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Abstract

In this paper, we consider a general class of MIMO non-
linear systems with unstructured uncertainty in both
the drift vector as the input matrix. With a positive
definite restriction on the input matrix that is required
for controllability, we are able to construct a contin-
uous state feedback control mechanism that achieves
semi-global ultimate bounded tracking. The Lyapunov
based stability result is facilitated through a decompo-
sition of the aforementioned input matrix into a sym-
metric positive definite matrix and a unity upper tri-
angular matrix. Furthermore, a modular feed-forward
compensation scheme is introduced in the form of neural
network or fuzzy logic schemes.

1 Introduction

We consider the control design problem for the class of
high-order MIMO nonlinear systems that are affine in
the control input and represented by
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where z(t) € R™ is the output vector, h(-) € R™ repre-
sents an uncertain nonlinear function vector; ¢(t) € R!
denotes an unknown, time-varying parameter vector;
G(-) € R™*™ is an uncertain nonlinear input gain ma-
trix, and u(t) € R™ denotes the control input vector.

Adaptive control schemes for linear time-invariant un-
certain SISO systems (that are minimum phase) have
been known for quite some time, e.g., see [1]. How-
ever, generalization to the MIMO counterpart has not
been easy; a multitude of authors have dealt with this
problem by various assumptions on the high-frequency
gain (HFG) matrix K,. In [1], it is assumed that K, is
known; an upper bound on the norm of K, is assumed to
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be known in [2]; the approach of Weller and Goodwin [3]
partitions K, = LU while requiring apriori knowledge
of the lower bounds of the diagonal entries of the upper
triangular matrix U; finally, the method proposed in [4]
assumes the existence of a matrix .S}, such that K5, is
positive definite and symmetric. Most recently, Costa
et. al. [5] solved the MIMO adaptive control problem
for minimum-phase systems with relative degree 1 under
the assumption that the signs of the leading principal
minors of the HFG matrix are known.

A literature survey reveals that the results for uncertain
nonlinear systems have been restricted to sub-classes of
systems. For SISO nonlinear systems in the strict feed-
back form that are non-affine in the unknown parame-
ters, [6] obtained a global uniform ultimate bounded
result by employing a Nussbaum gain and a smooth pa-
rameter projection algorithm. In [7], Ding et. al. obtain
an ultimately bounded output feedback result for uncer-
tain SISO systems via a modification of the backstep-
ping technique using a Nussbaum gain and a Lyapunov
function that is flat in a specifiable region around the
origin. The above results are robust to disturbances and
do not require any knowledge of the sign of the high-
frequency gain. For multi-input nonlinear systems that
are representable in the parametric strict feedback form,
Krstic et. al. [8] were able to formalize the adaptive
backstepping design procedure; however, the gain ma-
trix premultiplying the control is assumed to be known.
In [9], a general procedure was presented for designing
switching adaptive controllers for multi-input nonlinear
systems which includes feedback linearizable systems,
parametric-pure feedback systems, and systems with a
control Lyapunov function that is linear in the parame-
ters. In [10], a neural network-based adaptive controller
was formulated for the class of systems delineated in (1)
with the restriction that G (-) be uniformly positive or
negative definite. The proposed controller was shown
to guarantee the semi-global convergence of the track-
ing error to a residual set. The drawback of the control



strategy is that the estimation strategy utilized can lead
to loss of controllability in which case the control input
tends to zero. In [11], the following subset of MIMO
nonlinear systems similar was considered

dW g
dt
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with the C° uncertain functions h (-) € R™ and G (+) €
R™*™ heing affine in the unknown constant parame-
ter vectors 0; € Rl ¥ i = 1,2. The proposed adaptive
controller was proven to ensure the global asymptotic
convergence of the tracking error to zero.

In this paper, we extend the work in [11] for the broader
class of systems given by (1). To satisfy the control-
lability requirement, it is imperative that the smallest
singular value of G () be lowerbounded by a positive
constant; hence, we make the assumption that G (-) is
positive-definite (p.d.). However, we drop the require-
ment that G (-) be symmetric since many practical non-
linear control systems do not possess a symmetric input
gain matrix [12, 13]. Motivated by a matrix decompo-
sition introduced in [14] and subsequently utilized in
[5], we decompose G(-) into the product of a symmetric
p-d. matrix and a unity upper triangular matrix. The
symmetric p.d. matrix is exploited in the Lyapunov
based stability analysis while the unity upper triangu-
lar matrix allows for an algebraic loop free sequential
synthesis of control signals w; (t) ¥V i = 1,2,...m. The
unstructured uncertainty is dealt with by assuming a
C? smoothness property for h(-) and G (-). The result
obtained in this paper is a continuous state feedback
control mechanism that achieves semi-global ultimate
bounded tracking. In order to broaden the applicability
of the approach, we introduce a modular feed-forward
scheme which is shown to be achievable via neural net-
work or fuzzy logic compensation.

The rest of this paper is organized as follows. For the
sake of clarity, we first present the control design for
a first-order, two-input and two-output system of the
form (1). We then illustrate how the control method
can be applied to the system defined by (1). The theo-
retical development is complemented with a numerical
simulation for a two degrees-of-freedom (DOF) mechan-
ical system. Simulation results prove the efficacy of the
control design and clearly illustrate the effectiveness of
feed-forward compensation.

2 First-Order MIMO System

To explain the control technique, we first examine
a first-order, two-input, two-output, nonlinear system
having the following general form

& = hy(z) + Gp(z)u (3)

where z(t) = [ @1(t) w2(t) ]T € R? is the system
state vector, u(t) = [ ui(t) ua(t) ]T € R? is the
control input vector, and hy(x) € R% G,(z) € R?*?
are uncertain nonlinear functions. We will assume
that Gp(z) is not symmetric but positive definite (i.e.,
vT'G,(x)v > 0 for v(t) € R?). To deal with the fact that
Gp(z) is not symmetric, we will employ a decomposition
tool which is detailed by the following lemma.

Lemma 1 Any positive-definite, non-symmetric ma-
trix P € R™*™ can be decomposed as

P =RQ (4)

where R € R™*™ 4s symmetric and positive definite,
and Q € R™*™ 4s an unity upper triangular matriz.

Proof: We can use the fact that all leading principal
minors of a real, positive definite matrix are positive
([16], Theorem 5.10) along with Lemma 1 given in [5].

Based on Lemma 1, G, (z) can be decomposed as follows
Gp(x) = S(x)T(x) ()

where S(z) € R?*? is symmetric and positive definite,
T(z) € R?*? is a unity upper triangular matrix explic-
itly defined as follows

1 le(l') ]7 (6)

T(x)[o 1

and Th2(z) € R. We can now utilize (5) to rewrite the
dynamic model in (3) as follows

M(z)& = f(z) + T(x)u (7)

where M(z) £ S 'z) € R?*? is a symmetric,
positive definite matrix, and the auxiliary function
f(z) € R? is defined as follows f(z) £ S™'(z)h,(z) =
[ filz) fa(x) ]T To facilitate the control develop-
ment, we assume that M(x), f(x), and T'(z) satisfy the
following assumptions:

Assumption F1 The matrix M(-) is assumed to be
bounded as follows

m )" < ETM()E < m() |l

where m € R denotes a positive constant, and m(-)
denotes a positive, non-decreasing function.

VEER?  (8)

Assumption F2 The functions M (+), f(-) and T'(-) are
assumed to be second-order differentiable and also
assumed to satisfy the following properties

M(-), M(:), M(-) € Lo ifx, & &€ Loo

f()vf()vf()€£oo ifx; i';i'ef'oo . (9)
if 2, &, & € Loo

T(')? T(')7 T() € Loo



Remark 1 For simplicity of presentation, we have as-
sumed that hy(x) and G,(x) do not depend explicitly on
time or on unknown time-varying parameters. How-
ever, it should be emphasized that the proposed con-
trol approach can compensate for these phenomena pro-
vided the time-varying effects satisfy second-order dif-
ferentiability conditions. That is, the functions hy(x)
and G,(x) could be easily replaced by hy(z,01(t),t) and
Gp(z,02(t),t) where 6;(t), i = 1,2 denote unknown
time-varying parameter vectors and other time-varying
disturbance that may appear monlinearly in the model.
It should be noted that 0;(t), i = 1,2 must of course sat-
isfy similar type of assumptions as given in Assumption
F2.

2.1 Control Objective and Control Law
To set up the tracking control problem, we let z4(t) =

[ w14(t) w24(t) ]T € R? denoted a reference trajec-
tory signal that must be continuous differentiable up to
its third derivative such that

diwg(t)
dt?

€ L fori=0,1,2,3. (10)
To quantify the control objective, the tracking error
e(t) = [ ei(t) ea(t) }T € R? is defined as follows

(11)

Our primary objective requires z(t) to practically track
xq(t) (i.e., UUB tracking) with a continuous control
law using full state feedback and norm-based, inequal-
ity bounds on the unknown functions M(zx), f(x), and
T(x). Based on the subsequent stability analysis, we
propose the following control law' to achieve the stated
control objective

e=1xq—x.

ut) = (Ks+1De(t) — (Ks+ De(tg) +
| (e Dey+ i (12
where Ky = [ 1581 22 ] € R?*2 is a positive defi-

nite, diagonal control gain matrix, I € R2*? denotes the
identity matrix, f(t) = [ fit)  fa(t) ]T € R? denotes
a user designed feed-forward component. It should be
noted that it is assumed that the control designer must
ensure that f(t) € Lo (The reader is referred to Sec-
tion 3 for specific details on how this might be done).
To simplify the analysis, the scalar control gains kg
and ks are defined in terms auxiliary control gains as
follows

ksl = knl + an + kn3

ks2 = knl + kn?) (13)

I The second term in (12) is used to ensure that u(tp) = 0.

where ky1, kn2 and k,3 are positive constants. As il-
lustrated in the subsequent sections, the control law of
(12) ensures semi-global, uniformly ultimately bounded
tracking provided the control gains (i.e., the gains inside
the matrix K as given by (13)) are selected sufficiently
large relative to the norm of the initial tracking error
and a reference trajectory-based bound. The proof of
this result is presented in the following sections.

2.2 Error System Development
We begin by defining the following filtered tracking error

signal [17] r(t) = [ r1(t) ra(t) ]T € R? as follows

r=é-+e (14)

where e(t) was introduced in (11). After differentiating
(14) and then multiplying both sides of the resulting
equation by M(x), we have

M(x)r = —%M(x)rfefT(x)ufT(x)’[L+N1+N1d (15)

where the auxiliary functions Ny(-), Nig(-), Ni(-) € R?
are defined as follows

N = Ni — Nig .

Ny = M(z)iq+ M(z)i — f(z) + M(z)é + §M(x)r +e

Nig = M(2q)ia + M(za)ia — f(zq)-

(16)

The open loop error system given by (15) can be rewrit-
ten as follows

M(z)r = *%M(x)rfe— [ ng(x)uz ]
B [ glz(x)az } — 0+ Ny + Nig (17)

where (6) and (16) have been utilized. To facilitate

further error system development with regard to (17),

we utilize (11) and (14) to rewrite Tyo(x) as follows

6T12(x) .
Ox

o 8T12(x)

B Ox (e

6T12 (l'd) x_d

le(x) =

_ 8T12 (l‘) _ 8T12(xd)
)+ ox 0xq

)Eaq +

8xd
- oT
No + 7{192(5‘1) Tq

(18)

where the auxiliary function Ny(-) € R is defined as
follows

~ (9T12($)

N2 _ 8T12(1’) . 8T12 (l'd)

or (e=r)+( ox

S Ea- (19)

Likewise, further error system development with regard
to (17) is fostered by utilizing (7) to rewrite ua(t) as



follows

Ma1 ()21 + Mmoo ()22 — fa)

= Uz +u2qg

_ (20)

where the auxiliary functions a(-), u2q(-) € R are de-
fined as follows

Uy = Moy (x)E1 + Moz (x)ds — fo(r) — uag

Uzd = Mo1(zq)E1a + Mmaz(Tq)T2qd — fa(Ta). @)

We can now use (18) and (20) to rewrite the To(z)us
term in (17) as follows
- 0T
= N3 + —IZ(xd)iduzd
8xd
where the auxiliary function N3(-) € R is defined as
follows

Tio()us (22)

OTio(xq) . .

Ng = Nz(ﬂg + usq) + B TqU2. (23)
Td

To complete the error system development with regard
o (17), we take the time derivative of (12) to obtain

W= (Ks+Dr+f (24)
which can be rewritten as
| | (ke +1)m fi
-l ] A e

after utilizing (14). The expression in (25) can now be
used to rewrite the Tyo(x)ts term in (17) as follows

Tio(z)is = (Tia + Tia(za))((ks2 + 1o + fo)
Ny + Tia(za) f (26)

where the auxiliary functions T1a(-), Ny(-) € R are de-
fined as follows

j:u = Tha(x) — Th2(zq) o
Ny = Tia(ksa + V)12 + Tra(wa) (ks2 + )12 + T12 fo.
(27)
After substituting (24) into (17) and employing (22) and
(26), we can formulate the closed loop error system as
follows

1

M(z)i = —5M(@)r—e— (K, + I)r -
[?3}[54}+N1+Nd (28)
1.

= —§M(x)r—e—(K5—|—I)r+N—|—Nd

where the auxiliary functions N(-), Ng(-) € R are de-
fined as follows

e [ Ns] [N N
) en
0T2(xq) . 5 R
I R
0

Remark 2 To facilitate the stability analysis, we first
note that we can use (29) and the fact that f(t) € Lo
to show that Ny(t) € Lo It is also not difficult to show
by the Mean Value Theorem and Assumption F2 that
Ni() defined in (16) can be upper bounded as follows

(A SACEDIE (30)
where z(t) € R* is defined as
z=[el T ]T (31)

and ||| denotes the standard Euclidean mnorm, and
p1(|lz]l) € R denotes a positive, bounding function that
is non-decreasing in ||z|| (Note that this bounding func-
tion does not contain any control gains). The inequality
given by (30) will be utilized in the following stability
analysis. Likewise, the Mean Value Theorem and As-
sumption F2 can be employed to show that N3(-) defined
in (238) and Ny(-) defined in (27) can be upper bounded
as follows

(A CEDIE

(32)
4] <yl 121

where 2(t) was defined in (31) and py(||2]]), p,([l2]) € R
are positive, bounding functions that are non-decreasing
in ||z||. It is easy to show that py(||2]]) does not contain
any control gains and that p,(||z||) does not depend on
the control gain kys introduced in (12).

2.3 Stability Analysis
Before presenting the main result of this section, we
state the following lemma which will be invoked later.

Lemma 2 Let v, (|lz(®)), v2([2z(£)]) - R — RT de-
note class Koo functions V(x,t) € R" x RY, v5(||x(t)]])
R+t — R* denote a function that assumes positive val-
ues, and V(x(t),t)) : R" xR — RT denote continuously
differentiable functions satisfying

(2@ < V(2(t),1)) < v2(llz(B)]]) (33)

If there exists positive constants n; and n, satisfying
No > (77 079) (1) and the time derivative of V (x(t),t))
along the trajectory of the system satisfies

V(a(t),t) < =vs(llz®)l) )< o
(34)
then ||z(t)||, with initial state x(ty), has the following

properties.

forny <t

(i) Locally uniformly bounded. Specifically, ||x(to)] < s
implies ||z (t)|| < d(s) for all t € [ty,00), where

L it em)(s)
d“’{( Lonm)m)

ifny <s< (73" ov1)(m2)
if s <my

(35)



(i) Locally uniformly ultimately bounded. Specifically,
given a constant n with d(ny) < n < 1y, ||z(to)|| < s
implies ||z(t)|| < n for allt € [to + T(n,s),0), where
T(n, s) denotes the time in which the ultimate bound is
guaranteed.

Proof: See Theorem 2.15 in [18] for proof as well as
an explicit formula for T'(n, s).

Given the above Lemma, the main result of this section
can be stated by the following Theorem.

Theorem 1 The control law of (12) ensures that all
system signals are bounded under closed-loop operation
and ensures the tracking error variable z(t) exhibits the
locally uniformly bounded and the locally uniformly ul-
timately bounded properties given by Lemma 2.

Proof: See Appendix A.

Remark 3 We easily illustrate that the proof of the
above theorem and Lemma 2 actually yield a semi-global
uniformly bounded result for the tracking error variable
z(t) by illustrating that the controller gains can be in-
creased to cover a predetermined value of the initial con-
ditions denoted by ||z(to)||. First, by using (14) and
(81), we can write an explicit expression for ||z(to)] as
follows

l|lz(to)|| = \/eT(to)e(to) + (é(to)) + e(to)) T (é(to)) + e(to))-

(36)
From (7), (11), and the fact that u(to) = 0 (see (12)),
we can develop the following expression for é(to)
é(to) = Zalto) — M~ (x(to)) f(z(to)).  (37)
From the expression given by (36) and (37), it is clear
that ||z(to)|| does not depend on any of the control gain
parameters. Second, we can see from the definition of
1, given by (66) and the inequality condition given by
(61) that 1y can be made arbitrarily small by increas-
ing the control gain k,3. Lastly, we can see from the
definition of ny given by (66) and the discussion regard-
ing pa(||2|l) and p,(||2]) given in Remark 2 that 1, can
be made arbitrarily large by increasing the control gains
kn1 and kyo. We also note that the ultimate bound given
in the Lemma 2 can be arbitrarily small by increasing
the control gain kyns. That is, as illustrated above, n, can
be made arbitrarily small by increasing the control gain
kn3, and hence, due to the structure of v1(+) , ¥o(+) given
by (58), the lower bound for the ultimate bound given in
Lemma 2 (i.e., d(ny)) can be made arbitrarily small.

3 Feed-forward Component Design

In general, one expects that the use of a feed-forward
term in control law will reduce the magnitude of the con-
trol input. The addition of the feed-forward component
f(-) in (12) does not alter the type of tracking result
presented in Section 2.3 as long as the control designer
ensures that f(-) € Lo. To illustrate how one might
design f(-), we now delineate three different methods.

3.1 Best-Guess Estimation

In this case, the functional form of M(-,61), f(-,02),
and T'(-,03) in (7) is known, but the constant parame-
ter vectors 01, 6 and 63 may not be known precisely. In
this case, the following certainty equivalence-type com-
ponent f(-) can be added to the proposed control law
u(t) in (12)

Nia(Td, #d, a, 01, 00,1) —

OT1o(zq,03) . PR
7126(302 3)$du2d(xdaxd791792) (38)

fo) =

0

where Ny4(-) was defined in (16), uoq(:) was defined
n (21), 01, 05 and 03 denote the best-guess constant
estimates of the unknown parameter vectors.

3.2 Neural Network Based Estimation

In this case, the function form of M(-), f(-), and
T(-) in (7) is unknown. According to the approxima-
tion properties of neural network (See [19] and [20]),

the bounded, a continuous uncertain nonlinear function

oT .
%xdu%(.)

0
approximate by a two-layer, neural network such that

f(x) = Nua(') — in (29), can be

FO)=WTa(VIx) +eilx) (39)
for a hidden-layer with p number of neurons where
X (xd,a'cd,id, 'fd) € R?® represents the bounded inputs
to neural network, W € RP*2 and V € R**? denote
the ideal constant weights, o(-) € RP is the corre-
sponding neuron activation function, £1(-) € R? denotes
the bounded reconstruction error? (i.e., ||le1(x)| < €a
where €41 is some positive constant ). We can construc-
tion a feed-forward neural network to approximate the
unknown continuous nonlinear function. It contains a
hidden layer with p neurons and a output layer with 2
neurons. The output of neural network is designed as
follows

fO)=WTo(VT) (40)

2The reconstruction error is bounded by a constant because
it depends on the desired trajectory as opposed to the actual
trajectory.



where W (t) € RP*2 and V(t) € R*P are the weight
estimates of W and V, respectively. To meet the re-
quirement that f(-) € Loo, the update law of W (t) and
V(t) should be designed such that W(t), V(t) € Lo
(In the simulation section, we illustrate how this can
be done). There are many choices for the activation
function o(-), such as radial basis function, hyperbolic
tangent function, or the sigmoid function (See [19] and
20)).

3.3 Fuzzy Logic Based Estimation

In this case, the functional form of M(-), f(-) and
T(-) is unknown. Based on the Fuzzy Logic (FL) ap-
proximation property (See [19] and [20]), the bounded,

continuous nonlinear function f(x) = Ny(-) —
Dy a2 in (29) can be approximated as
0
follows

FOO) =2 @TE(x) +e2(x)

where ® € RP*? is the ideal FL constant parameters, p
is the number of fuzzy logic rules, £(-) € RP denotes the
output of the fuzzy system, x (x4, 44, %4, ) € R®, and
e2(-) € R? represents the reconstruction error which
can be upper bound by some positive constant ( i.e.,
lle2(x) || < €42 where e40 is some positive constant). By
using the techniques in [20], we can construct a rule-
based FL term to approximate the uncertain nonlinear
function as follows

fOy=a@)"e)

where ®(t) € RP*2 denote the weight estimates of ®. To
meet the requirement that f(-) € L, we must ensure
that the update law for ®(t) is designed such that ®(t) €
Loo.

(41)

(42)

4 Extension to Higher-Order Multi-Input
System

In this section, we discuss the extension of the proposed
control law for the following system

(M = flx, &, .735(”*1)) +G(x, &, - - ~,x(”*1))u (43)
where £()(t) € R™, i = 0,1,---, n — 1 are the sys-
tem states, (-))(t) denotes the i** derivative with re-
spect to time, wu(t) € R™ represents the control in-
put, f(:) € R™ and G (-) € R™*™ are uncertain non-
linear functions. For presentation purposes, we define
X=[aT 3T (=T T € R™. We assume
that G(-) is not symmetric but positive definite. Based
on Lemma 1, G(-) can be decomposed as follows

(44)

where S(-) € R™*™ is symmetric, positive definite, and
T(-) € R™*™ is an unity upper triangular matrix. We
can rewrite the system given (43) as follows

M(X)z™ = F(X) 4+ T(X)u (45)

where the auxiliary functions M (-) € R™*™ and F(-) €
R™ are defined as follows

M()2S7()  F()2S87Of().
It is easy to see that M(-) is symmetric and positive
definite. We assume that M(:) and F(-) satisfy the
following assumptions:

(46)

Assumption M1 The matrix M (-) is bounded by

m[lE]* < ETM()E <m() [El* Ve eR™ (47)

where m € R denotes a positive constant, and
m(-) € R denotes a positive, non-decreasing func-
tion.

Assumption M2 The functions M(-), f(-), and T'(-)
are second-order differentiable such that

T() € Lo if x, &, &, -+, 2D € L
(48)

Let z4(t) € R™ denote the reference trajectory signal
that is continuously differentiable such that

20 (t) € Log for i =0,1,...,m+2. (49)

To simplify the analysis, we also define X; =
[ 2T 2T ... (x("fl))T T € R™". To quantify the
control objective, we define the tracking error signal,
denoted by e (t) € R™, as follows
e1 2 1y — 2. (50)
As before, the control objective is to obtain practical
tracking with a continuous law with full-state feedback
(i.e., 2(t),i =0, 1, ---, n—1 are assumed measurable)
and ensure that all the signals remain bounded during
the closed-loop operation. To simplify the subsequent
control design and stability analysis, we introduce the
following auxiliary error signals e;(t) € R™, i = 2, 3,
n
es = €1 + e,
es =éx+es+eq,
eq =é3+e3+ e,

> > >

: (51)
e; 2 éi1+ei1+eia,

A .
€n =€n—1+e€n_1+e€n_2o.



where e;(t) was defined in (50). An expression can be
derived for e;(t) for i = 3, 4, - -+, n in terms of e, (¢) and
its derivatives as following (see [15] for details)

i—1

Z (4)
€; = Q€7

Jj=0

where the constant coefficients a;; € R are defined as
follows

(52)

ajp = O(i) = \/ig (1 +2\/g)i - (1 _2\/5

i-1
aij =, 00 —k—j+Dagyj-1;-1, i =3,4,...,n
k=1

and j=1,2,...,i —2
Qji—1 = 1,i = 1,2, ey T

(53)
Note that e;(t) for i = 1, 2, - - -, n is measurable since
it is a function of the system states and the reference
trajectory.

4.1 Control Law
Based on subsequent stability analysis, we design the
control input u(t) as follows

u(t) = (Ks + Im)en(t) - (Ks + Im)en(to) +

/t (Ks + In)en(r) + f(Oldr— (54)

where K, € R"™*"™ is positive-definite, diagonal, control
gain matrix, I,, € R™*™ represents the m x m iden-
tity matrix, f(-) = [ fi() f2(") fu() ] €rR™
denotes the user designed feed-forward component (It
is assumed that f(-) € Lo). It is easy to see that
u(tp) = 0. To simplify the analysis, the diagonal com-
ponents of the control gain matrix K are defined as

follows
ksl = knl + kl + kn

ksi = km + ki + kn (55)
ksmfl = km + kmfl + kn
ksm = knl + kn

where ky; denotes the i*" diagonal component in K, V
i=1,2, --- m; and k., kn, k1, - - -, km_1 denotes
positive control gains.

4.2 Error System Development
See Appendix B.

4.3 Stability Analysis
The main result of this section can be stated by the
following theorem.

Yo, i=2,3,...,n

Theorem 2 The control law of (54) ensures that all
system signals are bounded under closed-loop operation
and ensures the tracking error variable z(t) exhibits lo-
cally uniformly bounded and the locally uniformly ulti-
mately bounded properties given by Lemma 2.

Proof: See Appendix C.

Remark 4 As done in Remark 3, we easily illustrate
that the above the proof of Theorem 2 and Lemma 2 ac-
tually yield a semi-global uniformly bounded result for
the tracking error variable z(t) by illustrating that the
controller gains can be increased to cover a predeter-
mined value of the initial conditions denoted by ||z(to)||-
In addition, one can develop feed-forward terms for the
control law as done in Section 2 without altering the
type of tracking result as long as the control designer
ensures that f(-) € Loo.

5 Simulation

See Appendix D.

6 Conclusion

In this paper, we considered the tracking control prob-
lem for a class of MIMO nonlinear systems for which
the input matrix is positive definite but non-symmetric.
By utilizing a decomposition property of the input ma-
trix, a continuous control strategy was proposed in or-
der to compensate for uncertain nonlinear functions as-
sociated with the system dynamic model and ensure
semi-global uniform ultimately bounded tracking under
a smoothness restriction on the uncertain system non-
linearities. Best-guess, neural network and fuzzy logic
based approximation techniques were employed in the
feed-forward control design to broaden the applicability
of the approach. Simulation results were presented to
demonstrate the efficacy of the control and feed-forward
strategies.

References
[1] S.S. Sastry and M. Bodson, Adaptive Control:
Stability, Convergence, and Robustness, Englewood
Cliffs, NJ: Prentice-Hall, 1989.
[2] M. de Mathelin and M. Bodson, “Multivariable
Model Reference Adaptive Control without Constraints
on the High-Frequency Gain Matrix,” Automatica, Vol.
31, No. 4, pp. 597-604, 1995.
[B] S.R. Weller and G.C. Goodwin, “Hysteresis
Switching Adaptive Control of Linear Multivariable
Systems,” IEEE Transactions on Automatic Control,
Vol. 39, No. 7, pp. 1360-1375, 1994.
[4] P.Ioannou and K. Sun, Robust Adaptive Control.
Englewood Cliffs, NJ: Prentice-Hall, 1996.

p- 7



[5]  R.R. Costa, L. Hsu, A.K. Imai, and P. Koko-
tovi¢, “Lyapunov-Based Adaptive Control of MIMO
Systems,” Automatica, Vol. 39, No. 7, pp. 1251-1257,
July 2003.

[6] J. Wang and Z. Qu, “Robust Adaptive Control of
Strict-feedback Nonlinear System with Nonlinear Pa-
rameterization,” Proceedings of the American Control
Conference, Denver, Colorado June 4-6, pp. 3026-3031,
2003.

[7]  Z. Ding, “Adaptive Control of Nonlinear Systems
with Unknown Virtual Control Coefficients,” Int. J.
Adaptive Control and Signal Processing, Vol. 14, pp.
505-517, 2000.

[8] M. Krsti¢, I. Kanellakopoulos, and P. Kokotovié,
Nonlinear and Adaptive Control Design, New York:
John Wiley & Sons, 1995.

[9] E.B. Kosmatopoulos and P.A. Ioannou, “Robust
Switching Adaptive Control of Multi-Input Nonlinear
Systems,” IEEE Trans. Automatic Control, Vol. 47, No.
4, pp. 610-624, Apr. 2002.

[10] H. Xu and P.A. Ioannou, “Robust Adaptive Con-
trol for a Class of MIMO Nonlinear Systems with Guar-
anteed Error Bounds,” IEEE Trans. Automatic Control,
Vol. 48, No. 5, pp. 728-742, May 2003.

[11] X. T. Zhang, D.M. Dawson, M.S. de Queiroz,
and B. Xian, “Adaptive Control for a Class of MIMO
Nonlinear Systems with Non-Symmetric Input Matrix”,
Proceedings of the IEEE Conference on Control Appli-
cations, Taipei, Taiwan, accepted, to appear, September
2004.

[12] E. Zergeroglu, D.M. Dawson, M.S. de Queiroz,
and A. Behal, “Vision-Based Nonlinear Tracking Con-
trollers with Uncertain Robot-Camera Parameters,”
IEEE/ASME Trans. Mechatronics, Vol. 6, No. 3, pp.
322-337, Sept. 2001.

[13] P. Setlur, J. Wagner, D. Dawson, and J. Chen,
“Nonlinear Controller for Automotive Thermal Man-
agement Systems,” Proc. American Control Conf., pp.
2584-2589, Denver, CO, June 2003.

[14] A.S. Morse, “A Gain Matrix Decomposition and
Some of Its Applications,” Systems and Control Lett.,
Vol. 21, pp. 1-10, 1993.

[15] Bin Xian, Marcio S. de Queiroz, and Darren M.
Dawson, “A Continuous Control Mechanism for Uncer-
tain Nonlinear Systems,” Optimal Control, Stabiliza-
tion, and Nonsmooth Analysis, Lecture Notes in Con-
trol and Information Sciences, Heidelberg, Germany:
Springer-Verlag, to appear, 2004.

[16] S. Perlis, Theory of Matrices, New York: Dover
Publications, 1991.

[17] J.J. Slotine and W. Li, Applied Nonlinear Control,
New York: Prentice Hall, 1991.

[18] Z. Qu, Robust Control of Nonlinear Uncertain
System, John Willey & Sons, Inc., 1998.

[19] F. L. Lewis, J. Campos, R. Selmic, Neuro-Fuzzy
Control of Industrial Systems with Actuator Nonlinear-
ities, Siam, 2002.

[20] Jeffrey T. Spooner, Manfredi Maggiore, Raul Or-
donez, and Kevin M. Passino, Stable Adaptive Control
and Estimation for Nonliear Systems, John Wiley &
Sons, Inc., New York, 2002.

[21] A.P. Aguiar and J.P. Hespanha, “Position Track-
ing of Underactuated Vehicles,” Proc. American Con-
trol Conf., pp. 1988-1993, Denver, CO, June 2003.

[22] L. Cremean, W. Dumbar, D. van Gogh, J. Hickey,
E. Klavins, J. Meltzer, and R. Murray, “The Caltech
Multi-Vehicle Wireless Testbed,” Proc. IEEE Conf. De-
cision and Control, Las Vegas, NV, pp. 86-88, Dec.
2002.

[23] I. Kanellakopoulos, P. V. Kokotovic, and A. S.
Morse, “Adaptive Output-Feedback Control of Systems
with Output Nonlinearities,” IEEE Trans. Automatic
Control, Vol. 37, No. 11, pp. 1666 - 1682, Nov. 1992.

[24] H. K. Khalil, “Adaptive Output Feedback Con-
trol of Nonlinear System Represented by Input-Output
Models,” IEEE Trans. Automatic Control, Vol. 41, No.
2, pp. 177-188, Feb. 1996.

[25] R. Marino and P. Tomei, “Global Adaptive
Output-Feedback Control of Nonlinear Systems, Part
I: Linear Parameterization,” IEFE Trans. Automatic
Control, Vol. 38, No. 1, pp. 17-32, Jan. 1993.

A Proof of Theorem 1

We define the positive function V(z,t) : Ry x R* as
follows

1 1
V= §eTe + §TTM’I“

where z(t) was defined in (31). Note that (56) can be
bounded as

(56)

Y1(ll2) <V < va(ll21) (57)

where the scalar class K, functions, denoted by 7, (-) ,
v5(+) € R, are defined as follows

n(l2]) = § min(L, m) |12 ,
va(ll2l)) = 3 max(1,m(x)) |12]

2
(58)

where (8) has been utilized.

After taking the time derivative of (56) and substituting
from (14) and (28), we have

—ele —rTr —rTK o + 77N + TNy

—|l2l® + "Ny — 11 N3 — 11Ny — ko |I7]|* —
kn2 |741|2 — kns HTH2 + TTNd (59)

V:



where the definition of K, in (13) has been utilized.
After applying (30) (32) and the fact that —kns ||r||* +

- 1
TNy < — HNd
side of (59) as follows

, we can upper bound the right-hand

Vo< =Dl + [l 01D lzl] = R )] +

[Ir1l 2y (121} 2] = Kz I[P+ (60)

where p(-) € R is defined as p = p; + p, and € € R is

some positive constant that satisfies
1 < 2

7 1Vl (61)

(See Remark 2 on Ny(+)). After completing the squares
on the bracketed terms in (60), we obtain

P (l21) -

We can now use (62) to state that

V< (1~ 4k 7P (l2ID) 1z]* +e. (62)

V< =As|z*+e (63)

provided that the following sufficient conditions are sat-
isfied

b > 52221 (o [l < o7 (v2E)
(64)

1
Fnz > 505(I121) (or ll2l| < g (V2kn2))

where A3 € R is some positive constant. It is easy to see
the gain conditions given in (64) can be satisfied given
the facts that p(]|z||) does not contain any control gains
and that p,(||z]|) does not depend on the control gain
kn2 (See Remark 2). From (63), we form the following
inequality

(65)

m < |[lz@)] < n

where the positive function v;(||z|]) € R and the posi-
tive constants 7, 175 € R are defined as follows

V< —vs(llll)  for

Y3(llzll) = M [Els m = a (66)
7y = min(p~ (V 2kn1, Py (V 2kn2))
with Ay € R being some positive constant. We can

now apply Lemma 2 to (57) and (65) to yield the lo-
cally uniformly bounded and the locally uniformly ul-
timately bounded properties for tracking error variable
z(t) given by the theorem statement; hence, if ||z(to)|
satisfies the requirements given in the locally uniformly
bounded property of Lemma 2, then z(t) € L. Stan-
dard signal chasing arguments along with Assumption

F2 can now be used to show that all the signals remain
bounded.

B Error System Development

To begin the error system development, we define the
filtered error signal r(t) € R™ as follows

r=é,+ep (67)

where e, (t) was defined in (51). After taking the time
derivative of (67), multiplying both sides of the result-
ing equation by M(-), and then substituting from the
derivative of (52) for i = n, we have

n—1

MT—MZa"J
7=0

2 4 Me,. (68)

After utilizing (50) and the last expression of (53), we
can rewrite (68) as follows

n—2
nginJrl) — Mzt o M(Z anjegfr?) +én)

My =
=0
n—2 )
= M@EIY 4 Z an; e 4 é,) + Ma™ (69)
—F —Tu—Tu

where the time derivative of (45) has been used. We
now arrange (69) into the following advantageous form

1. - —

Mi = —5Nir —e,= Tu—Ti—i+Ny  (70)
where the auxiliary function N7(-) € R™ is defined as
follows

n—2
N, 2 "H) + Z anjeq +2) 4 én) + Ma™ +

§Mr+en—F (71)
with the strict upper triangular matrix, denoted by
T(:) € R™*™ is defined as follows T = T — I,,,. Fi-
nally, after defining the auxiliary expression Nyg(t) £

N(zq, &g, - acgl"), t) € R™, (70) can be rewritten as

Mi = —§Mr—e"—Tu—Tu—u+N1d+N1 (72)
where the auxiliary function Ni(-) € R™ is defined as
follows N1 = N1 — Ni4. Note that it is not difficult to
show that N14(t), N14(t) € Lo after utilizing (48) and
(49). In addition, we note that as in Section 2.2, we can

show that

NlH Izl Izl where
| T o (73)
2= [ el --- el T ] c Rm(n+1)

where p;(||z]) € R is some positive bounding function
that is non-decreasing in ||z|| and does not contain any
control gains.



To facilitate the analysis, we note that the matrix T (X)
in (72) can be expressed as follows

T= [T’,(X)} fori=1,2,--;m—1:j=i4+1,--~m

(74)
where T;;(X) € R is the ij*" element of the unit up-
per triangular matrix 7(X). It is obvious that T (X)
is a strict upper triangular matrix since all its diago-

nal elements are zeros. By utilizing (50), we can write
T;;(X) of (74) as follows

k=0 Ow®)
n—1
_ OTy(X) (1) _ REN
= p J
— Ox(k)
n—1
~ oT;; (X,
= Ny + Z — ((k)d) x&k-&-l) (75)
k=0 074

where the auxiliary function Naj;(-) € R is defined as
follows

Noiyy =

& €1 & Ld
pard oz (k) P Ox (k)
0T;j(Xa) (k+1)
—8 (k) xd .
Lq

It is easy to show that Ny;;(-) given in (76) does not
contain any control gains.

Similarly, based on (45), we can explicitly express the
it" component of the control vector u(t) in (72) as fol-
lows

m

U; = iMlJ(X)x.gn) - E(X) — Z Tij(X)Uj (77)
J=1 j=i+1

where i = 1, 2, - - -, m, M;;(-) € R represents the ij"
component in matrix M (-), and F;(-) € R denotes the
it" component in vector F(-). We further rewrite (77)
as follows

U; = U; + Uig (78)

where the auxiliary functions @;(t), u;q(t) € R are de-
fined as follows

m m
i o= () Miy(X)al" - F(X) = Y Ty(X)uy) -
j=1 J=i+1
m
O My (Xd)l“&?) - Fi(Xq) -
j=1

(79)

m

> Tij(Xa)uja)

j=i+1

n—1 n—1
T, (X T (X
_Z ( )e(k-i-l) +Z< (X)) k1)

(76)

and

m m

Uig = ZMij(Xd)ng) — Fi(Xq) — Z Tij(Xa)ujd-
j=1 J=i+l
(80)
It is easy to show that @;(t) and u;4(¢) in (78) do not
contain any control gains. After utilizing (75) and (79),

we now obtain the following expression for T;;(X)u;

n—1
. - T (Xa) (x
Ty (X)u; = Naig + (> #x& o
=0 Oz,

Juja  (81)

where the auxiliary function Ns;;(-) € R is defined as
follows

n—1
S S S OTi5(Xa) (k+1), -
N3ij = Nojjtij + ujqNogj + (Z de ).
k=0 OTq
(82)
fori=1,2,---m—1;j=14+1,---,m. The expression
given by (81) can now be used to rewrite the vector

term T u € R™ in (72) as follows

m .
= T (X)u
Ty — j:;fl z]( ) J
| 0
roo. m n—1 oT: (Xd) (k+1)
Ns; + (Y, — % Y jq
- " jz;&-l kgo 8x((ik) ¢ 77 |(83)
| 0
where ¢ = 1,2,---;m — 1, and the auxiliary function
N3;(+) € R is defined as follows
Nai = Y Naj. (84)

j=it+1

From (76), (79), (82), and (84), we can utilize the Mean
Value Theorem to upper bound the auxiliary function
Ns;(+) as follows

< pai(llzl) 1= (85)

)Nm
where py;(||2]]) € R is a positive bounding func-
tion that is non-decreasing in |/z|] and does not

contain any control gains. We also note that
& 0T5(Xa) e

W Ld Juja in (83) and its time
x

j=it+1 k=0
derivative are bounded due to the facts delineated in
(48), (49) and (80).

Continuing in the same manner, we can write the vector
item T% € R™ in (72) in the following form

fori=1,2,---,m—1.

(86)
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where the time derivative of (54) can be used to write
the term T;;(X)4; € R as follows

Tii(X)u; = (T;(X) — Tij(Xa) + Tij(Xa))

((ksj + 1)rj + fJ)
= Nuj + T5(Xa) f; (87)
with the auxiliary functions N4ij(') € R being defined
as follows
Nugj = Tij(ksj+1)rj + T fi +Tij (Xa) (ks +1)r;, (88)
and the auxiliary functions Tj;(-) € R being defined as
follows

Tyj = Ti(X) — Ty5(Xa)- (89)
The expression given by (87) can now be used to can

rewrite (86) as follows

m

_ Ny + T (X .
Tu: * J;‘rl j( d)f fOI'Z:].,2,"',m_1
0

(90)

where the auxiliary functions Ny;(-) € R is defined as

m
N41 Z N4’LJ
Jj=i+1 ~
use the Mean Value Theorem to upper bound Ny (+) as

follows

. As similarly done before, we can

‘NM

< pgilllzl) 1=l (91)

where p,;(|[z]) € R is a positive bounding function
that is non-decreasing in ||z|. It should be noted
that p,;(||lz|]) does contain the control gain k,; for
j=i+1,-m

Based on (54), (72), (83) and (90), we can now formu-
late the closed loop system for r(t) as follows

o N?)i

0
m n—1 8ng (Xd)
axff)

1.
Mr = fiMrfen

(k+1)
Tq Juja
=i+l k=1

0
- [ (J)% ] —T(Xa)f —

(Ks+ Ln)r
(92)

where ¢ = 1,2,- - -;m — 1. To facilitate the stability
analysis, (92) can be rearranged into the following ad-
vantageous form

1.
Mp=——=Nr—

5 en — (Kg+ Ip)r + N + Ny

(93)

where the auxiliary functions N(-), Ng(-) € R™ are de-
fined as follows

N N3; Ny
N =N; — [ 0 1o
m n—1 6Tl X
Ny N | 2 3 ]((k)d)xz(ik+l))ujd B f
j=i+1 k=0 0w,
0
(94)
fori=1,2,---,m—1. It is not difficult to show that the

assumptions given earlier allow us to show that Ng(-),

C Proof of Theorem 2

We define the positive function V (¢, z) : Ry x R+

as follows
I r L 7
V:§;€i€i+§7“ Mr (95)
It is easy to see that
Y1(llzl]) <V < yelllzl) (96)

where v1(+) , 75(+) € R are the scalar class K, functions
defined as follows

Y (ll2ll) = 3 min(L, m) |12

va(lzl) = & max(L, m(z)) [12] 67)

where (8) has been utilized. After taking the time deriv-
ative of (95) and substituting from (51), (55), (67) and
(93), we obtain

vV = 726 e; — e n 1€n — T TrfrTK5r+
TN+ TTNd
= - Ze € — n 16n — km ||7“H2 —kn HTH2 -

m—1 B m—1 ~
D kallrill® TN = Y el Ny -
i=1 i=1
m—1 B
Z ’I“?NM + TTNd. (98)
i=1

By employing the fact that el e, < E(Hen,lH2

lenll?), —kn |r|I” + 7T Ny < —HNdH we can use (73),

(85) and (91) to obtain an upper bound on (98) as fol-
lows

- L2 2 _
L el R ([ DY I R
m—1 m—1
Z Rl + Z I7ill pgillzlD) Nl 2]l +— | Na|?
1 p o \zll
< -(5- Z )2l +e0 (99)
m —
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where the scalar class Ko function p(-) € R is defined

as follows )
p=p+ Z P2i-
i=1

and gy € R denotes some positive constant that satisfies

(100)

1
€023~ INal* (101)
Given the fact that p(-) does not contain control gain
km, and pg;(-) does not contain the control gain k;, the
proof of Theorem 1 can now be followed to prove the
result stated in Theorem 2 provided

b > 2 [ 22EE o,
ki > m = 0 B0 oy =11

(102)
We note that (67) and (73) can be used to obtain an
explicit expression for ||z(¢o)|| which is independent of
all control gains as done in Remark 3. ™

D Simulation

D.1 Simulation Model

In order to demonstrate the performance of the pro-
posed control law, we present the results of a numerical
simulation. To this end, the following two degree-of-
freedom (DOF) system was considered [17]

2] - [ )R]
[ _h;;?2 _h(qBJrqz) } { g; ](103)

where ¢;(t) denote the i'» DOF position,

Hi1 = a1 4 2a3 cos g + 2a4 sin g
His = Hyy = as + azcosqe + a4 singe

104
Hao = as (104)
h = asgsings — a4 8in g2

T1 _ 11 (75}
2o 3 1][2]. o

a; =4.42, a3 = 0.97, ag = 1.04, and a4 = 0.6. In (105),
u1(t), uz(t) denoted the control inputs, and the function
a(ql,qz) = Hy1Hys — HisHy; € R. The scalar the
function «(q1,g2) could also be modified to represent

environment related factors as shown in [21, 22] or other
effects as shown in [23, 24, 25].

The control objective is to ensure that ¢(t) =

[ ) @) ]T track the following reference trajec-
tory

[ 30sin(#) (1 — exp(—0.3t3) )
galt) = { 45:in(t) §1gxg(0.3t3); ]deg’ (106)

hence, the tracking error variable is defined as ey () =
g4 (t)—q (t). The initial condition was set to ¢;(0) = 0.06
degree for i = 1,2. First, we carried on the simulation
without feedforward terms in the control input u(t) in
(54) (i.e., f(t) = 0). The feedback control gains were set
as follows K = diag {5, 3}. Figure 1 shows the tracking
error eq(t) while Figure 2 shows the control input u(t).
We note that one can decrease the magnitude of the
tracking error e;(t) by increasing control gains inside
the matrix K.

D.2 Neural Network Based Compensation
For simplicity, we employed a radial basis neural net-
work (RBNN) [19] to approximate the unknown non-
O0T2(zq)
linear function f(-) = Niq(-) — 04
0
in (29). The RBNN is comprised of a layer of radial ba-
sis activation functions with the neurons number p = 10
and the output of the neural network system is designed
as follows

Equzq(-)

FO =Wt a(V )
where x; (1,24, &4, £, T4) € R, the first component in
x1(t) is set to 1 to produce a basis, V € R? is set to

constant values in order to provide a basis [19], W (t) €
R19%2 denotes the weight estimates of idea weight gain

(107)

matrix W. A sigmoid function o(z) = ——— is
1+ exp(—s)
utilized as the activation function. The following weight

tuning law for W (t) is utilized
W= —ayW + Tio(VTxy)sat(e2 + 1)

1
- (=m +e2)

G (108)

) 1
i =—(-m +e2)
€1
where a1, €1 € R are some small positive constant, I'; €

R10x10 s a diagonal, p.d. update gain matrix, sat(-) €
R? is defined as follows

sat() = [ sat(¢)) sat(és) ] I

(109)
with sat(-) as the standard saturation function, while
(1, M € R? are auxiliary filter signals. It is not difficult

to check that W (t) € Lo, as required.

sz[ 51 52

The control gain matrix K, was selected as in Section
D.1 while V in (107) was selected as follows

V= [ 1 01 02 03 011 025 0.6 027 1 ]T.

(110)
The upper and lower value for the saturation function
in (108) were set as 100 and —100, respectively. The
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weight tuning gains in (108) were tuned by trial-and-
error until good tracking performance was achieved.
The turning procedure resulted in the following gain
values

a; =0.01 &7 =0.0001
I’y = diag(100, 220, 200, 120, 150, 150, 240, 200, 160, 280). :
(111)
The tracking error and control input for the proposed
control law are shown in Figure 3 and Figure 4, respec-
tively. While the control gains were set to the same
values as in Section D.1, the tracking error e;(t) was
driven to a very small value around zero with the inclu- :
sion of neural network based feed-forward component in
the control input.

Link 2 (deg)

| ; . | ; . ; ; ;
0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Link 1 (deg)

Figure 3: Tracking error for the proposed controller with
2z 4 6 8 0 1z 4 1 18 2 neural-network based feed forward component

f@).
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Figure 1: Tracking error for proposed controller without
feed forward component f(¢)
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Figure 2: Control input for the proposed controller with-

out feedforward component j(t) Figure 4: Control input for the proposed controller with

neural network based feed forward component

f).
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