0.677) '
and = (3,2)". The control gains were selected as

=1, =10, c3=10, k3y=10, T=1I,. (44)

The simulation results are given in Figures 1 and 2. Figure 1
shows the output tracking error e(t) and control input u (t).
Figure 2 shows the transformed and actual parameter esti-
mates 7(t) and 0(t), respectively. The simulations confirm
the results predicted by the theoretical analysis.

VII. CONCLUSIONS

We introduced a new robust adaptive tracking controller
with no overparametrization for nonlinear parametric strict-
feedback systems subjected to unknown additive disturbance.
The class of systems considered here did not require the
disturbance to be generated by an exosystem; rather, we
only assumed continuity and boundedness of the disturbance
signal. A new projection-like operator was applied to the
adaptive backstepping design that enabled the use of the
standard tuning function approach and avoided the need for
additional nonlinear damping terms in the control. The pro-
posed control guarantees practical tracking in the presence of
the disturbance and asymptotic tracking when the disturbance
disappears. Further, the proposed adaptive design can be
readily augmented with the dynamic robust control of [4]
to guarantee asymptotic tracking if the disturbance never
disappears.

REFERENCES

[1] R. Antonelli and A. Astolfi, “Adaptive Output Feedback Stabilization
of a Class of Uncertain Continuous Stirred Tank Reactors,” [FAC
Triennial World Congress, pp. 59-64, Beijing, China, 1999.

[2] R. Antonelli and A. Astolfi, “Continuous Stirred Tank Reactors: Easy
to Stabilise?,” Automatica, Vol. 39, pp. 1817-1827, 2003.

[3] Z. Cai, M.S. de Queiroz, and D.M. Dawson, “A Sufficiently Smooth
Projection Operator,” [EEE Trans. Automatic Control, Vol. 51, No. 1,
pp. 135-139, 2006.

(4]

[

—_

[6

[}

[7

—

(8]

[

[10]

(1]

[12]

[13]
[14]
[15]
[16]
[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Z. Cai, M.S. de Queiroz, and D.M. Dawson, “Robust Adaptive As-
ymptotic Tracking of Nonlinear Systems with Additive Disturbance,”
IEEE Trans. Automatic Control, Vol. 51, No. 3, pp. 524-529, 2006.
Z. Ding, “Global Output Regulation of Uncertain Nonlinear Systems
with Exogenous Signals,” Automatica, Vol. 37, pp. 113-119, 2001.
Z. Ding, “Universal Disturbance Rejection for Nonlinear Systems in
Output Feedback Form,” IEEE Trans. Automatic Control, Vol. 48, No.
7, pp. 1222-1227, 2003.

Z. Ding, “Output Regulation of Uncertain Nonlinear Systems With
Nonlinear Exosystems,” IEEE Trans. Automatic Control, Vol. 51, No.
3, pp. 498-503, 2006.

R.A. Freeman, M. Krstic, and P.V. Kokotovic, “Robustness of Adaptive
Nonlinear Control to Bounded Uncertainties,” Automatica, Vol. 34, No.
10, pp. 1227-1230, 1998.

S.S. Ge and J. Wang, “Robust Adaptive Tracking for Time-Varying
Uncertain Nonlinear Systems With Unknown Control Coefficients,”
IEEE Trans. Automatic Control, Vol. 48, No. 8, pp. 1462-1469, 2003.
L. Liu and J. Huang, “Global Robust Output Regulation of Output
Feedback Systems with Unknown High-Frequency Gain Sign,” IEEE
Trans. Automatic Control, Vol. 51, No. 4, pp. 625-631, 2006.

F. Ikhouane and M. Krstic, “Robustness of the Tuning Functions
Adaptive Backstepping Designs for Linear Systems,” IEEE Trans.
Automatic Control, Vol. 43, No. 3, pp. 431-437, 1998.

P. Ioannou and J. Sun, Robust Adaptive Control, Englewood Cliffs,
NJ: Prentice Hall, 1996.

Z.-P. Jiang and D.J. Hill, “A Robust Adaptive Backstepping Scheme
for Nonlinear Systems with Unmodeled Dynamics,” [EEE Trans.
Automatic Control, Vol. 44, No. 9, pp. 1705-1711, 1999.

H. Khalil, Nonlinear Systems, New York, NY: Prentice Hall, 2002.
M. Kistic, 1. Kanellakopoulos, and P. Kokotovic, Nonlinear and
Adaptive Control Design, New York, NY: John Wiley & Sons, 1995.
R. Marino and P. Tomei, “Robust Adaptive State-Feedback Tracking
for Nonlinear Systems,” IEEE Trans. Automatic Control, Vol. 43, No.
1, pp. 84-89, 1998.

R. Marino and P. Tomei, “Robust Adaptive Regulation of Linear Time-
Varying Systems,” IEEE Trans. Automatic Control, Vol. 45, No. 7, pp.
1301-1311, 2000.

R. Marino and P. Tomei, “Adaptive Tracking and Disturbance Re-
jection for Uncertain Nonlinear Systems,” [EEE Trans. Automatic
Control, Vol. 50, No. 1, pp. 90-95, 2005.

K.S. Narendra and A.M. Annaswanny, Stable Adaptive Systems, En-
glewood Cliffs, NJ: Prentice Hall, 1989.

V.O. Nikiforov, “Adaptive Non-linear Tracking with Complete Com-
pensation of Unknown Disturbances,” European J. Control, Vol. 4, pp.
132-139, 1998.

Z. Pan and T. Basar, “Adaptive Controller Design for Tracking
and Disturbance Attenuation in Parametric Strict-Feedback Nonlinear
Systems,” IEEE Trans. Automatic Control, Vol. 43, No. 8, pp. 1066-
1083, 1998.

M.M. Polycarpou and P.A. Ioannou, “A Robust Adaptive Nonlinear
Control Design,” Automatica, Vol. 33, No. 3, pp. 423-427, 1996.
J.-B. Pomet and L. Praly, “Adaptive Nonlinear Regulation: Estimation
from Lyapunov Equation,” [EEE Trans. Automatic Control, Vol. 37,
No. 6, pp. 729-740, 1992.

S. Sastry and M. Bodson, Adaptive Control: Stability, Convergence,
and Robustness, Englewood CIliff, NJ: Prentice Hall, 1989.

B. Yao and M. Tomizuka, “Adaptive Robust Control of MIMO
Nonlinear Systems in Semi-Strict Feedback Form,” Auotmatica, Vol.
37, pp. 1305-1321, 2001.

Y. Zhang and P.A. loannou, “A New Class of Nonlinear Robust
Adaptive Controllers,” Int. J. Control, Vol. 65, No. 5, pp. 745-769,
1996.



Tracking Error

Time
10 A
5 s 4
2
£
2
5 of .
o
sl 4
| | | | |
0 5 10 15 20 25 30
Time

Fig. 1. Top plot: tracking error e(¢). Bottom plot: control input w(t).

Transformed Parameter Estimates
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Fig. 2. Top plot: transformed parameter estimate 7(t). Bottom plot: actual
parameter estimate 6(¢).





