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Robust Control of One Degree-Of-Freedom Exercise Machines

Apoorva Kapadia, Enver Tatlicioglu, and Darren M. Dawson

Abstract: A novel robust controller is proposed for a
one degree-of-freedom exercise machine. The objective of
the controller is to achieve maximal user power output while
simultaneously ensuring that the system remains passive and
stable in the interest of user safety. A desired velocity trajec-
tory is designed to achieve maximum user power output. To
that end, a powerful numerical extremal-seeking algorithmis
employed to simultaneously optimize the user power output
while also satisfying certain minimal assumptions about
differentiability of the designed trajectory. A nonlinearrobust
controller is designed to ensure that the user input velocity
tracks the desired velocity while providing passive and stable
operation. Lyapunov-based stability tools are employed to
prove semi-global tracking. Numerical simulation resultsare
presented to highlight the performance and effectiveness of
the proposed controller.

I. I NTRODUCTION

It is safe to say that movement of our limbs is practically
indispensable for daily activity. It is needed to perform one’s
daily routine, achieving individual athletic goals, accomplish
tasks that require additional strength requirements, and even
rehabilitate neuromuscular systems after trauma. To that end,
resistance training has been the simplest and most common
method to increase muscular strength as well as stamina. It
has been noted that strength training is optimum with systems
having high resistance performed over short periods of time
with long rest periods [1]. Conversely, endurance training
involves a high number of repetitions on lower resistance
systems with shorter breaks between repetitions.

Classic resistance training methods called for the use
of freeweights such as dumbells and weightlifting bars,
however, over the past two decades, machines have become
increasingly popular in fitness centers and home gyms. These
passive open-loop devices include pulley systems, spring-
loaded machines, friction-based fans or brakes, and more
recently motor driven systems. Most of these machines
only allow for manual resistance adjustments to increase
or decrease the weight providing the resistance, and thus
could be susceptible to the state-of-mind of the user resulting
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in diminished efficiency. Other concerns with open-loop
exercise machines are listed in [2].

Using modern mechatronic apparatus that apply novel
control technologies allows for newer conditioning and reha-
bilitation exercises, with the feedback loop providing foran
enhanced qualitative effect [3]. Such devices allow for the
resistance to be tailored to the users based on their needs and
requirements and the muscle groups in use. One of the first
attempts at an active exercise machine was presented in [4].
The development in [4] aimed to provide a virtual sensation
of applying a force on a simple mass-spring or a mass-
damper system with a 2 degree-of-freedom (dof) machine.
As opposed to passive exercise machines, this system could
be programmed to mimic almost any trajectory-based force.
However, it did not provide a passive relationship with the
user and no automatic optimization technique was presented.

Characteristics for a smart exercise machine were listed
in [5], stating that the machine should identify the user’s
strength characteristics and upon which it should base its
optimal exercise routine on resulting in an optimal workout.
Thus the machine would be user dependent and function
differently for different users, and finally, the machine would
have to be safe for physical interaction with humans. The
same researchers later addressed the passivity and opti-
mization problems in [6] and [7]. The passivity of the
controller was developed based on the inversely proportional
relationship between the applied force and the velocity of the
muscle systems known as the Hill Curve [8]. The exercise
strategy was transformed into a velocity field within the
exercise machine configuration space. The objective of this
adaptive controller was to force the user to track an unknown
desired velocity field to maximize power expenditure, while
maintaining passivity. This strategy however did require a
training phase to account for unknown user biomechanics.
In [9], a 1 dof passive braking system was developed to
provide constant rotational velocity that did not require any
a priori user information. The passivity was incorporated
into a simple PI controller that maintained constant velocity
without always allowing maximum output force realization
by the user. In [2], prelimiary results were presented for an
active arm-curling machine that was retrofitted with a linear
actuator to develop a haptic interface for controlled strength
training and rehabilitation based on the Hill Curve. Similarly
in [10], an arm exercise machine was supplemented with
a high torque DC motor to provide active resistance. The
design of an exercise machine using magneto-rheological
dampers that allow varying resistance levels was highlighted
in [11], however no control loop or self-optimization feature
was presented. In [12], extremum velocity seeking algorithms



were used to find an optimal desired velocity set-point to
ensure maximum user power output while ensuring passivity
of the 1 dof system. The controllers were designed under the
assumption of exact model knowledge for the cases of input
torque measurement as well as torque estimation.

The goal of the exercise machine controller presented
in this paper is to assist the user accomplish an optimal
level of exercise in a relatively short amount of time. To
that end, a robust nonlinear controller for a 1 dof exercise
machine is detailed to achieve two goals, that of seeking out
an extremal velocity set-point to be tracked as the desired
trajectory and maximizing user power output. The extremal
velocity is propagated using a numerical method, namely the
Golden Section Search of Brent’s Method outlined in [13].
To ensure user safety, the controller is shown to be passive
with respect to the user input. No knowledge of the user
input biomechanics is required, and the restrictive assump-
tion of exact machine dynamics information is relaxed and
compensated for in the proposed controller. Lyapunov-based
analysis techniques are presented to highlight the stability of
the controller along with a dynamic simulation.

The paper is organized as follows, Section II details the
system model along with the model assumptions. Section III
outlines the control development while the stability analysis
is presented in Section IV. Section V highlights the numerical
extremum seeking algorithm and we end with simulation
results in section VI along with concluding remarks in
section VII.

II. DYNAMIC MODEL

The model for a 1-DOF exercise machine, a simplified
version of a manipulator dynamic model, is assumed to be
of the following form:

Jq̈ = τ (q̇) + u, (1)

where J ∈ R
+ denotes the uncertain constant inertia of

the machine,q̇(t), q̈(t) ∈ R denote the angular velocity
and acceleration of the machine, respectively,τ (q̇) ∈ R

represents the measurable user torque input, andu(t) ∈
R represents the motor control input. In the subsequent
development, it is assumed that the user input torque is
second-order differentiable,

(

i.e., τ (q̇) ∈ C2
)

and without
loss of generality, to be unidirectional satisfying the follow-
ing inequalities,

0 ≤ τ (q̇) ≤ τmax, (2)

where τmax ∈ R
+ denotes the maximum possible user-

applied torque input into the system.

III. C ONTROLLER DESIGN

A. Control Objectives

Our controller is designed so as to maximize the user’s
power output, denoted by,p (q̇) ∈ R while ensuring that
the exercise machine tracks a desired velocityq̇d(t) ∈ R.
As defined in [6], the modified user power output is of the
following form

p (q̇) = τ (q̇) q̇ρ(t), (3)

whereρ ∈ R
+ is a constant. It should be noted that to achieve

maximum user power output, the desired trajectoryq̇d(t) ∈ R

must eventually achieve an optimal unknown user-dependent
velocity setpoint, denoted bẏq∗d ∈ R

+. An additional control
objective is the passivity, which is achieved by ensureing the
machine will remain passive with respect to the user’s power
input. The passivity objective is achieved if the following
inequality is satisfied [6]

∫ t

t0

τ(σ)q̇(σ)dσ ≥ −c2, (4)

where c ∈ R
+ is a bounding constant. Satisfaction of the

inequality in (4) ensures that the flow of energy in the system
occurs only from the user into the machine thus resulting in
safe operation by the user.

B. Control Development

Let e(t) ∈ R be the velocity tracking error signal defined
as

e , q̇ − q̇d, (5)

where q̈d(t) ∈ R is the desired velocity. In the subsequent
development the standard assumption thatq̇d(t), q̈d(t) and...
q d(t) ∈ L∞ will be made. To facilitate the controller
development, a filtered tracking error, denoted byr(t) ∈ R,
is defined as follows

r , ė + e. (6)

Taking the time derivative of (6) and then multiplying with
J results in the following expression

Jṙ = J
...
q − J

...
q d + Jė, (7)

in which the second-order time derivative of (5) was also
utilized.

As the primary step in control design, to partially feedback
linearize the system, the control input is designed as follows

u , T − τ , (8)

whereT (t) ∈ R is an auxiliary control input that is yet to
be designed. Substituting the control input in (8) into the
system dynamics in (1) results in the following simplified
system model

Jq̈ = T. (9)

Substituting the time derivative of (9) into (7) results in the
following expression

Jṙ = Ṫ − ...
q d + Jė. (10)

To facilitate the control design, the expression in (10) can
be rewritten as

Jṙ = Ṫ + Ñ + Nd − e, (11)

whereÑ(t) ∈ R is an auxiliary function defined as

Ñ , N − Nd, (12)

in which N(t) ∈ R is defined as

N , −J
...
q d + Jė + e, (13)



with Nd(t) ∈ R defined as

Nd , N |q̇=q̇d,q̈=q̈d
= −J

...
q d. (14)

It should be noted that̃N(t), defined in (12), can be bounded
as

|Ñ(t)| ≤ ρ (|z(t)|) ‖z(t)‖, (15)

wherez(t) ∈ R
2 is defined as

z , [e r]
T

, (16)

while ρ (‖z(t)‖) ∈ R
+ is a non-decreasing bounding func-

tion in ‖z(t)‖. Further, it can be seen thatNd(t) andṄd(t)
are bounded given that the higher order derivatives ofq̇d(t)
are bounded

‖Nd(t)‖ ≤ ζ1 ‖Ṅd(t)‖ ≤ ζ2, (17)

whereζ1 andζ2 ∈ R
+ are known bounding constants.

Thus, based on the structure of (11) and the subsequent
stability analysis, the controller is designed to be of the
following form [14]

T = (ks + 1)
[

e (t0) − e(t) −
∫ t

t0
e(σ)dσ

]

− (β1 + β2)
∫ t

t0
sgn(e(σ))dσ

(18)

whereks, β1, β2 ∈ R
+ represent control gains andsgn(·)

is the standard signum function. In (18) the terme (t0) was
used to ensure thatu (t0) = 0. Thus, the time derivative of
(18) is given as

Ṫ = − (ks + 1) r − (β1 + β2) sgn(e). (19)

Substituting (19) in (11) results in the following closed-loop
error system

Jṙ = − (ks + 1) r− (β1 + β2) sgn(e)+ Ñ +Nd − e. (20)

IV. STABILITY ANALYSIS

Theorem 1:The controllers in (8) and (18) guarantee that
all system signals are bounded under closed-loop operation
and the velocity tracking control objective is met in the sense
that q̇(t) → q̇d(t) as t → ∞ provided that

β1 > ζ1 + ζ2. (21)
Proof: See Appendix I.

Theorem 2:The controllers in (8) and (18) guarantee that
the closed-loop system is passive with respect to the user
power.

Proof: See Appendix II.

V. DESIREDTRAJECTORYGENERATOR

When q̇(t) tracksq̇d(t) and assuminġqd(t) → q̇∗d as t →
∞, the modified user power output from (3) can be rewritten
using the following approximation

p ∼= τ (q̇d) q̇d, (22)

whereρ = 1, thus ensuring that atq∗d, the user power output
will be maximized. Hitherto,q̇∗d is unknown, thus a pow-
erful numerical extremum-seeking algorithm is employed to
find the desired extremal velocity. While there are several

methods that can be employed, Brent’s Method was found
to be the simplest and most powerful. Brent’s Method can
be defined as a complex root-finding algorithm that combine
the bisection and the inverse quadratic interpolation methods
and is considered an upgrade over the secant method. Its use
here is attributed to the fact that only two initial guesses
are required by the algorithm with the only caveat that
the extremumq̇∗d be within the bounds of the two guesses.
Additionally, the only input required by the algorithm is the
function using the unknown extremal constant. In this case,
the function is the user input powerp(t), being measured in
(3). The resulting output of the extremum-seeking algorithm
is then filtered to produce a smooth curve. Details of the
implementation of this algorithm can be found in [12].

VI. SIMULATION RESULTS

A numerical simulation was conducted to illustrate the
performance of the controllers presented in (8) and (18).
Based on the assumptions made in the system model, the
user input torque was modeled to have the following form,

τ = b.exp (−aq̇) , (23)

wherea andb ∈ R
+ are amplification constants. Substituting

(23) in (3) yields

p = (b.exp (−aq̇)) q̇ρ. (24)

The power expression in (24) is maximized for the following
value ofq∗d.

q∗d =
ρ

a
(25)

The inertia of the system and the control gains were given
the following values

a = 0.1 b = 16 ks = 5
β1 + β2 = 2 J = 1

[

kg.m2
]

ρ = 1
(26)

and all initial conditions were taken to be zero. Figure 1
shows the user input torqueτ (t), while the user angular
velocity q̇(t) is presented in Figure 5 . The desired angular
velocity q̇d(t), computed using Brents method is depicted
in Figure 2. The error between user velocity and desired
velocity e(t), is shown in Figure 3, while the system control
input u(t), is presented in Figure 4. From Figure 3, it is
clear that the velocity error signal is driven to zero and the
simulation is validated by the fact that based on the choice
of the control gainsa = 0.1 andρ = 1, from (26), q̇∗d = 10
as seen in Figure 2.

VII. C ONCLUSION

In this paper, a robust controller for a one degree-of-
freedom exercise machine was developed. The design en-
sured maximum user power output while keeping the system
passive and stable in the interest of user safety. A powerful
numerical extremum seeking algorithm was used to find the
unknown user-dependent velocity set-point for the generated
desired velocity trajectory. The controller was designed to
tracked the desired velocity trajectory while simultaneously
keeping the system passive. The stability analysis provided
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Fig. 1. User Input Torque.
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Fig. 2. Desired Angular Velocity.
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Fig. 3. Angular Velocity Error.
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Fig. 4. Machine Control Input.
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semi-global tracking proved through a Lyapunov-type analy-
sis. Numerical simulation results were provided to highlight
the performance the proposed controller.

APPENDIX I
PROOF OFTHEOREM 1

Lemma 1:Let L1(t) andL2(t) ∈ R be defined such that

L1 , r (Nd + β1sgn(e)) , (27)

L2 , β2ė sgn(e), (28)

and if β1 andβ2 are selected so as to satisfy (21)
∫ t

t0

L1(σ)dσ ≤ ζ1

∫ t

t0

L2(σ)dσ ≤ ζ2, (29)

whereζ1 andζ2 ∈ R
+ are constants such that

ζ1 , β1|e (t0) | − e (t0)Nd (t0) ,

ζ2 , β2|e (t0) |. (30)



Proof: See [12].
Let P1(t) andP2(t) ∈ R be defined such that

P1 , ζ1 −
∫ t

t0

L1(τ )dτ ≥ 0, (31)

P2 = ζ2 −
∫ t

t0

L2(τ )dτ ≥ 0. (32)

The results from Lemma 1 can be applied to showP1(t)
and P2(t) are non-negative. LetV (y, t) ∈ R represent a
non-negative function defined as

V ,
1

2
e2 +

1

2
Jr2 + P1 + P2, (33)

wherey(t) ∈ R
4 is defined as

y(t) ,
[

zT
√

P1

√
P2

]T
. (34)

It can be seen that the expression in (33) can be bounded
such that

W1(y) ≤ V (y, t) ≤ W2(y), (35)

whereW1(y) = λ1‖y(t)‖2 andW2(y) = λ2‖y(t)‖2, with

λ1 , 1

2
min {1, J}

λ2 , max
{

1, 1

2
J
}

.
(36)

The time derivative of (33) is given as follows

V̇ , eė + Jrṙ + Ṗ1 + Ṗ2. (37)

After substituting (6) and (27) along with the time derivatives
of (31) and (32) into (37) and then simplifying yields the
following expression

V̇ = −e2 − r2 − ksr
2 + rÑ − β2|e|. (38)

This can further be rewritten as

V̇ ≤ −‖z‖2 − ksr
2 + rÑ − β2|e|. (39)

The expression in (39) can be rewritten by using the expres-
sion in (15) such that

V̇ ≤ −‖z‖2 −
(

ksabs(r)2 + rρ(·)‖z‖
)

− β2|e|. (40)

After completing the squares in the bracketed term in (39),
it can be seen that

V̇ ≤ −
(

1 − ρ2(·)
4ks

)

‖z‖2 − β2|e|. (41)

The expression in (41) can be further simplified as

V̇ ≤ W (y) − β2|e|, (42)

where

ks >
ρ2(·)

4
or

‖z‖ < ρ−1

(

2
√

ks

)

,

and W (y) = −γ‖z‖2 whereγ ∈ R
+ is a constant. From

(42) and the definition ofW (y), the regionsD andS can
thus be specifically defined as

D ,

{

y : ‖y‖ ≤ ρ−1

(

2
√

ks

)}

(43)

S ,

{

y ∈ D : W2(y) < λ1

(

ρ−1

(

2
√

ks

))2
}

(44)

It should be noted that the region of attraction of (44) can
be made arbitrarily large to encompass any initial condition
simply by increasing the control gainks, thus yielding a
semi-global stability result. Thus, the region of attraction can
be calculated as

W2 (y (t0)) < λ1

(

ρ−1

(

2
√

ks

))2

,

implying

‖y (t0) ‖ <

√

λ1

λ2

ρ−1

(

2
√

ks

)2

, (45)

and rearranging results in

ks >
1

4
ρ2

(

√

λ1

λ2

‖y (t0) ‖
)

. (46)

Thus by using the filtered tracking error (6) and (5) in (34,
y (t0) takes the form

‖y (t0) ‖ =

√

e2 y (t0) + (ė (t0) + e (t0))
2

+ ζ1 + ζ2.

(47)
Thus from (33) and (38), it is clear thatV (t) ∈ L∞; hence

e(t), r(t) ∈ L2∪L∞. Also, from (40) it can be concluded that
e(t) ∈ L1. Thus from (6), it is clear thaṫe(t)inL∞. Using
the fact thatq̇d(t) ∈ L∞, from (5). From these statements of
signal boundedness, it can be easily inferred thatu(t) ∈ L∞.
From (20), it is clear thaṫr(t) ∈ L∞. Sincee(t), r(t) ∈
L2 ∪ L∞ and ė(t), ṙ(t) ∈ L∞, it can be concluded that
|r(t)|, |e(t)| → 0 as t → ∞. It is thus clearq̇(t) → q̇d(t)
and q̇d(t) → q̇∗d .

APPENDIX II
PROOF OFTHEOREM 2

The substitution of the modified form of (5) into the left
hand side of (4) yields

∫ t

t0

τ (σ)q̇(σ)dσ =

∫ t

t0

τ (σ) (e(σ) + q̇d(σ)) dσ. (48)

From the assumptions made in the system model that desired
trajectory is in the same direction as the user input (thus
positive) and the user input torque is unidirectional, the right
most term from (48) will always be positive. From the results
of Theorem 1, we know thate(t) ∈ L1, thus using (2), it
can be seen that

∫ t

t0

τ(σ)e(σ)dσ ≥ −τmax

∫ t

t0

|e(σ)|dσ ≥ −c2. (49)

Thus the passivity condition is satisfied. More information
on passivity and its applications can be found in [15].
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