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This technical report explains the derivation of regression matrices (W(t), I(t), @1,
and ©2) for position SFM, position based pixel equations, moving camera with

known camera calibration matrix. The development is
done using MAPLE ver. 11.0.

[> restart;
E> with(linalg) :
> xc = matrix(3, 1, [xcl, xc2, xc3]);
xcl
xc:=| xc2 (1)

xc3

:xc is the known translation vector from the camera frame to the mechanical system frame,
expressed in mechanical system frame.
S xfl = matrix(3, 1, [xf11, xf12, xf13]):
xfll1
xfl = | xfiI2 (2)
xfl3

' xf1 is the unknown constant Euclidean coordinates of 1st feature point relative to the base frame.

:> xb = matrix(3, 1, [xbl, xb2, xb3]);
xbl

xb:=| xb2 (3)
xb3

7xb(t) is measurable translation vector from the mechanical system frame to the base frame
relative to the base frame.

:> Rb := matrix(3, 3, [rbll, rbl2, rbl3, rb21, ¥rb22, rb23, rb31, rb32, rb33]),
rbll rbl2 rbl3

Rb = rb21 rb22 rb23 (4)
rb31 rb32 rb33

7Rb(t) is measurable rotation matrix from the mechanical system frame to the base frame relative
to the base frame.




V In this section derivations of IT and ®1 are presented: Regression matrix for 'Zi=
I1e'
18 = (Rc3) T [RbAT (Xfi - Xb) - Xc]

> re3ti= matrix(1, 3, [rcl3, rc23, rc33]);
re3t .= [ rcl3 rc23 rc33 ] (1.1)

' rc3t is the last row of the transpose of the known rotation matrix from the camera frame to

the mechanical system
frame relative to the mechanical system frame.

E> templ = evalm(transpose(Rb)& - (xfl-xb) -xc) :
[> zl = simplify(evalm(rc3t&-templ) ) :
> II:= matrix( 1,4, [ (rcl3rbll +rc23rbl2 +rc33rbl3), (rcl3rb21 +rc23 rb22

+re33rb23), (rel3rb31 + rc23rb32 + re33rb33), ( —rel3rb11 xb1 -rcl3 rb21 xb2
-rcl3rb31 xb3 —rci3xcl —rc23rbi2 xbl -rc23 rb22 xb2-rc23 rb32 xb3 -rc23 xc2
-rc33rb13 xbl -rc33rb23 xb2-rc33 rb33 xb3 — rc33xc3) ]);

I1:=[rci3rbll +rc23rbl2 4+ rc33rbl3, rcl3 rb21 + rc23 rb22 + rc33 rb23, rcl13 rb31 (1.2)

4+ rc23rb32 +rc33rb33, -rcl3rbll xbl — rcl3rb21 xb2 —rcl3rb31 xb3 — rcl3 xcl
—rc23rbl2xbl — rc23 rb22 xb2 — rc23 rb32 xb3 — rc23 xc2 — rc33 rb13 xbl
—rc33rb23 xb2 — rc33 rb33 xb3 — rc33 xc3]

ITis found out to be a 1-by-4 matrix after collecting all the known parameters.

> 01 = matrix(4, 1, [xf11, xf12, xf13, 11):

| xf11 |

xf12

xf13
I

0l : (1.3)

01 is a vector of 4 elements found out after collecting all the unknown constant parameters
from (1.2).

[> tl = simplify( evalm(11&-61) ) :
> temp?2 = simplify(expand(evalm(zI-t1)));
temp2::[0] (1.4)

:A simple check is performed to verify the regression matrices found in (1.3) and (1.4) are
correct.
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V In this section derivations of W and ©2 are presented:Regression matrix for

WO = A1(Re) T [RbAT (Xfi - Xb) - Xc]

> Al == matrix(2, 3, [al, a2, a3, 0, a4, a5]);

al a2 a3
0 a4 as5

Al =

A1l is a known constant camera's intrinsic calibration matrix.

7> Rc :==matrix(3, 3, [rcll, rcl2, rcl3, rc21, rc22, rc23, rc31, rc32, rc33]);

rcll rcl2 rcl3
Rc:=| rc2l rc22 rc23
rc31 rc32 rc33

& (xfl-xb)-xc))))) :

wl = collect(Wtheta2[ 1, 1], [xfl1, xfI12, xf13]) :
w2 = collect(Wtheta2[2, 1], [xfl1, xfl12, xfl13]) :
W= matrix(2,4, [ (a3 rcI3rbl]l + a3 rc23rbiI2 + a2 rc32rbI3 + a2 rcl2rbll
‘a3 rc33rbl3 +al rc31rvbl3 +al rc2l1vbiI2 +al rcllvbll + a2 rc22rbi2) ,

(al re31rb23 +al rc21vb22 4+ a2 rc22rvb22 + a3 rc23rb22 + a2 rcl2 rb21
+a3 rcl3rb21 4+ a2 rc32 rb23 + a3 rc33rb23 +al rcll rb21), (a3 rc23 rb32
+a3 rci3rb31 + a3 rc33rb33 + al rc31rb33 +al rc21rb32 + al rcll rb31

(2.1)

(2.2)

'Rc is known constant rotation matrix from camera frame to the mechanical system frame
relative to the mechanical system frame.

> Wtheta2 := simplify(combine(expand(evalm(Al& transpose(Rc)&-evalm(transpose(Rb)

+a2 rc32rb33 + a2 rc22rb32 + a2 rc12rb3l),-al rcll rb21 xb2 — al rcll rb31 xb3

—a2rcl2rbll xbl —a2 rcl2rb21 xb2 — a2 rcl2rb31 xb3 —a3 rcl3rbll xbl
—a3 rcl3rb21 xb2 —a3 rcl3rb31 xb3 —al rc2l rbi2 xbl —al rc2l rb22 xb2
—al rc21 rb32 xb3 — a2 rc22rbi12 xbl — a2 rc22 rb22 xb2 — a2 rc22 rb32 xb3
—a3 rc23rbl2 xbl — a3 rc23rb22 xb2 — a3 rc23rb32 xb3 — al rc31rb13 xbl
—al re31rb23 xb2 —al rc31rb33 xb3 — a2 re32rb13 xbl — a2 rc32 rb23 xb2
—a2 rc32rb33 xb3 —a3 rc33rbl3 xbl — a3 rc33 rb23 xb2 — a3 rc33 rb33 xb3

—al rc2l xc2 —al rcll xcl —a2 rci2xcl —a3 rcl3 xcl —a2 rc22 xc2 — a3 rc23 xc2

—al rc31xc3 —a2 rc32xc3 —a3 re33xce3 —al rell vbll xbl, (a5 rc33rbl3

+a5rcl3rbll + a4 rc22rb12 + a5 rc23rb12 + a4 rc32rb13 + a4 rcl2 rbll) ,

(a4 rcl2rb21 4 a4 rc32rb23 + a5 re33rb23 + a5 rcl3rb21 + a5 rc23 rb22

+ a4 rc22rb22), (a5 rc23rb32 + a4 rc22rb32 4+ a5 rc33 rb33 + a4 rc12 rb31
+a5rcl3rb3l + a4 rc32rb33), —ad rcl2xcl —a5 rcl3xcl — a5 rc23 xc2
—ad rc32xc3 — a5 re33 xc3 — a4 rc22 rb22 xb2 — a4 rc22 rb32 xb3

—ad rc23rbl2xbl — a5 rc23 rb22 xb2 — a5 rc23 rb32 xb3 — a4 rc32 rbi13 xbl
—ad rc32rb23 xb2 — a4 rc32 rb33 xb3 — a5 rc33 rb13 xbl — a5 rc33 rb23 xb2
—ad rc33rb33 xb3 — a4 rc22 xc2 — a5 rcl3rbll xbl — a4 rc12 rb31 xb3

—ad rcl2rb21 xb2 — a5 rcl3rb21 xb2 — a5 rc13 rb31 xb3 — a4 rc22 rbi12 xbl
—a4 rcl2rbll xbl]);

W:=1[lal rc21rbil2 +al rc31rbl3 +al rcllrbll + a2 rc32rbl3 + a2 rc22rbi2

(2.3)



+a2rcl2rbll + a3 rc23rbl2 + a3 rcl3rbll + a3 rc33rbl3, a3 rc23 rb22
‘a3 rci3rb21 + a2 rc32rb23 + a3 re33rb23 +al rcll rb21 + a2 rcl2rb21
+al rc21 rb22 + al rc31rb23 + a2 rc22 rb22, a2 rc32rb33 + a3 rcl3 rb31
+al rcllrb31 + a2 rc22rb32 + a3 rc23rb32 + al rc31rb33 + a2 rcl2rb31
+ a3 re33rb33 +al rc2lrb32, -al rc31 rb23 xb2 —al rc31 rb33 xb3
—a2rc32rbl3 xbl —a2 rc32rb23 xb2 — a3 re33 xc3 — a3 rc23 xc2 — a2 rc22 xc2
—al rc2l xc2 —a3 rcl3xcl —a2rcl2xcl —al rcll xcl — a3 rc33rb23 xb2
—a3 rc33rb33xb3 —al rc31 xc3 — a2 rc32rb33 xb3 — a3 re33rb13 xbl
—a2rc32xc3 —al rcllrbll xbl —al rc21rbl2 xbl — al rc21 rb22 xb2
—a3 rcl3rb21 xb2 —a3 rcl3rb31 xb3 — a3 rc23rbl2 xbl — a3 rc23 rb22 xb2
—a3 rc23rb32xb3 —al rc31rbl3 xbl — al rc21rb32 xb3 — a2 rc22rbl2 xbl
—a2 rc22rb22 xb2 — a2 rc22 rb32 xb3 — al rcll rb21 xb2 — al rcll rb31 xb3
—a2rcl2rbll xbl —a2 rci2rb21 xb2 — a2 rcl2rb31 xb3 — a3 rci3rbll xbl |,
[ad rc22rbI2 + a5 rc23rbl2 + a4 rcl2 bl + a5 rcl3rbll + a5 rc33rbl3

+ a4 rc32rbl3, a5 rcl3 rb21 + a4 re32 rb23 + a4 rc22 rb22 + a5 rc23 rb22

+ a5 re33rb23 +a4 rcl2rb21, a5 re33rb33 +as5 rcl3rb31 + a4 re32 rb33

+ a4 rc22rb32 + a5 rc23rb32 + a4 rc12rb31, -a5 rcl3 xcl — a4 rcl2 xcl
—ad re33xc3 — a4 rc32xc3 — a5 rc23 xc2 — a4 rc22 xc2 — a5 rc33 rb23 xb2
—ad rcl3rb31xb3 — a5 rc33 rb33 xb3 — a5 rc33rbl3 xbl — a4 rc32 rb23 xb2
—a4 rc22rb32 xb3 — a4 rc32rb33 xb3 — a4 rc32rbi13 xbl — a4 rcl2rbll xbl
—a4 rcl12rb21 xb2 — a5 rc23 rb32 xb3 — a4 rcl12 rb31 xb3 — a5 rcl3 rbll xbl
—aS rcl3rb21 xb2 — a4 rc22rb12 xbl — a4 rc22 rb22 xb2 — a5 rc23 rb22 xb2
—aSrc23rbl2 xbl]]

"W is found out to be a 2-by-4 matrix after collecting all the known parameters.

> 02 = matrix(4, 1, [xf11, xf12, xf13, 11):

xfl1
xfl2
02 .= 4 (2.4)
xf13

1

02 is a vector of 4 elements found out after collecting all the unknown parameters.

[> 12 := simplify( evalm( W&-62) ) :
> temp3 = simplify(expand(evalm(Wtheta2 —t2)));

0

temp3 = (2.5)

A simple check is performed to verify the regression matrices found in (2.3) and (2.4) are
correct.

| It should be noted from (1.4) and (2.4) that 01 and 02 are same.





