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New Dynamic Models for Planar Extensible Continuum Robot Manipulators

Enver Tatlicioglu*, Ian D. Walker, and Darren M. Dawson

Abstract: In this paper, the dynamic model for planar
continuum manipulators that was presented in our previous
work is extended to include new terms reflecting the effects
of potential energy. First the gravitational potential energy
of the manipulator is derived. Then, the elastic potential
energy of the manipulator is derived for both bending and
extension. Finally, the effects of the total potential energy are
included in the dynamic model. Numerical simulation results
are presented for a planar 3-section extensible continuum
robot manipulator. The results show a much stronger match
to physical continuum robots than with previously available
models.

I. INTRODUCTION

The desire to enhance the performance and effective-
ness of robot manipulators resulted in increasing interest
in continuum robots [1]. To our best knowledge, the first
design of continuum robots was introduced in the 1960’s
[2]. Numerous designs and prototypes of continuum robots
were presented in [3], [4], [5], [6], and [7]. In the last two
decades, there has been an increasing interest in designing
and constructing ‘biologically inspired’ continuum robots.
Most of these designs are inspired from trunks [8], [9],
tentacles [10], [11], [12] and snakes [5]. Due to a wide
variety of commercial applications, some implementations
have appeared commercially (i.e., [13] and [14]).

The OCTARM (OCTopuUS ARM) in the Mechatronics
Laboratory at Clemson University, which is a biologically
inspired soft robot manipulator, resembles an elephant trunk
or an octopus arm [15]. It is a three-section robot with
nine degrees of freedom where each section has capability
of extension along with two axis bending with constant
curvature. Its design makes OCTARM suitable for a wide
variety of applications ranging from whole arm grasping
of various shapes of payloads to navigation of unstructured
environments [10]. In [16], Walker er al. discussed the
workspace of OCTARM for planar case and showed that it
provides an increased workspace compared to its inextensible
counterparts. In [17], Jones and Walker presented a kinematic
model for a general class of continuum robots which has
been applied to OCTARM. In a recent work, Jones and
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Walker [18] discussed the limiting-case analysis for a general
class of continuum manipulators. However, kinematic control
of continuum robot hardware remains the state of the art due
to the current lack of appropriate dynamic models.

There has been some previous research in dynamic mod-
eling of biologically inspired robot manipulators [19], [20],
[21], [22], [23], [24], [25], and [26]. In [19], [20], the authors
presented dynamic models for snake-like robots where serial
rigid-link systems are considered. In [21], Yekutieli er al.
presented a 2-D dynamic model for an extensible octopus
arm based on an approximation to the true continuum case.
In [22], Chirikjian proposed a dynamic model for hyper-
redundant robot manipulators based on an approximation to
an infinite-degree-of-freedom continuum model. The papers
presented by Ivanescu [23] and Mochiyama [24], [25], [26]
considered dynamic modeling of continuum robot manipula-
tors. The proposed dynamic model in [24] was for inexten-
sible robot manipulators and did not include elastic potential
energy terms due to bending effects. In the literature, the
closest work to that in this paper was presented in [23].
Ivanescu er al considered both gravitational and elastic
potential energy effects when deriving their model. However,
the elastic potential energy due to bending was calculated
as a summation of all the elements of the manipulator and
while deriving the elastic potential energy due to bending
and extension the spring constants were considered to be
the same along the backbone curve of the manipulator. This
approach results in an approximation of the elastic potential
energy and does not reflect the characteristics of different
sections of the physical manipulators.

In this paper, the dynamic model for planar continuum
manipulators that was presented in our previous work [27] is
extended to include new terms due to the effects of the poten-
tial energy. The dynamic model in [27] was derived based on
the assumption that the manipulator had no potential energy.
While that approach is a reasonable assumption when starting
the derivation of a novel dynamic model, the next required
step is to include the effects of applicable potential energy.
In order to do this, first, based on the definition presented in
[24], the gravitational potential energy of one backbone slice
is derived. After integrating the gravitational potential energy
of one slice along the backbone curve the total gravitational
potential energy of the robot manipulator is calculated. Then,
the elastic potential energy of the manipulator is considered.
First, the elastic potential energy due to the effects of bending
is derived for one slice of the manipulator. After integrating
the elastic potential energy of one slice along the backbone
curve the total elastic potential energy due to bending is
calculated. Next, elastic potential energy reflecting the ex-



tensibility of our model is considered. The elastic potential
energy caused by extension is calculated by modeling each
section of the manipulator as a spring. The total elastic
potential energy of the manipulator due to extension effects
is found by adding the corresponding energy terms of each
section. While deriving the elastic potential energy, separate
spring constants are assigned for each section of the robot
manipulator to reflect the different characteristics of different
sections of the physical manipulator. This approach provides
an improvement over a similar definition introduced in [23]
where the spring constant was assumed to be the same
along the backbone curve. Finally, by utilizing Lagrangian
representation the effects of the potential energy are reflected
to the dynamic model that was presented in [27]. Numeri-
cal simulation results are presented for a planar 3-section
extensible continuum robot manipulator.

II. SYSTEM MODEL

In this section, system model and properties are presented.
For a more detailed analysis of the system model, the reader
is referred to [27] or [28]. The geometric model of a 3-
section extensible continuum robot manipulator utilized in
this paper is presented in Figure 2. This geometric model is
a good approximation of the OCTARM which is shown in
Figure 1.

Similar to [27], the following convention, which is adopted
from [24], will be adhered throughout the following devel-
opment. The orientation matrix of the base frame and the
position vector of the origin are represented by °® (0) €
SO (3) and %p (0) € R3 respectively. The position vectors
of the point o relative to the origin as viewed from the base
frame and $® (&, ¢) are denoted by “p (o,t) and ¢p (o,t) €
R3, respectively. The curvature at the point o is represented
by x (o,t) € R and section lengths of the robot manipulator
are denoted as d; (t) € Ry, i = 1,2,3. The total length of
the robot manipulator, denoted as d () € R, is equal to the
following

d(t) £ dy (t) +da () +ds (t) . (1)

The system model is assumed to satisfy the following prop-
erties.

Property 1: The curvature x at each point o of the ma-
nipulator is a function of both time and o. In the following
analysis, consistent with the OCTARM, it is assumed that
the curvature of a section is only function of time (i.e.,
k(o,t) = k; (t) if o is a point on Section i, i = 1,2, 3).
In the subsequent analysis, it is assumed that the curvature
is always non-zero (i.e., x(o,t) # 0 V(o,t)). The reader
is referred to [18] for a detailed limiting-case analysis for a
general class of continuum robot manipulators.

Property 2: In Figure 2, p(£,t) € R? is the position
vector of point ¢ of the backbone curve and p. (§,t) € R3
is the position vector of the center of mass of the slice at
&. In the analysis, again consistent with the OCTARM, it is
assumed that p(£,¢) and p. (§,t) coincide (i.e., Ap(§) =
[0 0 0]

Property 3: The robot manipulator is assumed to have
uniform mass density. The line mass density of the slice,
denoted as m (o,t) € R, is defined as follows

m(o,t)zm (2)

where m € R is the total mass of the manipulator.
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Fig. 2. Geometry of a 3-Section Extensible Robot Manipulator

The orientation matrix of the extended Frenet frame at o
with respect to the base frame, denoted as 0p (0,t), is given



as follows [17]

cos (ok (0,t)) 0 —sin(ok (0,t))

9 (0,t) = 0 1 0
sin (ok (0,t)) 0 cos(ok(o,t))
3)

The position vector of any point o from the origin with
respect to the base frame, denoted as p (o, ), is evaluated
as follows

% (o,t) = / " og (n,t) exdn 4
0

where e, £ [ 1 0 O }T.

III. POTENTIAL ENERGY

In this section, three different energy definitions will be
introduced for our model. First, gravitational potential energy
will be defined and then the elastic potential energy due to
both bending and extension will be presented.

A. Gravitational Potential Energy

The gravitational potential energy of a slice at o is given
as follows [24]

Pg (07 t) £ -m (Uv t) UgT (07 t)p (07 t) (5)

where 7 g7 (o,t) € R? is defined as follows
o g T
g" (o,t) £ 7@7(0,)[ 0 0 —g ] ©)

where g € R is the gravity acceleration constant. After
utilizing (2), (4), (6) gravitational potential energy can be
calculated as follows

Py (o) = (t)mg [cos (o (0, 1)) — cos (20K (0, 1))] .

k(o,t)
@)
Total gravitational potential energy of the system can be
found as a sum of the gravitational energies for every slice

P, (1) £ / P, (0,1)do ®)
0

where P, (o,t) is the gravitational potential energy of the
slice at o defined in (5) and (7). It should be noted that,
the upper limit of the integral in (8) is the total length of
the manipulator, which is a function of time as a result of
the extensible nature of our geometric model, while the total
length of the manipulator in [24] was constant. To facilitate
the subsequent development, the total gravitational potential
energy of the system will be rewritten as follows'

d1 dl +d2

P(t) = / Py (0,1)do +

0 d1
di1+da+d3

+ / Py (o,t)do 9)

di+da

Py (o,t)do

For simplicity, the time dependency of the section lengths in (9) is
dropped.

where P,; (0,t) is the gravitational potential energy of slice
o when o is a point on Section ¢, ¢ = 1, 2, 3 which is defined
as follows

mg

P, (o,t) = [cos (ok;) — cos (20k;)] . (10)
K
From (9) P, (¢) can be calculated as follows
mg [ 1 [, 1.
P, = - {H—% [sm(dlm) — 5 sin (2d1m1)} (11)

1 1
+F |:Sin ((d1 + dz) Kg) ) sin (2 (d1 + d2) Kg)
2
1
—sin (dllﬁz) + 5 sin (2d1f€2)]
1
+F [Sin ((d1 +d2 + d3) K3)
3

1
3 sin (2 (dl +do + dg) I€3)

—sin ((d1 + d2) k3) + % sin (2 (d1 + d2) I€3):| }

where (10) was utilized.

B. Elastic Potential Energy

In this section, potential energy due to extension and
bending is discussed.

1) Elastic Potential Energy due to Bending: The elastic
potential energy of the manipulator due to bending is given
as follows

d(t)
1
Py (t) = 5 / ky (0) 5% (0,t) do. (12)
0
In (12), B (o,t) is defined as follows
1
Blot) 2 m—ga(o,t) (13)
where « (o, t) is defined as follows
a(o,t) 2 ok (o,t) (14)
and ky, (o) is the spring constant defined as follows
ky (o) £ ky; if o is a point on Section i, i=1,2,3.  (15)

This definition of the spring constants allows us to define
different spring constants for each section. This definition
of the elastic potential energy due to bending provides an
improvement over a similar definition introduced in [23]. In
[23], the potential energy is in the form of a summation as
opposed to the integral form presented in this paper, and
also the spring constant utilized in that derivation is constant
for the manipulator. The total elastic potential energy due to
bending can be written as follows

] dy 1 di+da
Py (t) = 51%1/5% (0,8) do + Sk / B3 (0,t) do
0 dy
1 di1+da+d3
+§kb3 65 (0,t) do (16)

di+da



where (15) was utilized, and from (13) and (14), 3, (0,t),
i =1,2,3 can be defined as follows
1

B;(o,t) 21— S0 (17)

The total elastic potential energy due to bending evaluated
in closed-form is presented as follows

1
Pb = Ekbl |:7T2d1 7leli1 —|— d3 :|

1 ) 1 9
—|—§ka ™ (dl + dg) — 57‘( (dl + dg) Ko

1
E?T (dl +d2) :|

— {wzdl — %Wd%lig + Fdllig]}
+%kb3 {[7* (dy + d2 + ds)

—%W (di + do + d3)° k3

+11—27T (di +da + d3)3 H%}

_ [WZ (dy + do) — %71' (dy + do)? kg

11—27r(d1+d2) ”

2) Elastic Potential Energy due to Extension: The elastic
potential energy of the manipulator due to extension is given
as follows

(18)

1 " 1 «
P, £ 57%1 [dy (t) — d;]* + 5’%2 [da (t) — d3)?

1
ke ds (1) — d

19)
where d; is the constant relaxed length of the i section and
ke; are spring constants for each section of the manipulator.
This definition of the spring constants provides an improve-
ment on the model in [23] which utilized the same spring
constant for that definition.

IV. LAGRANGIAN REPRESENTATION

Since the derivation in [27] was based on the assumption
that the system had no potential energy, the Lagrangian was
defined as

L(t)=K (1) (20)

where K (t) represents the total kinetic energy of the system.
Based on the following Euler-Lagrange equations of motion
[29]
d oL 0L
dt9¢;  0q;
the dynamic model of the system in [27] and [28] was
developed as

=71;,i=1,2,..,6. 21

M(q)G+V(g:q)¢=r7(t)

where M (q), V (g¢,4) € RS*C are inertia matrix and
centripetal-coriolis terms, respectively, 7(¢) € RS is the

(22)

control input, and ¢ (¢) € RS is the joint position vector
defined as follows

q £ [ dl dg dg K1 K2 K3 ]T (23)

Due to space constraints, the entries of the inertia ma-
trix M (¢) and the centripetal-coriolis terms V (g, q) were
presented in [28]. Since in this derivation we assume the
existance of potential energy, the Lagrangian of the new
system is defined as follows

L(t)2K(t)—P(t) (24)

where P (t) represents the total potential energy of the
system defined as follows

P(t) £ P, (t)+ P, (t) + P. (1)

where P, (t) is the gravitational potential energy, and P, (¢)
and P, (t) represent elastic potential energy due to extension
and bending, respectively. It is easy to see that the potential
energy terms Py (¢), P, (t) and P. (¢), defined in (11), (18),
(19) respectively, are functions of only joint position vector
q(t) (i.e., they are not functions of the joint velocities or
accelerations). The Lagrangian can be rewritten as follows

doK 0K doP 0P

o5 O dtos | og
where (24) was utilized. The first two terms on the left-hand-
side of (26) were calculated in [28]. Since the total potential
energy of the system is not a function of the joint velocities,
then it is clear that the third term on the left-hand-side of (26)
is equal to zero for Vi. The final term on the left-hand-side
of (26) can be written as follows

orP 0P, 0P, OPF.

— ==+ + s

0q; 0q; dq; dq;
In view of the above mentioned facts, the dynamic model of
the system is developed as follows

M(q)G+V(g,d)¢+G(g) +B(q)+E(q) =r7(t) 28)

where G (q), B(q), B(q) € R represent the effects of
P, (t), Py (t), and P, (t) respectively, which are defined as
follows

(25)

=7;,i=1,2,..,6. (26)

i=1,2,...6. (@27)

G=[G Gy Gs Gi G5 G5, (29
B=[Bi B By By Bs Bs| , (30
E=[E E, Es Ei Es E|" (1)

where the individual entries are defined as follows
G 2% p 2ok p Lok (32)

The terms G; (q), 6 are defined

in Appendix L.

Bi(q), Ei(q) Yi,i=1,..,

V. NUMERICAL RESULTS

To underline the validity of the proposed dynamic model,
two numerical simulations are performed. The model is
implemented in Matlab 7.0.



A. First Simulation Run

In the first simulation run, to illustrate the similarities to
the physical system, the system is fed with 74 (¢) being a
sinusoid with an amplitude of 10~* [Nm] and a period of
10 [sec] where the other entries of the control input 7 (¢) set
to zero. The spring constants are chosen as

ky; = 0.001, ko; = 10,Vi = 1,2, 3. (33)

The section lengths and the curvatures’ are presented in
Figures 3 and 4, respectively. While the changes in the
section lengths are negligible (i.e., less than Smm for each
section), the effects observed on the curvatures are decreasing
from k3, k2, K1 as expected from a real physical system.
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Fig. 3. The section lengths for the first simulation
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Fig. 4. The curvatures for the first simulation

2 As previously discussed in Property 1, manipulator curvatures are non-
zero. Based on this, the initial curvature values on both simulations are set
to be equal to 0.01 [1/m] to show the performance of the manipulator near
its limits.

B. Second Simulation Run

In the second simulation run, a straightforward control
scheme for robot manipulators, namely a computed-torque
controller is implemented. The tracking error signal e (t) €
RS is defined as follows

e2qi—q (34)

where g4 (t) € R is the desired joint positions. The dynamic
model presented in (28) is rewritten as follows

M (q) G+ N(q,q) =7 (t)

where N (g, ¢) € R represents the other dynamic effects on
the left-hand-side of (28). The control input 7 (¢) is designed
as follows [30]

(35)

T2 M (G4 + Kyé + Kpe) + N (36)

where K, K, € R%%6 are constant control gain matrices.
Since it is not in the scope of this paper, the stability analysis
for the suggested controller is omitted and the reader is
referred to Section 4.4 of [30] for a more detailed analysis.

To show the tracking performance of the proposed dy-
namic model ¢, (¢) is selected as follows

0.35 + 0.01 sin(27t)
0.35
0.40 + 0.01 sin(27t)

9= | 14 0.2sin(2nt) 37
2 + 0.2sin(27t)
3
The control gains are chosen as follows
K, =I5, K, = 1001 (38)

where Is € RS is the standard identity matrix. The spring
constants defined in (33) are utilized. In Figures 5 and
6, the section lengths and the curvatures’ are presented,
respectively. In Figures 7 and 8, the tracking error signals
for the section lengths and the curvatures are presented,
respectively. From Figures 7 and 8, it is clear that the
tracking error signals are driven to zero. The control inputs
are presented in Figures 9 and 10.

VI. CONCLUSIONS

The dynamic model for planar continuum robot manipula-
tors presented in [27] was extended to include new terms to
reflect the effects of gravitational and elastic potential energy.
In order to do this, first, the total gravitational potential
energy of the robot manipulator is calculated. Then, the
elastic potential energy terms due to bending and extension
effects were derived. Finally, the effects of the total potential
energy were reflected to the dynamic model in [27] by
utilizing the Lagrangian representation. It should be noted
that since the new terms introduced in the dynamic model
are functions of only the joint position vector then the
dynamic model satisfies the skew-symmetric property as
shown in [27]. Numerical simulation results are presented for
a planar 3-section extensible continuum robot manipulator.
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The results show good consistency with the behavior of
continuum robot hardware, and good potential for use in
controller implementation.
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APPENDIX |
THE ENTRIES OF G (q), B (q), AND E (q)

A. Gravitational Terms

The entries of G (q) are given as follows

a 1
£ % {5_1 [cos (d1k1) — cos (2d1K1)] (39)
—l—% [cos ((d1 + d2) ko) — cos (2 (d1 + d2) K2)
2

—cos (d1k2) + cos (2d1K2)]
1
+— [COS ((dl —+ d2 —+ dg) Iig)

K3
— COS (2 (dl + dz + dg) Iig)

—cos ((dy + da) k3) + cos (2 (dy + da) k3)]}
_% {%% [Sin (d1k1) — %Sin (2d1l€1):|

1 1
+F [Sin ((dr + dg) K2) — B sin (2 (dl + dz) K2)
2
1
—sin (dik2) + 3 sin (2d1/€2)}
1
+? [Sin ((dl + do + dg) I€3)
3

1
3 sin (2 (dl + do + d3) K3)

—sin ((dy + d2) k3) + % sin (2 (dy + da) Fég):| }



2mg

GG £ _ 3 [sin ((dl +d2 +d3) Iig)
drs
m, 1 1
Gg é 79 {H—2 [COS ((dl + dg) 52) (40) _5 sin (2 (dl + d2 + d3) '%3)
_ 1
Clos (2 (dl + d2) Hg) —sin ((dl + d2) Iig) + 5 sin (2 (dl + d2) Hg)
+— [COS((dl + do +d3) H3) mg
k3 +-= {(dl +d2+d3)[COS((d1+d2+d3) I€3)
—cos(2(dy 4+ do + ds) K3) drj
— cos ((dy + da) Ks) + cos (2 (di + da) Ks)]} —cos(2(dy +dz + ds) 13)]
mg (1. 1. — (di + d2) [cos ((d1 + d2) K3)
a2 {E [sm () = 5 sin (Qd”“)} —cos (2 (di +da) k3)]} (44)
1 1. 1. .
—I—K—% [sm ((dy + d2) k2) — 5 sin (2(dy 4+ d2) ko)  B. Bending Terms
1 The entries of B (g) are given as follows
—sin (dik2) + = sin (2d1m2)}
2 1 1 2
Bl = _kbl m™w— —dllil
1.
+F [81n((d1 +d2+d3) Hg) 2 2
3 2
1 1
—%sin(? (d1 +d2+d3)[{3) +§kb2 {(W— 5 (dl +d2) Iﬂ}g)
. 1 . 2
— Sin ((dl + d2) Hg) + 5 Sin (2 (dl + dg) Hg):| } _ (ﬂ' _ %dﬂig) }
1 1 ?
ma 1 +—/€b3{(ﬂ——(d1 +d2+d3)f€3)
Gs £ 79;3 [COS ((dl + da + d3) 53) “1 2 2
2
—cos (2 (d1 + da + d3) K3)) - (W - % (dy + da) ,€3) } (45)
m 1. 1.
_d_29 {H—% [sm (dik1) — 5 sin (2d151)}
17, 1. 1 1 2
g [ (o) z) — 5 5in (2.dh + ) ) By = ih (w L+ d) @)
1 2
—si Z si 1 1
sin (d1 ko) + 5 Sin (2d1f€2)} +§kb3 { <7r B (di +da + d3) 113)
1.
—I—F [81n((d1 —|—d2—|—d3) Hg) 1 2
13 — <7r -3 (dy + d2) 113) (46)
—5 sin (2 (dl + dg + dg) Iig)
: 1 1 1 2
— s ((dl + d2) "53) + 5 s (2 (dl + dQ) "53) B3 = 5]{353 <7T — 5 (dl + d2 + dg) Hg) (47)
1 1 1
By (t) = =k [——wd% + —mﬁm] (48)
2mg [ . 1.
G, =2 _W‘z’g |:Sln (dik1) — 3 sm(2d1/£1)] 2 2 6
mgd .
70 cos (durn) —sin2dm)] @D By(t) = Lo { Hﬂdl P 4 b s+ o)’ nz}
1
- [—%mﬁ + %ﬂ'd?/@z} } (49)
2 1
Gy 2 _% [Sin ((dy +da) r2) = 5 5in (2 (ds + d2) wz)
2
1 1 )
—sin (dik2) + %sin (2d1k2) Bs(t) = 51%3 { P?T (di + dz + ds) (50)

+% {(d1 + d2) [cos ((d1 + d2) K2)
k3

—cos (2 (dy + d2) k2)]

—d; [cos (d1k2) — cos (2d1k2)]} 43)

1
+57T (dy 4 do + d3)® Hs}

1 1
_ |:—§7T (dl “+ d2)2 —+ 67‘( (dl + dg)g Hg:| }



C. Extension Terms

The entries of E (q) are given as follows
By = key (dy (t) — dY)
Ey = kea (d2 (t) — d3)
Ej3 = kes (d3 (t) — d3)

Ey =0, Bs=0, Eg=0

(51
(52)
(53)
(54)



