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Abstract—The emergence of wind turbine systems for electric 
power generation can help satisfy the growing global demand. 
This paper proposes a control strategy to maximize the wind 
energy captured in a variable speed wind turbine, with an 
internal induction generator, at low to medium wind speeds. 
The proposed strategy controls the tip speed ratio, via the rotor 
angular speed, to an optimum point at which the efficiency 
constant (or power coefficient) is maximal for a particular 
blade pitch angle and wind speed. This control method allows 
for aerodynamic rotor power maximization without exact wind 
turbine model knowledge. Representative numerical results 
demonstrate that the wind turbine can be controlled to achieve 
near maximum energy capture.   

  Key Words—Induction generators, Lyapunov, robustness, 
torque control, wind power generation    

NOMENCLATURE 
β   Blade pitch angle (rad). 

pC   Power capture efficiency. 

I   Current (A). 

L   Inductance (H). 

λ   Tip speed ratio. 

M   Mutual inductance (H). 

mM   Moment of inertia (kg.m2). 

pn   Number of generator pole pairs. 

ω   Rotor angular velocity (rad/s). 

,Ψ Ψ  Flux Linkage (Wb). 

P   Power (W). 

R   Resistance (Ω). 

aR   Blade radius. 

aρ   Air density (kg/m3). 

emτ   Electromagnetic torque (N.m). 

v   Wind velocity (m/s2) 

rV   Rotor Voltage (V) 

Subscripts and Superscripts 

*  Optimal value 

,a b   Fixed stator frame component 

d   Desired value 

L   Load 

max   Maximum value 

,r s   Rotor, stator 

I. INTRODUCTION 
Wind energy has evolved into an attractive energy source 

for electric utilities, although it is currently responsible for 
about one percent of the global electrical power production.  
The structure of wind turbines, as well as the fact that the 
wind energy rate is uncontrollable, complicates the problem 
of regulating the power capture. This engineering challenge 
has been alleviated by the construction of variable speed 
wind turbines, which are designed to regulate the power 
captured over a range of operating speeds. However, the 
efficiency of power regulation is dependent on the selected 
control method. 

The standard region 2 (power capture maximization 
mode) control scheme used for variable speed wind turbines, 
( 2kτ ω= , where τ is the control torque, ω  is the rotor 
angular speed and k is a control gain), has some 
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disadvantages that can result in unsatisfactory power capture. 
First, the control gain k  is difficult to determine due to the 
dependence on exact model knowledge (maximum power 
efficiency constant and optimal tip speed ratio). Secondly, 
the standard value of k  might not provide the maximum 
energy capture under real world turbulent conditions. 
Johnson and Fingersh [1] showed via simulation that smaller 
values of k  than the standard can result in increased power 
capture. They proposed a new control scheme: an adaptive 
control scheme that allows for maximum power capture in 
presence of parameter uncertainty. Similar adaptive control 
techniques for wind turbine control were developed in [2] 
and [3]. 

Other wind turbine control methods like classical control 
techniques [4]-[7], robust control [8] and fuzzy logic control 
[9]-[10] have been utilized to regulate rotor speed, regulate 
pitch angle and to enhance energy capture. Iyasere et al. [8] 
proposed a robust control strategy to control the blade pitch 
angle and rotor speed in a variable speed, variable pitch wind 
turbine in order to maximize the energy capture, without the 
knowledge of the optimal tip speed ratio and in the presence 
of model structural uncertainties. 

An area of particular importance is the control of the 
internal generators used in wind turbines. The most 
commonly used generator is the induction generator; the 
types of which include cage, wound rotor and doubly fed 
induction generator (DFIG). The dynamic modeling [11]-
[15] and control [16]-[23] of induction machines has been 
extensively researched. Thringer and Luomi [11] examined 
the validity of various dynamic models of induction 
machines to include the fifth-order Park model and other 
reduced order models by predicting the low frequency 
dynamic response of a 15 kW induction machine and 
comparing results to actual measurements. They concluded 
that the Park model accurately predicts rotor speed, electrical 
torque, active power, reactive power and stator current 
responses to perturbations in the shaft torque, supply 
frequency and voltage magnitude. In power system analysis, 
a third order model was determined to be the right fit of 
accuracy and simplicity. Tapia et al. [12] developed the 
mathematical model of a grid connected wind driven DFIG 
and presented a comparison of the simulation results to real 
machine performance results. They also developed a stator-
flux-oriented vector control based technique to control the 
generator power factor. Mullane and O’Malley [13] 
examined the inertial response of a squirrel cage and a 
doubly fed induction wind turbine generator using fifth-order 
induction generator models. They discovered that a DFIG 
utilizing field-oriented control is strongly influenced by rotor 
current controller bandwidth. Hu and Dawson [16] presented 
an adaptive partial state feedback position tracking controller 
for the full-order nonlinear dynamic model for an induction 
motor. The controller compensates for uncertainty in rotor 
resistance and mechanical system parameters while yielding 
asymptotic rotor position tracking. Datta and Ranganathan 
[17] developed a simple position-sensorless strategy for 
rotor-side field-oriented control of a wound rotor induction 
machine. The algorithm is based on axis transformation with 
reduced dependence on machine parameters compared to 

other methods. Pena et al. [18] describes a vector control 
scheme for the supply-side voltage source-converter of a 
DFIG for independent control of active and reactive power. 
This strategy was embedded into an optimal tracking 
controller in order to maximize energy capture in a wind 
energy application. Two tracking schemes were developed; 
speed mode and current mode. 

In this study, a control strategy is developed to regulate 
the rotor speed of a small variable speed wind turbine system 
with an induction generator. The control objective is to 
maximize the energy captured by the wind turbine for low to 
medium air speeds by tracking a desired rotor speed in the 
presence of system nonlinearities and structural uncertainty. 
Additionally, the maximization of the energy captured is 
achieved without the knowledge of the relationship that 
governs the power capture efficiency of the wind turbine. 
Instead, an optimization algorithm is developed to seek the 
unknown optimal rotor speed that maximizes the energy 
captured (via the aerodynamic rotor power), at a particular 
blade pitch angle and wind speed, while ensuring that the 
resulting trajectory is sufficiently differentiable. The problem 
of not explicitly knowing the rotor speed a priori is 
countered by the fact that the optimal rotor speed will change 
as the wind speed changes which may be accommodated for 
by choosing the right optimization algorithm. A robust 
controller is designed and proven to yield a globally 
uniformly ultimately bounded (GUUB) stable closed loop 
system through Lyapunov-based analysis. 

The paper is organized as follows. In Section II, the 
system model and problem statement are mathematically 
formulated. In Section III, a robust speed tracking controller 
is designed and the stability analysis is presented. In Section 
IV, an observer is designed to estimate the system 
nonlinearities. In Section V, the estimate of the system 
nonlinearities is used to generate the rotor speed reference 
trajectory followed by numerical simulation results in 
Section VI. Concluding remarks are presented in Section 
VII. 

II. SYSTEM MODEL  
The wind turbine model consists of a wind rotor, drive 

shaft and an internal induction generator. The system block 
diagram is shown in Fig. 1. The aerodynamic rotor power 
captured by the wind turbine is dependent on the available 
wind power and the power coefficient, pC  , which is a 
function of the tip-speed ratio (TSR) ( )tλ ∈\ , and the 
blade pitch angle, β ∈\ . The rotor power of the wind 
turbine, ( )aeroP t ∈\ , can be defined as 

 2 3
aero

1
2 p a aP C R vρ π=  (1) 
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Figure 1.  Block diagram of wind turbine system 

where ( ),pC λ β ∈\  is assumed to be unknown. The tip-
speed ratio, ( )tλ , is defined as 

 .aR
v

ω
λ =  (2) 

From (1) and (2),  it can be inferred that there exists a 
constant optimal rotor speed, *ω , for a particular wind 
speed,  ( ) ,v t and blade pitch angle,  ,β  at which the power 
capture efficiency, and thus the aerodynamic rotor power is 

maximum, with max 2 3
max

1 ,
2 p a aP C R vρ π�  

( )max * ,p pC C λ β=  and 
*

* aR
v

ω
λ =  [1]. 

The rotor power, ( )aero ,P t can also be written as 

 aero aeroP τ ω=  (3) 

where  ( )aero tτ ∈\ is the aerodynamic torque applied to the 
rotor by the wind. An expression for ( )aero tτ can be derived 
from (1)-(3) as 

       3 2
aero

1 .
2

p
a a

C
R vτ ρ π

λ
=  (4) 

Remark 1.1: In (1), it is assumed that  ( )pC ⋅  is unknown 
which implies that  ( )aero tτ  and   ( )aeroP t  are unmeasurable. 

A. Mechanical Subsystem Dynamics 
The mechanical subsystem describes the rotor dynamics 

of the variable speed wind turbine and is assumed to be of 
the form 

 m emM fω τ+ =�  (5) 

where ( )tω�  is the rotor acceleration, and  

( ) ( )aero,f v tω τ−�  represents the system nonlinearities.  

B. Electrical Subsystem Dynamics 
 The standard induction machine model can be found in 

[24]. The model utilized in this paper is the transformed 
nonlinear induction machine model in the stator fixed a-b 
reference frame with the assumptions of equal mutual and 
auto inductances, and a linear magnetic circuit [19]. The 
electrical dynamics of the internal induction generator can be 
described by the following dynamic equations:  

   ( )s s L sR R IΨ = − +�  (6) 

 r r r p r rR I n J VωΨ = − + Ψ +�   (7) 

 1 2s s rI κ κ= Ψ − Ψ  (8) 

 1 2r r sI κ κ= Ψ − Ψ  (9) 

 T
em s rJτ α= Ψ Ψ  (10) 

 2

0 1
,

1 0 pJ nα κ
−⎡ ⎤

= =⎢ ⎥
⎣ ⎦

 (11) 

where 
T

, ,
a bs s s⎡ ⎤Ψ = Ψ Ψ⎣ ⎦

T
, ,

a br r r⎡ ⎤Ψ = Ψ Ψ⎣ ⎦  
T

,
a br r rV V V⎡ ⎤= ⎣ ⎦ , 

T
,

a bs s sI I I⎡ ⎤= ⎣ ⎦ , 
T 2,

a br r rI I I⎡ ⎤= ∈⎣ ⎦ \ . In (8)

and (9),  1κ and 2κ  are constants related to the motor 
parameters, and are given explicitly by 

 1 22 2 2 2,s

s s

L M
L M L M

κ κ= =
− −

 (12) 

  To facilitate control development, the following model 
characteristics are assumed: 

Assumption 1: The parameters ,sL ,M ,mM ,pn ,R  
,LR ,rR ,sR β  and aρ  are known constants. 

Assumption 2:  ( ) ,tω ( ) ,sI t ( ) ,rI t  and ( )v t are 
measurable. 

Assumption 3:  ( )v t  is constant or slowly time varying (i.e., 
0v ≅� ). 

Assumption 4:  ( ) ( ) ( ), ,v t v t v t� ��  are bounded. 

Assumption 5: As a consequence of the fact that ( )aero tτ  is 
unknown, ( ),f vω , introduced in (5) is also unknown . 
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Assumption 6: The variables, ( )f ⋅ , ( )f ⋅� , ( )f ⋅��  are bounded 
provided that ( ) ,tω ( ) ,tω� ( )tω��  are bounded. 

Remark 2.1: ( ),f vω can be upper bounded by a known 

function such that ( ) ( ),f vω ρ ω≤  where ( )ρ ω  is 

continuously differentiable for all ( ) 0tω > . 

C.  Electrical Subsystem Transformation 
 An auxiliary control input ( )s tω  is injected into the 

electrical subsystem dynamics via time-varying coordinate 
transformation [20] as follows       

 ,
,

s s s s r r

r r r r

T I TI V TV
T I TI

Ψ Ψ
Ψ Ψ
� � �
� �  (13) 

where ( ) 2 2T t ×∈\  is defined as  

 
( ) ( )
( ) ( )

0 0

0 0

cos sin
sin cos

T
ε ε
ε ε

⎡ ⎤
⎢ ⎥−⎣ ⎦

�   (14) 

where 0 sε ω=� . It should be noted that  ( )T t satisfies 
1TT JT J− − = . 

The overall dynamics of the induction generator can then 
be given by the following fifth order model:   

 m emM fω τ+ =�  (15) 

 1 2s o s o r s sR R Jκ κ ωΨ = − Ψ + Ψ − Ψ�  (16) 

 1 2r r r r r s p r r sV R R n J Jκ κ ω ωΨ = − Ψ + Ψ + Ψ − Ψ�  (17) 

 T
em s rJτ α= Ψ Ψ  (18) 

 1 2s s rI κ κ= Ψ − Ψ  (19) 

 1 2r r sI κ κ= Ψ − Ψ   (20) 

where 
1 2

T
, ,s s s⎡ ⎤Ψ = Ψ Ψ⎣ ⎦ 1 2

T
, ,r r r⎡ ⎤Ψ = Ψ Ψ⎣ ⎦  

1 2

T
,r r rV V V⎡ ⎤= ⎣ ⎦ ,  o s LR R R+� .  

III. CONTROLLER DESIGN 

A. Control Objective 
The objective in this paper is to maximize the 

aerodynamic rotor power of the wind turbine, ( )aeroP t ,  by 
tracking a developed desired rotor speed  ( )d tω ∈\  such 
that  ( ) ( )dt tω ω→ as t → ∞ . This is achieved in turn by 
tracking a desired electromagnetic torque, ( )d tτ ∈\ , a 

desired stator flux ( ) 2 1d
s t ×Ψ ∈\ , and a desired rotor flux 

( ) 2 1d
r t ×Ψ ∈\  such that ( ) ( ) ,d

s st tΨ → Ψ  

( ) ( ) ,d
r rt tΨ → Ψ  and ( ) ( )em dt tτ τ→  as t → ∞  where 

 
1 1 2

T T
,0 ,d d d d d

s s r r r⎡ ⎤ ⎡ ⎤Ψ = Ψ Ψ = Ψ Ψ⎣ ⎦ ⎣ ⎦  (21) 

 ( )Td d
d s rJτ α Ψ Ψ�  (22) 

Remark 3.1: The desired rotor speed, ( ) ,d tω is designed 
online using a numerical-based optimization algorithm, as 
shown in Section V, to maximize the rotor power ( )aeroP t  at 
a particular blade pitch angle, β , and wind velocity, ( )v t , 
such that ( ) * ,d tω ω→  where  the optimal speed, *ω , is the 
result of the optimum seeking algorithm after convergence, 
hence ( )aero maxP t P→  if ( ) ( )dt tω ω→ . Additionally, 

( )d tω  is designed such that ( ) ( ) ( ), ,d d dt t tω ω ω ∞∈� �� L . 

Remark 3.2: The desired rotor flux, ( )
1

d
s tΨ ,is designed such 

that ( )
1

0d
s tΨ > , ( ) ( ) ( )

1 1 1
, ,d d d

s s st t t ∞Ψ Ψ Ψ ∈� �� L , and power 
loss in the system is minimized, as shown in Appendix I. 

Remark 3.3: To ensure equality in (22), ( )
2

d
r tΨ  is designed 

such that 
2

1

d d
r d

s

τ
α

−
Ψ =

Ψ
.   

B. Error System Development 
To quantify the stated control objective, rotor speed, 

stator flux and rotor flux tracking errors denoted by 
( )e t ∈\ , ( ) ( ) 2 1,s rt tη η ×∈\ respectively, are defined as 

 de ω ω−�  (23) 

 1 11

2 20

d
s ss

s
s s

η
η

η

Ψ⎡ ⎤ ⎡ ⎤⎡ ⎤Ψ
= = −⎢ ⎥ ⎢ ⎥⎢ ⎥

Ψ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦
 (24) 

 1 11

2 22

d
r rr

r d
r rr

η
η

η

Ψ⎡ ⎤Ψ⎡ ⎤ ⎡ ⎤
= = −⎢ ⎥⎢ ⎥ ⎢ ⎥

ΨΨ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
 (25) 

where ( ) ( ) ( ) ( )
1 2 1 2

, , ,s s r rt t t tη η η η ∈\ . 

From the definition of the tracking errors in (23), and 
subsystem dynamics in (5), a rotor speed open loop error 
system is developed as follows 

 m m d emM e M fω τ= + −��  (26) 

Substituting in (18) and adding and subtracting (22) to the 
right hand side of (26) results in 
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 ( ) T
m m d d

Td d
s r s r

M e M f
J J

ω τ
α

= + −
⎡ ⎤+ Ψ Ψ − Ψ Ψ⎢ ⎥⎣ ⎦

��
. (27) 

Substituting in (24) and (25) into (27), and performing 
simple algebraic manipulations, results in 

 1 2 1 2

2 1 2 1 1 2

d d
m m d d s r r s

d
r s s r s r

M e M fω τ α η α η
α η αη η αη η

= + − − Ψ + Ψ
− Ψ − +

��
. (28) 

Similarly, the stator and rotor flux open loop error systems 
are developed as follows 

   

1 11 1

2 2

1 1

12 2

2

1

1 1

2 2

0 0
0

d d
s ss s

o o
s s

d
r r

do o sd
sr r

s
s

s

R R

R R

η η
κ κ

η η
η

κ κ ω
η

η
ω

η

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤Ψ Ψ
= + −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎡ ⎤Ψ⎡ ⎤ ⎡ ⎤

+ − +⎢ ⎥⎢ ⎥ ⎢ ⎥ΨΨ⎢ ⎥ ⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎡ ⎤

+ ⎢ ⎥
−⎢ ⎥⎣ ⎦

��
�

 (29) 

     

1 11 1

2 2

11

22

2 2

1 1

1 22

2 11

2 2
2

1 1

0

d d
r sr s

r rd
r sr

d
rr

r rd
rr

d
r r

p p d
r r

d
r rr

sd
r rr

R R

R R

n n

V

V

η η
κ κ

η η
η

κ κ
η

η
ω ω

η
η

ω
η

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤Ψ Ψ
= + −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

Ψ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎣ ⎦⎣ ⎦⎣ ⎦ ⎣ ⎦
⎡ ⎤Ψ ⎡ ⎤

+ −⎢ ⎥ ⎢ ⎥
Ψ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
− ⎡ ⎤−Ψ⎡ ⎤

+ − ⎢ ⎥⎢ ⎥
Ψ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

−⎡ ⎤−Ψ⎡ ⎤ ⎡ ⎤
− + −⎢ ⎥⎢ ⎥ ⎢

Ψ⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣⎣ ⎦

��
��

sω⎥
⎥⎦

 (30) 

where (16), (17), and the time derivatives of (24) and (25) 
were utilized. 

C. Control Input Design 
The control inputs will be designed based on the 

subsequent stability analysis as well as the structure of the 
open loop error systems in (28)-(30).  

The desired torque trajectory, ( )d tτ  is designed to be 

 
( )2

ˆ
d m d s

e
Ke M f

ρ ω
τ ω

ε
= + + −�  (31) 

where ( ) ( ){ }1ˆ ˆsat
1sf f

sσ
⋅ ⋅

+
� , { }sat i  is the saturation 

function, ( )f̂ ⋅  is an estimate of ( )f ⋅  designed later in 

Section IV, s ∈^  is the Laplace variable, K +∈\  is a 
control gain, ,ε σ +∈\  are constants and ( )ρ ω  was 
previously defined in Remark 2.1. 

Remark 3.4: Since 
1

1sσ +
 is a proper bounded filter and the 

output of the saturation function is always bounded then it 

can be concluded that ( ) ( )ˆ ˆ,s sf f ∞⋅ ⋅ ∈� L . Thus, it may be 

concluded that ( )ŝ sf ρ⋅ ≤  where .sρ +∈\  

The first entry of the desired rotor flux, ( )
1

d
r tΨ , is 

designed to be 

 1 1 1 2 1

1 1

1 1
2

1d d d d
r s o s r o s

o

s s

R e R
R

κ α κ η
κ

κ η

⎡Ψ = Ψ + Ψ − Ψ −⎣

⎤+ ⎦

�
 (32) 

where 
1s

κ +∈\ is a control gain. The auxiliary control 

input, ( )s tω , is designed to be 

 
2 1 2 2 2

1

2 1
1 d d

s o r r o s s sd
s

R e Rω κ α κ η κ η⎡ ⎤= Ψ − Ψ + −⎣ ⎦Ψ
 (33) 

where 
2sκ +∈\ is a control gain. 

The control voltage, ( )rV t  is designed as follows 

 ( ) ( )
( ) ( )

1

1 1 1 1 2

2 1

2 1 1

1 2 3 4
2

2
5 6 7 8 9

10 11 2 12 9 13

d
s d d d d

r s s r r
o

d
r s

s s r r

V
R

e e e e
e e

κ

η
η η η η

Ψ
= + Θ Ψ − Θ Ψ + Θ Ψ + Θ Ψ

+ Θ − Θ + Θ + Θ − Θ Ψ
− Θ + Θ + Θ − Θ + Θ

��
�

 (34) 

 
( )

2 1 2 1 2

1 2

1 1 1

2

1 1 2 1

1 2 2

1 2 3 4 5

2

6 7
2

2

8
2

2
8 9 10

ˆ d
r s s r s s

d d
s r

r s r
o m

d
r

s r s r
o m

s r r

V f e e

e
R M

R M

e

α η η η

α
η η η

κ

α
η η η η

κ

η η η

= Ω − Ω − Ω + + Ω Ψ + Ω

Ψ Ψ
+ − Ω − Ω

Ψ
− + Ω

−Ω + Ω − Ω

 (35) 

where the terms ( ) ( ),i jt tΘ Ω , 1, ,13i = …  and 1, ,10j = " , 
are explicitly defined in Appendix II. 

D. Analysis of tracking error systems 
Theorem 1: Given the error system in (28)-(30) and the 

designed terms in (31)-(35), all signals are bounded and the 
tracking error signals given in (23)-(25) are globally 
uniformly ultimately bounded (GUUB). 

Proof: A non-negative function, denoted by ( )V t ∈\ , is 
defined as 

 2 T T0.5 0.5 0.5m s s r rV M e η η η η= + + . (36) 
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The Lyapunov function ( )V t  can be written as 

 { }0.5 diag ,1,1,1,1T
mV z M z=  (37) 

and can thus be bounded using the Raleigh inequality as 

 2 2
min maxz V zλ λ≤ ≤  (38) 

where ( ) 5z t ∈\  is defined as 
TTT ,s rz e η η⎡ ⎤= ⎣ ⎦  

( )min 0.5min ,1mMλ =  and ( )max 0.5 max ,1mMλ = . 

Taking the time derivative of (36) results in        

 1 1

1 2 1 2

2 2

s r
m s s r r

s r

V eM e
η η

η η η η
η η

⎡ ⎤ ⎡ ⎤
⎡ ⎤ ⎡ ⎤= + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

� �
� �

� �
. (39) 

After substituting (28)-(30) into (39), ( )V t�  can be 
expressed as 

 

1 2 1 2

1 1

2 1 2 1 1 2

2

1 11

2 2

21

1 12

1 1 2

2

0

0
0

d d
m d d s r r s

T d
s sd

r s s r s r
s

d
s rs

o o o
s r

d
sr

do sd
s sr

V e M f

R R R

R

ω τ α η α η
η

α η αη η αη η
η

η η
κ κ κ

η η
η

κ ω
η

⎡= + − − Ψ + Ψ⎣
⎧⎡ ⎤ ⎡ ⎤Ψ⎪⎤− Ψ − + + ⎢ ⎥ ⎢ ⎥⎨⎦ ⎢ ⎥⎢ ⎥ ⎪⎣ ⎦⎣ ⎦ ⎩

⎡ ⎤ ⎡ ⎤⎡ ⎤Ψ
+ − +⎢ ⎥ ⎢ ⎥⎢ ⎥

⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤Ψ ⎡ ⎤⎡ ⎤

− + +⎢ ⎥ ⎢⎢ ⎥Ψ −Ψ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦⎣ ⎦

� �

( ) 11 1

1 2

22

1 11 2

2 22 1

2 2

1

0

s

d d
sr s

r r r rd
sr

d d
r rr r

r sd d
r rr r

R R

V
R

V

ω

η
η η κ κ

η

η
κ ω

η

⎫⎪
⎥ ⎬
⎥ ⎪⎭

⎧⎡ ⎤Ψ ⎡ ⎤ ⎡ ⎤Ψ⎪+ + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎨
Ψ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎪ ⎣ ⎦⎣ ⎦⎣ ⎦⎩

⎫⎛ ⎞⎡ ⎤ ⎡ ⎤Ψ −Ψ⎡ ⎤ ⎡ ⎤ ⎪⎜ ⎟+ − − +⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎬⎜ ⎟Ψ Ψ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎪⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎭

�

�

(40) 

Substituting (31)-(35) as well as the mathematical derivatives 
of ( )

1

d
r tΨ and ( )

2

d
r tΨ , results in 

 

( ) ( ) ( )

(
( ) ( ) ( )( )

( )

( ) ( ) ( )( ) ( )

1 1 2 2 1 1 2 2

1 2

1

1

2

1

2 2 2 2 2

2 2 2 22 2
1 2

1 2

2

ˆ

ˆ2

2

2

s s s s s r r r r

r r

m d s

rd
o m s

r
d

m s

V ef ef Ke

e

Ke M f

e e

f
R M

e f
K

M

κ η κ η κ η κ η

ρ η ρ ηρ ω
ε ε ε

ω

ρ ω ρ ω ρ ω
ε η

κ
ρ ω ρ ω ρ ω η

ε α

= + − − − − −

− − −

⎛ ⎞+ +
⎜ ⎟
⎜ ⎟∂ −

−⎜ ⎟
⎝ ⎠+

Ψ
⎛ ⎞∂ −

− −⎜ ⎟⎜ ⎟ Ψ⎝ ⎠

�

i i

�

i

i

(41) 

where ( )ρ ω∂  denotes the partial derivative of ( )ρ ω  with 
respect to ω . 

Remark 3.5: The functions ( )1ρ ⋅  and ( )2ρ ⋅  are designed in 
Appendix III such that   

 ( )

( ) ( ) ( )( )

1

1
2

ˆ2

2
m d s

d
o m s

Ke M f
fe e

R M

ω

ρ ω ρ ω ρ ω
ερ

κ

⎛ ⎞+ +
⎜ ⎟

∂ −⎜ ⎟
−⎜ ⎟

⎝ ⎠≥
Ψ

�

i  (42) 

 ( ) ( ) ( ) ( )
1

2

2

2
d

m s

fK
M

ρ ω ρ ω ρ ω
ρ

ε ε α
⎛ ⎞∂

≥ − +⎜ ⎟⎜ ⎟ Ψ⎝ ⎠
i (43) 

From (41), using Remarks 2.1, 3.4 and 3.5, the function 
( )V t�  can be upper bounded as follows 

 

{ } ( ) ( )

( )
( )

( )
( )

1 1 2 2 1 1 2 2

1

1

2

2

2 2 2 2 2
1

2
2

1
1

1

2
2

2

1

1

1 .

s s s s r r r r

s

r
r

r
r

V K e
e

e K e e

κ η κ η κ η κ η
ρ

ρ ρ
ε

ρ η
ρ η

ε

ρ η
ρ η

ε

≤ − − − − −
⎡ ⋅ ⎤

+ − + ⋅ −⎢ ⎥
⎣ ⎦

⎡ ⎤⋅
⎢ ⎥+ ⋅ −
⎢ ⎥⎣ ⎦
⎡ ⎤⋅
⎢ ⎥+ ⋅ −
⎢ ⎥⎣ ⎦

�

 (44) 

where the control gain, K , introduced in (31) is designed as 
1 2K K K= +  with 1 2,K K +∈\ . Applying the nonlinear 

damping argument [25] to the terms in the curly bracket on 
the right hand side of (44) results in the following upper 
bound for ( )V t�  

 2V zγ ε≤ − +�  (45) 

where ,ε γ +∈\  and are  defined as 
2

1 2
2

s

K
ρ

ε ε ε ε= + + +  

and ( )1 2 1 21min , , , ,s s r rKγ κ κ κ κ= . 

From (38) and (45), the following relationship is obtained. 

 
max

VV γ ε
λ

≤ − +�  (46) 

From (38) and (46), the error signal ( )z t  can be upper 
bounded as 

 ( ) ( ) ( )0 1 2 1exp 1 expz t t tβ β β β≤ − + − −⎡ ⎤⎣ ⎦  (47) 
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where ( )0 0
2max

min

z t
λ

λ
β � , 1

maxλ

γβ � , and 2
max

min γ

λ

λ

ε
β � . 

From (47), it can be shown that ( ) ( ) ( ), ,s re t t tη η ∞∈L . 
Since ( )e t ∞∈L , (23) can be used along with Remark 3.1, to 
show that ( )tω ∞∈L . After utilizing the fact that ( )tω ∞∈L , 
from Assumption 6, it is apparent that ( )f ∞⋅ ∈L . After 
using Remarks 3.1 and 3.4 and the fact that ( )e t ∞∈L , along 
with (31), it can be shown that ( )d tτ ∞∈L . Remark 3.3 can 

be used along with the facts that ( ) ( )
1

, d
d st tτ ∞Ψ ∈L  to 

show that ( )
2

d
r t ∞Ψ ∈L . The expression in (32) can be used 

along with the above boundedness statements to show that 
( )

1

d
r t ∞Ψ ∈L . Since all the signals on the right-hand-side of 

(28) are bounded then it can be concluded that ( )e t�  is also 
bounded. From the time derivative of (23), it is easy to see 
that ( )tω�  is bounded; thus from Assumption 6, it is clear 

that ( )f ⋅�  is bounded. The mechanical subsystem dynamics 
in (5) can be utilized to show that ( )em tτ  is bounded. Above 
boundedness statements can be utilized along with (24), (25) 
and (33) to show that ( ) ( ) ( ), ,s r st t tω ∞Ψ Ψ ∈L . Since 

( )tω  and ( )tω�  are bounded, it is clear that ( )ρ ∞⋅ ∈� L . 
Above boundedness statements can be used along with 
Assumption 4, Remarks 3.1, 3.2 and 3.4 to prove that all the 
terms in Appendices III and IV are bounded; thus from (34) 
and (35),  it can be  concluded that ( ) ( )

1 2
,r rV t V t ∞∈L . After 

utilizing the fact that ( )
1

d
s t ∞Ψ ∈� L  along with the above 

boundedness statements, from (29), it is easy to see that 
( )s tη ∞∈� L . The time derivatives of (31) and (32) can be 

utilized to show that ( )d tτ�  and ( )
1

d
r tΨ�  are bounded. 

( )
2

d
r tΨ�  can be shown to be bounded from the time 

derivative of the expression in Remark 3.3. From (30), it can 
be concluded that ( ) ( )

1 2
,r rt tη η ∞∈� � L . The fact that 

( ) ( ),s rt tη η ∞∈� � L  can be used along with the time derivatives 
of (24) and (25) to show that ( )s tΨ�  and ( )r tΨ�  are 
bounded; thus from the time derivative of (18), it is clear that 

( )em tτ�  is bounded. After taking the time derivative of (5), it 
can concluded that ( )tω ∞∈�� L ; thus from the second time 
derivative of (23), it is clear that ( )e t ∞∈�� L  where Remark 
3.1 is utilized. From Assumption 6, it may be concluded that 

( )f ∞⋅ ∈�� L . The application of standard signal chasing 
arguments permits the conclusion that all signals in the 
closed loop system remain bounded. 

IV. NONLINEARITY OBSERVER DESIGN 
The control objective is to maximize the aerodynamic 

rotor power captured by a variable speed wind turbine with 

structurally uncertain system nonlinearities by controlling the 
rotor speed, ( )tω . The existence of uncertain system 
nonlinearities motivates the design of a system nonlinearity 
observer, denoted by ( )ˆ ,f ⋅ ∈\  to estimate ( )f ⋅ . This 
estimate is developed for two reasons:  

•  ( )f̂ ⋅  is used as a feed-forward term in the control 

design through ( )ŝf ⋅ . 

• Since ( )aeroP t  is unmeasurable, an estimate of the 

captured power, denoted by ( )aeroP̂ t ∈\ , is designed 

where ( ) ( ) ( )aero
ˆP̂ t f t tω= − , and is used in the 

online planning of ( )d tω . 

A. Observation Error Systems 
The main objective of the observer is to observe the 

system nonlinearities ( )f ⋅  such that ( ) ( )f̂ f⋅ → ⋅  as 
t → ∞ . To facilitate the observer design, the following 
system model is developed 

 ˆˆm emM fω τ= −�  (48) 

where ( )ˆ tω ∈\  denotes the estimated rotor speed.     

The rotor speed and nonlinearity observation errors, 
( ) ( ),t f tω ∈�� \  are defined as 

 ˆˆ , f f fω ω ω− −�� � � . (49) 

In addition, the filtered rotor speed observation error, 
denoted by ( )r t ∈\ , is defined to facilitate the subsequent 
design and analysis as 

 r kω ω+�� ��  (50) 

where k +∈\  is a control gain. After taking the time 
derivative of (50) and pre-multiplying by ,mM  it can be seen 
that 

 ˆ
mM r f f ω= − + + Φ −� � ��  (51) 

where ( )tΦ ∈\  is defined as mkM ω ωΦ = +�� � . 

Remark 4.1: The mean value theorem can be utilized to 
upper bound ( )tΦ  such that ( ) Nt XρΦ ≤  where 

( ) ( ) ( ) T 2,X t t r tω= ∈⎡ ⎤⎣ ⎦� \  and Nρ +∈\  is a bounding 
constant [26]. 
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B. Observer Design 
  Based on the structure of (51), as well as the subsequent 

stability analysis, a continuous estimator law is proposed to 
achieve the stated estimator objectives with 

 ( ) ( )0
ˆ sgnff k k r ρ ω= + +� �  (52) 

where  0,fk ρ +∈\  are control gains and  ( )sgn ⋅ ∈\  is the 
standard signum function. 

C. Analysis of observer error systems 
Before presenting the stability analysis, the following 

lemma will be introduced and later invoked. 

Lemma: Let the auxiliary function ( )L t ∈\ be defined as 

 ( )( )0 sgnL r f ρ ω−� ��  (53) 

If the control gain 0ρ  is selected to satisfy the sufficient 

condition ( )
( )

0 ,
f

f
k

ρ
⋅

⋅ +>
��

�  then ( )
0

t

t

L dν ν ζ≤∫  where 

ζ +∈\  is defined as 

 ( ) ( ) ( )0 0 0o t t f tζ ρ ω ω− �� ��  (54) 

Proof: See Appendix IV.  

  Theorem 2: The observer design in (52) ensures that all 
system signals are bounded and asymptotic tracking in the 
sense that ( ) ( ) ( ), , 0t t r tω ω →�� �  and ( ) ( )f̂ t f t→  as 
t → ∞ . 

Proof: Define an auxiliary function ( )P t ∈\  as 

 ( )
0

t

t
P L dζ ν ν= − ∫  (55) 

where  ( ), L tζ  have been defined in Lemma 1. Based on the 
non-negativity of ( )P t (see proof of Lemma), we define a 
nonnegative function ( )oV t ∈\  as follows 

 ( ) 2 21 1
2 2o mV t M r Pω= + +�  (56) 

After taking the time derivative of (56) and utilizing (51), 
(53), and the time derivative of (55), we can conveniently 
rearrange terms to obtain  the following expression 

 ( )2
0

ˆ sgnoV k rf r rω ρ ω= − − + Φ +�� � �  (57) 

After substituting (52) and utilizing Remark 4.1, simple 
algebraic manipulations can be used to obtain the following 
upper bound for ( )oV t�  

 
2 2

o N fV k X r X k rρ⎡ ⎤≤ − + −⎣ ⎦
�  (58) 

Applying the nonlinear damping argument [25] to the 
bracketed term in (58) results in the following upper bound 
for ( )oV t�   

 
2

2N
o

f

V k X
k
ρ⎡ ⎤

≤ − −⎢ ⎥
⎢ ⎥⎣ ⎦

�  (59) 

From (59), it is possible to state that 

 2
oV Xς≤ −�  

2

for N
fk

k
ρ

>  (60) 

where ς +∈\  is a constant. From (60) and the analysis in 
this section, we can conclude that ( )X t ∞∈L . From the 
definition of ( )X t , it can be inferred that 

( ) ( ) ( ), ,t t r tω ω ∞∈�� � L . From (52), it is clear that ( )f̂ ∞⋅ ∈� L . 
Using standard signal chasing arguments, it can be shown 
that the all the signals in the closed-loop system remain 
bounded. In particular, from (51), it can seen that ( )r t ∞∈� L ; 
thus ( )X t ∞∈� L . After employing a corollary to Barbalat’s 

Lemma [26], it is easy to show that ( ) 0X t →  as t → ∞ . 

From the definition of ( )X t , it can be concluded that 

( ) ( ), 0t r tω →�  as t → ∞ . From (50), it is easy to see that 

( ) 0tω →��  as t → ∞ . 

  From (48), the following relationship can be obtained 

 ˆ
mM f f fω = − = −� ��  (61) 

From (61), it is clear that ( ) 0tω →��  implies that ( ) 0f t →�  

thus ( ) ( )f̂ t f t→  so ( ) ( )aero aeroP̂ t P t→  as t → ∞ . 

V. TRAJECTORY GENERATOR 
In Remark 3.1, it is assumed that a desired trajectory 
( )d tω  can be designed such that ( ) ( ),d dt tω ω�  and ( )d tω��  

are bounded and ( ) *
d tω ω→ , where *ω  is the unknown 

rotor speed that maximizes the aerodynamic rotor power, 
( )aeroP t , for a particular wind speed, ( )v t , and blade pitch 

angle, β . As stated in Remark 1.1, ( )aeroP t  is 
unmeasurable, therefore the estimated captured power, 
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( )aeroP̂ t , is used as the cost function to be optimized. The 
optimum seeking algorithm selected is the Successive 
Quadratic Estimator (SQE). The advantage of using this 
algorithm over conventional methods, such as the Golden 
Section Search and Simplex, is that no initial cost function 
values or bounds on the functional values are required. The 
estimator approximates the unimodal cost function, 

( )( )aero
ˆ ˆP tω , as a quadratic function over a local bound and 

successively uses this property to predict the location of *ω , 
the optimum rotor speed [27]. 

To ensure that ( ) ( ),d dt tω ω�  and ( )d tω��  are bounded, a 
filter based form of the SQE is used, wherein at each 
iteration (new guess), [ ]d nω  is passed through a set of third 
order stable and proper low pass filters to generate 
continuous bounded signals for ( ) ( ),d dt tω ω�  and ( )d tω�� . 
The following filters are used in this study: 

  ( ) [ ]1
3 2

2 3 4
d dt n

s s s
ζ

ω ω
ζ ζ ζ

=
+ + +

 (62) 

 ( ) [ ]1
3 2

2 3 4
d d

s
t n

s s s
ζ

ω ω
ζ ζ ζ

=
+ + +

�  (63) 

 ( ) [ ]
2

1
3 2

2 3 4
d d

s
t n

s s s
ζ

ω ω
ζ ζ ζ

=
+ + +

��  (64) 

where 1 2 3 4, , ,ζ ζ ζ ζ +∈\  are filter constants. The 
optimization algorithm waits until certain error thresholds are 
met before making the next guess (i.e., 
if ( ) [ ] 1d dt n eω ω− ≤ , ( ) 2f e⋅ ≤�  and ( ) ( ) 3dt t eω ω− ≤  

then 1n n= +  where 1 2 3, ,e e e +∈\  are threshold constants 
and n +∈] ). 

VI. SIMULATION RESULTS  
A numerical case study is presented in this section to 

demonstrate the performance of the control strategy 
introduced in Section 3 and the numerical-based optimum 
seeking reference trajectory generator in Section 5 using 
MATLAB/Simulink. The plant model in (5) was assumed to 
correspond to a small wind turbine, possessing the following 
system nonlinearity 

 ( ) ( ) 31
2

p
a

C
f A v

λ
ρ

ω
⋅ = −  (65) 

For simulation purposes, a 350W EXTRACTOR wind 
turbine and a ½ hp two-pole induction generator were 
selected. The simulation parameters are listed in Appendix 
V. The resulting rotor speed tracking error ( )e t  and flux 

tracking errors ( )
1s

tη , ( )
2s tη , ( )

1r
tη  and ( )

2r
tη  are shown 

in Figs. 2, 3, 4, 5 and 6, respectively. From these figures, it 
can be seen that globally uniformly bounded tracking errors 
have been achieved under the proposed control strategy. The 
voltage control inputs ( )

1r
V t  and ( )

2r
V t  are shown in Figs. 7 

and 8, respectively. The power coefficient function, ( ) ,pC λ  
for the wind turbine, illustrated in Fig. 9a, is an example 
curve obtained using blade-element momentum theory [28]. 
It may be observed that max 0.4405pC =  occurs when 

* 3.5λ =  which corresponds to * 5.296ω = . The actual 
power efficiency measure, ( )pC t , shown in Fig. 9b, shows 
that ( ) 0.4401pC t →  as ( ) 5.3569tω →  illustrated in Fig. 
10. Additionally, the copper loss, ( ) ,lossP t  desired stator 

flux, ( )
1

d
s tΨ  and estimator error ( )f t�  are shown in Figs. 

11, 12 and 13, respectively. Overall, the simulation results 
demonstrate that the proposed control strategy performed 
satisfactorily and shows a robust response to structural 
uncertainties. 

VII. CONCLUSION 
    A nonlinear control strategy has been developed for a 

variable speed wind turbine system to optimize the energy 
captured by the wind turbine for a particular blade pitch 
angle. A desired rotor speed trajectory generator is presented 
that seeks the unknown optimal rotor speed while ensuring 
the trajectory remains bounded and sufficiently 
differentiable. To track the desired trajectory, a robust 
tracking controller is developed. The proposed controller is 
proven to yield a globally uniformly ultimately bounded 
results while keeping the closed-loop system stable via 
Lyapunov-based analysis. Simulation results were provided 
to verify the effectiveness of the control strategy. Future 
research will involve the implementation of the control 
strategy on the EXTRACTOR wind turbine and eliminating 
the assumption of constant or slowly time varying wind 
speed. 

APPENDIX I—GENERATING ( )
1

d
s tΨ ONLINE 

( )
1

d
s tΨ  is designed to be a strictly positive function that 

ensures ( ) ( ) ( )
1 1 1

, ,d d d
s s st t tΨ Ψ Ψ� ��  are bounded and an 

optimum reduction in copper loss. The copper loss denoted 
by ( )lossP t , is defined as 

 T T
loss in out

loss r r s s L

P Power Power

P I V I I Rτω

= −

= + −
. (66) 

Substituting (16), (17), (19) and (20) into (66) results in 

 

( ) (
)

( ) ( )

T
1 2 1

2

T
1 2 1 2 .

loss r s r r r

r s r s p r

L s r s r

P R

R J n J

R

κ κ κ

κ ω ω τω

κ κ κ κ

= Ψ − Ψ Ψ + Ψ

− Ψ + Ψ − Ψ +

− Ψ − Ψ Ψ − Ψ

�

 (67) 
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At steady state, the system is tracking where all time 
derivatives equal zero and d

r rΨ → Ψ , d
s sΨ → Ψ , dτ τ→ , 

dω ω→  results in the following 

 

( ) (
)

( ) ( )

T

1 2 1

2

T

1 2 1 2

d d d
loss r s r r

d d
r s p d r d d

d d d d
L s r s r

P R

R n J

R

κ κ κ

κ ω τ ω

κ κ κ κ

= Ψ − Ψ Ψ −

− Ψ − Ψ +

− Ψ − Ψ Ψ − Ψ

 (68) 

 
2

1

ˆ
ˆ d s

d s r d
s

f
fτ

α
= − Ψ =

Ψ
 (69) 

 21 1

1

21

2

ˆ
d d o s

r s s d
s

R fκκ
ω

κ α
Ψ = Ψ =

Ψ
 (70) 

After substituting (69) and (70) into (68), lossP  can be 

expressed as a function of 1

d
sΨ

 as 

 

( )

( )

1

1

4 22 21
2 12

2

2 2 2 2 2 2
1 2 2

2 2 2 2

2

2

ˆ ˆ ˆ 1

ˆ
ˆ

dr
loss r r s

r s o s L s

d
s

p d s
s d

R
P R R

R f R f R f

n f
f

κ
κ κ

κ

κ κ κ
α α α

κ ω
ω

α

⎡ ⎤
= + − Ψ⎢ ⎥

⎣ ⎦
⎡ ⎤

+ + −⎢ ⎥
⎢ ⎥ Ψ⎣ ⎦

− −

 (71) 

The expression in (71) is then used as cost function in a 
filter-based SQE numerical minimization algorithm, similar 
to Section V, with 

1

d
sΨ  as the functional value. This ensures 

an optimum reduction in copper losses and that 
( ) ( ) ( )

1 1 1
, ,d d d

s s st t t ∞Ψ Ψ Ψ ∈� �� L . 

APPENDIX II—DEFINITIONS OF  iΩ AND jΘ   

The terms iΩ  and jΘ  where 1, ,13i = "  and 
1, ,13j = " , introduced in (34) and(35), are given by 

( )

( )

1

1

1

11
1

2 2

11
2 2

2 2

3 1 1

4
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ˆ

o s

o

o s
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o

o s r

s
p s

o m

R
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R

R
R

R R
f

n
R M

κ κκ
κ κ

κ κκ
κ

κ κ
κ κ κ

α
ω ω

κ

−
Θ = −

−
Θ = +

Θ = − +

Θ = − +

   

  

1
2

1 11

1
2

1 1 1 1

2

1
2

1 11 1

5
22

2

2 2 2
2

2

2 2 4
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2ˆ ˆ

ˆ

22

d
s s s

d dd
o m s m so s

d
m d ss m d
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o m

d ds
d dd
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ef f K
R M MR

Mf M
M R R R
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R M

K K K
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ρρ
ω

κ εκ

ωωρ
ε κ κ κ

α ρ
κ ε

ρρ ωε ρ ρω
ε ε ε

∂⎡
⎡ Ψ ⎢ ∂⎢Θ = + −⎢

Ψ Ψ⎢ Ψ ⎢⎣
⎣

⎤ Ψ
+ − + −⎥

Ψ Ψ Ψ Ψ⎥⎦
⎤Ψ ⎡ ⎤

+ + ⎥⎢ ⎥
⎣ ⎦⎥⎦

∂
Ψ + ∂+ − +

Ψ ΨΨ Ψ

Θ =

�

� ����

��
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1 1
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1 1 1
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7 2
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8 2 1 2

2 2

2

9
2

2
1

10
2 2
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o o s r
o m

d d d
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o s sr r
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ω ω

κ ε ε

α κ
κ κ κ κ
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ρρα ρω
κ ε ε

κ κ ωα
κ κ
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⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂Θ = +⎢ ⎥

Ψ Ψ⎢ ⎥
⎣ ⎦

⎡ ⎤Ψ⎢ ⎥Θ = + + − +
⎢ ⎥
⎣ ⎦

∂⎡ ⎤
⎢ ⎥∂Θ = − +⎢ ⎥

Ψ Ψ Ψ⎢ ⎥
⎣ ⎦

⎡ ⎤−Ψ Ψ
⎢Θ = +
⎢⎣

( )

1

1 1 1

2

1 1

2

11
2

2

12
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2
1

13 1 1
1

2d
r
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where 
1 2
,r rκ κ +∈\ are control gains, 1 2,ε ε +∈\  are small 

constants and ( ) ( )1 2,ρ ρ +∈i i \  are known functions 
designed in Appendix III. 

APPENDIX III—DESIGN OF  ( ) ,ρ i ( )1ρ i AND ( )2ρ i   

  The functions ( ) ,ρ i ( )1ρ i  and ( )2ρ i  are designed to 
ensure that the conditions in Remarks 2.1 and 3.5 are met 
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APPENDIX IV—PROOF OF LEMMA  

The equation (50) can be substituted into (53) and then 
integrated in time to obtain   

 

( ) ( ) ( ) ( )( )( )
( ) ( )

( ) ( )( )

0 0

0

0

0

0

sgn

sgn .

t t

t t

t

t

t

t

L d k f d

f d

d

ν ν ω ν ν ρ ω ν ν

ω ν ν τ

ρ ω ν ω τν

= −

⎡ ⎤+⎢ ⎥⎣ ⎦

−

∫ ∫

∫

∫

�� �

� ��

�� �

 (75) 

The bracketed term in (75) may be integrated by parts to 
obtain the following expression 
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An upper bound on the right hand side of (76) can be 
written as 
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From (77), it is clear that if ( )
( )

0

f
f

k
ρ

⋅
⋅ +>

��
� , then the 

Lemma holds. 

APPENDIX V—SIMULATION PARAMETERS 
Table I lists the parameter values used in the numerical 

simulation of Section VI. 

TABLE I.  SIMULATION PARAMETERS AND VALUES 

Parameters Value Units 
K  50 - 

fk  10 - 

sL  0.078 H 

M  0.571 H 

mM  2.4 kg.m2 

pn  1 - 

R  1.52 m 

LR  1 Ω 
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rR  7.25 Ω 

sR  5.55 Ω 
v  2.3 m/s2 

β  2.4 deg 

∆  10 - 
ε  100 - 

1ε  1 - 

2ε  1 - 

1r
κ  1 - 

2r
κ  1 - 

1s
κ  50 - 

2sκ  50 - 

aρ  1.2 kg/m3 

σ  0.25 - 
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Figure 2.  Rotor speed tracking error ( )e t  
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Figure 3.  Stator flux tracking error ( )

1s
tη  

 
Figure 4.  Stator flux tracking error ( )

2s tη  

 
Figure 5.  Rotor flux tracking error ( )

1r
tη  

 
Figure 6.  Rotor flux tracking error ( )

2r
tη  

 
Figure 7.  Voltage control input ( )

1r
V t  

 
Figure 8.  Voltage control input ( )

2r
V t  
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Figure 9.   (a) Power efficiency curve or the simulated wind turbine, and 
(b) Rotor power coefficient ( )pC t  resulting from optimization algorithm 

 
Figure 10.  Rotor Speed ( )tω  

 
Figure 11.  Copper losses ( )lossP t  

 
Figure 12.  Desired Stator flux ( )
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d
s tΨ  

 
Figure 13.  Nonlinearity observation error ( )f t�  


