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Robust Control of One Degree-Of-Freedom Exercise Machines

Apoorva Kapadia, Enver Tatlicioglu, and Darren M. Dawson

Abstract: A novel robust controller is proposed for ain diminished efficiency. Other concerns with open-loop
one degree-of-freedom exercise machine. The objective exercise machines are listed in [2].
the controller is to achieve maximal user power output while Using modern mechatronic apparatus that apply novel
simultaneously ensuring that the system remains passive azontrol technologies allows for newer conditioning andareh
stable in the interest of user safety. A desired velocitetra bilitation exercises, with the feedback loop providing &or
tory is designed to achieve maximum user power output. Tenhanced qualitative effect [3]. Such devices allow for the
that end, a powerful numerical extremal-seeking algorithm resistance to be tailored to the users based on their nedds an
employed to simultaneously optimize the user power outpuéquirements and the muscle groups in use. One of the first
while also satisfying certain minimal assumptions aboutttempts at an active exercise machine was presented in [4].
differentiability of the designed trajectory. A nonlingabust The development in [4] aimed to provide a virtual sensation
controller is designed to ensure that the user input velocibf applying a force on a simple mass-spring or a mass-
tracks the desired velocity while providing passive anfllsta damper system with a 2 degree-of-freedom (dof) machine.
operation. Lyapunov-based stability tools are employed tAs opposed to passive exercise machines, this system could
prove semi-global tracking. Numerical simulation resalts be programmed to mimic almost any trajectory-based force.
presented to highlight the performance and effectivenéss However, it did not provide a passive relationship with the
the proposed controller. user and no automatic optimization technique was presented
Characteristics for a smart exercise machine were listed
in [5], stating that the machine should identify the user's
It is safe to say that movement of our limbs is practicallstrength characteristics and upon which it should base its
indispensable for daily activity. It is needed to perfornesn optimal exercise routine on resulting in an optimal workout
daily routine, achieving individual athletic goals, acq@ish  Thus the machine would be user dependent and function
tasks that require additional strength requirements, &ed e (differently for different users, and finally, the machineui
rehabilitate neuromuscular systems after trauma. To titht € have to be safe for physical interaction with humans. The
resistance training has been the simplest and most commgime researchers later addressed the passivity and opti-
method to increase muscular strength as well as staminaniization problems in [6] and [7]. The passivity of the
has been noted that strength training is optimum with systergontroller was developed based on the inversely propation
having high resistance performed over short periods of timelationship between the applied force and the velocithef t
with long rest periods [1]. Conversely, endurance trainingnuscle systems known as the Hill Curve [8]. The exercise
involves a high number of repetitions on lower resistancetrategy was transformed into a velocity field within the
systems with shorter breaks between repetitions. exercise machine configuration space. The objective of this
Classic resistance training methods called for the usgdaptive controller was to force the user to track an unknown
of freeweights such as dumbells and weightlifting barsgdesired velocity field to maximize power expenditure, while
however, over the past two decades, machines have becomgintaining passivity. This strategy however did require a
increasingly popular in fitness centers and home gyms. Theggining phase to account for unknown user biomechanics.
passive open-loop devices include pulley systems, springy [9], a 1 dof passive braking system was developed to
loaded machines, friction-based fans or brakes, and mopeovide constant rotational velocity that did not requiny a
recently motor driven systems. Most of these machines priori user information. The passivity was incorporated
only allow for manual resistance adjustments to increasgto a simple Pl controller that maintained constant vejoci
or decrease the weight providing the resistance, and thusthout always allowing maximum output force realization
could be susceptible to the state-of-mind of the user riegult by the user. In [2], prelimiary results were presented for an
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I. INTRODUCTION



were used to find an optimal desired velocity set-point taherep € R™ is a constant. It should be noted that to achieve
ensure maximum user power output while ensuring passivitpaximum user power output, the desired trajectary) € R

of the 1 dof system. The controllers were designed under timeust eventually achieve an optimal unknown user-dependent
assumption of exact model knowledge for the cases of inpuelocity setpoint, denoted hjj; € R*. An additional control
torque measurement as well as torque estimation. objective is the passivity, which is achieved by ensureimg t

The goal of the exercise machine controller presentadachine will remain passive with respect to the user’s power
in this paper is to assist the user accomplish an optimalput. The passivity objective is achieved if the following
level of exercise in a relatively short amount of time. Tanequality is satisfied [6]
that end, a robust nonlinear controller for a 1 dof exercise t
machine is detailed to achieve two goals, that of seeking out / 7(0)4(0)do > —c?, (4)
an extremal velocity set-point to be tracked as the desired to
trajectory and maximizing user power output. The extremalherec € R* is a bounding constant. Satisfaction of the
velocity is propagated using a numerical method, namely threquality in (4) ensures that the flow of energy in the system
Golden Section Search of Brent's Method outlined in [13]Joccurs only from the user into the machine thus resulting in
To ensure user safety, the controller is shown to be passigafe operation by the user.
with respect to the user input. No knowledge of the user
input biomechanics is required, and the restrictive assumB' Control Development
tion of exact machine dynamics information is relaxed and Lete(t) € R be the velocity tracking error signal defined
compensated for in the proposed controller. Lyapunov-dhas@s
analysis techniques are presented to highlight the stabifi e£q—qa, (5)
the controller along with a dynamic simulation.

The paper is organized as follows, Section Il details th
system model along with the model assumptions. Section |
putlines the <_:ontro| _developme_nt whil_e th_e stability aﬂ‘ﬁy_ development, a filtered tracking error, denotedrif#) < R,
is presented in Section IV. Section V highlights the nunadric is defined as follows
extremum seeking algorithm and we end with simulation
results in section VI along with concluding remarks in r&é+te. (6)
section VII.

where §;(t) € R is the desired velocity. In the subsequent
%evelopment the standard assumption dt), Ga(t) and
a(t) € Lo will be made. To facilitate the controller

Taking the time derivative of (6) and then multiplying with
Il. DYNAMIC MODEL J results in the following expression

The model for a 1-DOF exercise machine, a simplified Jir=JG¢ — Jq,+ Je, )

version of a manipulator dynamic model, is assumed to be . o
of the following form: in which the second-order time derivative of (5) was also

utilized.

Ji=7(q) +u, (1) As the primary step in control design, to partially feedback
where J € R+ denotes the uncertain constant inertia ofin€arize the system, the control input is designed aswalo
the machine(), §(t) € R denote the angular velocity w2 T -7, (8)
and acceleration of the machine, respectivelyj) € R . N _ _
represents the measurable user torque input, @y ¢ WhereT(¢) € R is an auxiliary control input that is yet to
R represents the motor control input. In the subsequeR€ designed. Substituting the control input in (8) into the
development, it is assumed that the user input torque fystem dynamics in (1) results in the following simplified
second-order differentiabldj.c., 7(¢) € C?) and without System model

loss of generality, to be unidirectional satisfying theldal- JG=T. 9)
ing inequalities, Substituting the time derivative of (9) into (7) results fret
0<7(4) < Tmaz, 2) following expression
where 7,,., € R* denotes the maximum possible user- Jir=T— G+ Jé. (10)
applied torque input into the system. To facilitate the control design, the expression in (10) can
[Il. CONTROLLERDESIGN be rewritten as
A. Control Objectives Ji=T+N+Ny—e, (11)

Our controller is designed so as to maximize the userShere v
power output, denoted by (¢) € R while ensuring that ~
the exercise machine tracks a desired velogitt) € R. N £ N — Ny, (12)
As defined in [6], the modified user power output is of theTn which N(t) € R is defined as
following form

p(4) =7(q) 4" (t), 3) N2 _Jqs+Jé+e, (13)

(t) € R is an auxiliary function defined as



with N,4(t) € R defined as methods that can be employed, Brent's Method was found
N to be the simplest and most powerful. Brent's Method can
Na = Nli=dai=ia = =J a- (14 pe defined as a complex root-finding algorithm that combine

It should be noted thaV (¢), defined in (12), can be boundedthe bisection and the inverse quadratic interpolation oh

as and is considered an upgrade over the secant method. Its use
|N(t)| < p(lz@®)) 2@®)], (15) here is attributed to the fact that only two initial guesses
_ _ are required by the algorithm with the only caveat that
wherez(t) € R? is defined as the extremumj; be within the bounds of the two guesses.
22 e r]T, (16) Additionally, the only input required by the algorithm iseth

function using the unknown extremal constant. In this case,
while p (||z(t)]) € R* is a non-decreasing bounding func-the function is the user input powg(t), being measured in
tion in ||z(t)||. Further, it can be seen thai;(t) and Nq(t)  (3). The resulting output of the extremum-seeking alganith
are bounded given that the higher order derivativeg,0f) is then filtered to produce a smooth curve. Details of the

are bounded implementation of this algorithm can be found in [12].
INa(@I <¢i INa(@)l] < Ca 17) VI. SIMULATION RESULTS
where(¢, and(, € Rt are known bounding constants. A numerical simulation was conducted to illustrate the

Thus, based on the structure of (11) and the subsequé@formance of the controllers presented in (8) and (18).
stability analysis, the controller is designed to be of th&ased on the assumptions made in the system model, the

following form [14] user input torque was modeled to have the following form,
T = (k, +1) e (to) = e(t) - [}, e(0)do] 8 7 =b.exp(—ag), (23)
— (B, + By) J":O sgn(e(o))do wherea andb € R are amplification constants. Substituting

_ (23) in (3) yields
where kg, 31,3, € RT represent control gains angn(-)

is the standard signum function. In (18) the terift,) was p = (bexp(—aq))q’. (24)
used to ensure that (¢y) = 0. Thus, the time derivative of

(18) is given as The power expression in (24) is maximized for the following

value ofg.

T'= (ks + D)7 =By + B)sgn(e).  (19) =" (25)
Substituting (19) in (11) results in the following closesbp  The inertia of the system and the control gains were given
error system the following values

Ji = — (ks + 1)1 — (B, + By) sgn(e) + N+ Ng—e. (20) a=0.1 b=16 ke =5

_ _ 2 _ (26)
IV. STABILITY ANALYSIS Bi+By=2 J=1[kgm®] p=1
Theorem 1:The controllers in (8) and (18) guarantee tha@nd all initial conditions were taken to be zero. Figure 1

all system signals are bounded under closed-loop operati8fiOWs the user input torque(t), while the user angular
and the velocity tracking control objective is met in thesgen Velocity ¢(t) is presented in Figure 5 . The desired angular

that 4(t) — da(t) ast — oo provided that velocity ¢4(t), computed using Brents method is depicted
in Figure 2. The error between user velocity and desired

B1 > C1 + o (21)  velocity e(t), is shown in Figure 3, while the system control

Proof: See Appendix I. B input u(t), is presented in Figure 4. From Figure 3, it is

Theorem 2:The controllers in (8) and (18) guarantee thatlear that the velocity error signal is driven to zero and the
the closed-loop system is passive with respect to the ussimulation is validated by the fact that based on the choice

power. of the control gains: = 0.1 andp = 1, from (26),¢; = 10
Proof: See Appendix II. B as seen in Figure 2.
V. DESIRED TRAJECTORY GENERATOR VIl. CONCLUSION
When j(t) tracksgq(t) and assuminga(t) — q; ast — In this paper, a robust controller for a one degree-of-

oo, the modified user power output from (3) can be rewrittefreedom exercise machine was developed. The design en-

using the following approximation sured maximum user power output while keeping the system
NN passive and stable in the interest of user safety. A powerful

p = 7(4d) a, (22)

numerical extremum seeking algorithm was used to find the
wherep = 1, thus ensuring that at;, the user power output unknown user-dependent velocity set-point for the gerdrat
will be maximized. Hithertog}; is unknown, thus a pow- desired velocity trajectory. The controller was designed t
erful numerical extremum-seeking algorithm is employed ttracked the desired velocity trajectory while simultargpu
find the desired extremal velocity. While there are severdleeping the system passive. The stability analysis pravide
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semi-global tracking proved through a Lyapunov-type analy
sis. Numerical simulation results were provided to hightig
the performance the proposed controller.

APPENDIX |
PROOF OFTHEOREM 1

Lemma 1:Let L;(t) and L2 (t) € R be defined such that
Ly £ 7 (Ng+ Bysgn(e)), @7)
Ly £ B¢ sgnle), (28)

and if 5, and 3, are selected so as to satisfy (21)

/ Li(o)do < ¢,

to

/ La(o)do < s,

to

(29)

where(,; and(, € Rt are constants such that
(1 = Bule (to) | — e (to) Na (to) ,

Co £ Bale (o) |- (30)



2
Proof: See [12]. u S 4 {y eD:Waly) < M (p ' (2vks } (44)
Let P, (t) and P»(t) € R be defined such that ' - ' ( ( ))

PA¢, - /t Li(r)dr >0, (31) It should bg nqted that the region of attract_io.n. of (44) can
to be made arbitrarily large to encompass any initial conditio
t simply by increasing the control gaik,, thus yielding a
Py=¢(,— / Lo(7)dr > 0. (32) semi-global stability result. Thus, the region of attrantcan
to be calculated as
The results from Lemma 1 can be applied to shBw(t)

and P,(t) are non-negative. LeV (y,t) € R represent a Wa (y (to)) < A1 (p_l (2 ,—ks))27
non-negative function defined as
VA4 LI PPy (33) mPlving
A1 2
wherey(t) € R* is defined as ly (to) I <4/ WA ! (2\/ ks) ; (45)
ar1r.,7 /p. g 1T
y) = [ 2 P VP ] (34) " and rearranging results in
It can be seen that the expression in (33) can be bounded
such that 1 A1
ks > =p* [/ lly o) |l ] - 46
Wiy) < V(5,0) < Waly), (35) >4P<VMM(MO “o

where W (y) = A ||y(t)||? and Wa(y) = Aoy (t)||?, with
1) iy @l 2(v) 2lly@l Thus by using the filtered tracking error (6) and (5) in (34,

A £ gmin{1,J} y (to) takes the form
Ao 2 maz {1,17} . (36)
The time derivative of (33) is given as follows lly (to) || = \/62 y(to) + (¢ (to) +e (to))Q + ¢+ G
V & eé+ Jri+ P+ P (37) (47)

o _ _ o Thus from (33) and (38), it is clear tht(t) € L£..; hence
After substituting (6) and (27) along with the time derivas  ¢(1), r(¢) € £L,UL... Also, from (40) it can be concluded that
of (31) and (32) into (37) and then simplifying yields thee(t) c £,. Thus from (6), it is clear that(t)inL... Using

following expression the fact thatjs(t) € L., from (5). From these statements of
V= —e® =12 — kg 4N — Byle|. (38) signal bounc_ie_dness, it can be easily infgrred thiat € L.
. . From (20), it is clear that#(t) € L. Sincee(t), r(t) €
This can further be rewritten as Lo U L and é(t), 7(t) € Lo, it can be concluded that
V < —|2)1 = kgt + N — Bolel. (39) [r(¢)], le(t)] — 0 ast — oo. It is thus clearg(t) — ¢a(t)

andgq(t) — ¢
The expression in (39) can be rewritten by using the expres-

sion in (15) such that APPENDIX I

V < —|lz||* = (ksabs(r)® +rp(-)||2]|) — Bole].  (40) PROOF OFTHEOREM 2

After completing the squares in the bracketed term in (39), The substitution of the modified form of (5) into the left
it can be seen that hand side of (4) yields

y /)2(') 2
Ve (152 -l @ : t
- : o | r@itoto = [ 1) (elo) + dulo)do.  48)
The expression in (41) can be further simplified as to to
V < W(y) — Balel, (42)  From the assumptions made in the system model that desired
where trajectory is in the same direction as the user input (thus
02 () positive) and the user input torque is unidirectional, tightr
ks > 4 most term from (48) will always be positive. From the results
or of Theorem 1, we know that(t) € L1, thus using (2), it
llz]| < p~! (2\/175) ’ can be seen that
and W (y) = —vl|z]|> wherey € R* is a constant. From ! ! 2
(42) argd)the def|i‘ni|t|ion of¥ (y), the regionsD and S can /to 7(0)e(o)do = =Tma “ le(0)ldo = —c%. (49)

thus be specifically defined as
N . Thus the passivity condition is satisfied. More information
D= {y Hyll <p (2\/5)} (43)  on passivity and its applications can be found in [15].
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