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Abstract

In this paper, a new continuous output feed-

back control mechanism is developed for out-

put tracking for a class of high-order multi-

input nonlinear systems with an input gain ma-

trix that is positive definite but non-symmetric.

The controller yields semiglobal uniformly ulti-

mately bounded (SGUUB) tracking while com-

pensating for unstructured uncertainty in both

the drift vector and the input matrix. First, a

full-state feedback controller is designed based on

limited assumptions on the structure of the sys-

tem nonlinearities and the controller is proven

to yield SGUUB tracking through a Lyapunov-

based analysis. Then, an output feedback control

design based on a high gain observer is proposed.

A comprehensive stability analysis of the closed-

loop system under output feedback is carried out

and a recovery of the state feedback SGUUB re-

sult is demonstrated for the output feedback con-

trol system. Neural network estimation method

is employed in both state and output feedback

control design to feedforward compensate for the

nonlinear system uncertainty.

1 Introduction

Over the years, a lot of progress has been re-

ported in nonlinear systems — specifically, re-

search has moved from analysis into systematic

techniques for controller synthesis for classes of

nonlinear systems. As reported in a survey pa-

per by [10], many researchers either assume no
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uncertainty in the plant model or assume that the

uncertainty is a product of unknown parameters

with known nonlinearities — the latter case lead-

ing into adaptive control. For multi-input non-

linear systems that are representable in the para-

metric strict feedback form, Krstic et. al. [12]

were able to formalize the adaptive backstepping

design procedure; however, the gain matrix pre-

multiplying the control is assumed to be known.

In [11], a general procedure was presented for de-

signing switching adaptive controllers for multi-

input nonlinear systems which includes feedback

linearizable systems, parametric-pure feedback

systems, and systems with a control Lyapunov

function that is linear in the parameters. Re-

cently, Zhang et. al. [23] obtained global asymp-

totic convergence of the tracking error to the ori-

gin for the following subset of MIMO nonlinear

systems

x(n) = h(x, ẋ, · · ·, x(n−1), θ1) +
G(x, ẋ, · · ·, x(n−2), θ2)u (1)

where (·)(i) denotes the ith derivative with respect
to time, the uncertain C0 functions h (·) ∈ Rm
and the uncertain positive-definite (p.d.) gain

matrix G (·) ∈ Rm×m were assumed to be affine

in the unknown constant parameter vectors θ1
and θ2. Other examples of adaptive results can

be found in [6], [7], and many others (See ref-

erences in [10]). Even where unstructured un-

certainties are dealt with, classes of SISO sys-

tems make up a huge chunk of the total effort.

For SISO nonlinear systems in the strict feed-

back form that are non-affine in the unknown
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parameters, a global uniform ultimate bounded

result due to [19] employs a Nussbaum gain and

a smooth parameter projection algorithm. In [5],

Ding et. al. obtain an ultimately bounded out-

put feedback result for uncertain SISO systems

via a modification of the backstepping technique

using a Nussbaum gain and a Lyapunov function

that is flat in a specifiable region around the ori-

gin. It is to be noted that both these results are

robust to disturbances and do not require any

knowledge of the sign of the high-frequency gain.

As far as multi-input uncertain nonlinear systems

are concerned, there are very few results avail-

able. In [21], a neural network-based state feed-

back adaptive controller was formulated for the

following class of systems

x(n) = h(x, ẋ, · · ·, x(n−1),φ(t), t) +
G(x, ẋ, · · ·, x(n−1),φ(t), t)u (2)

with the only restriction that G (·) be uniformly
positive or negative definite. The proposed con-

troller was shown to guarantee the semi-global

convergence of the tracking error to a residual

set. The drawback of the control strategy is that

the estimation strategy utilized can lead to loss

of controllability in which case the control input

tends to zero.

In this paper, our goal is to design a continu-

ous output feedback (OFB) tracking controller

based on the limited assumptions that the non-

linearities are second-order differentiable and the

input gain matrix is positive-definite but non-

symmetric. The C2 restriction on nonlinearities
is required in order to ensure that the Lyapunov

analysis based synthesis procedure yields a con-

tinuous controller. The input gain matrix is as-

sumed to be positive-definite (p.d.) because state

controllability requires that the smallest singu-

lar value of that matrix be lowerbounded by a

positive constant. However, we drop the require-

ment that the input gain matrix be symmetric

since many practical nonlinear control systems

do not possess such a property (See examples in

[22, 17]). We decompose G(·) into the product of
a symmetric p.d. matrix and a unity upper trian-

gular matrix. The symmetric p.d. matrix is ex-

ploited in the Lyapunov based stability analysis

while the unity upper triangular matrix allows for

an algebraic loop free sequential synthesis of con-

trol signals ui (t) ∀ i = 1, 2, ...m. Next, we adapt
a high-gain observer (HGO) result in [2] for full-

state asymptotically stable systems to uniformly

ultimately bounded systems in order to design a

continuous OFB controller that drives the closed-

loop trajectories for the tracking errors into an

arbitrarily small residual set. In order to broaden

the applicability of the approach, we introduce a

modular feedforward scheme which is shown to

be achievable via neural network compensation.

The rest of the paper is organized as follows. In

Section 2, we present the general MIMO system

and the input gain matrix decomposition. Sec-

tion 3 proposes a full-state feedback (FSFB) con-

troller for the general MIMO system. Then, an

OFB control design of the same system with an

HGO is presented in Section 4. In Section 5,

the theoretical development of the paper is com-

plemented with a numerical simulation for a two

degrees-of-freedom (DOF) mechanical system.

2 Problem Formulation and Preliminaries

We consider a class of MIMO nonlinear systems

having the form

x(n) = h(x) +G(x)u (3)

where x(i)(t) ∈ Rm, i = 0, 1, ..., n−1 are the sys-
tem states, x = [xT ẋT ... (x(n−1))T ]T ∈ Rmn,
u(t) ∈ Rm represents the control input, and

h (x) ∈ Rm and G (x) ∈ Rm×m are uncertain

C2 nonlinearities. We assume G (x) is positive
definite but non-symmetric.

The following matrix decomposition will be a key

factor in the proposed control design.

Lemma 1 Any positive-definite, non-symmetric
matrix P ∈ Rm×m can be decomposed as

P = ST (4)

where S ∈ Rm×m is positive definite and symmet-
ric, and T ∈ Rm×m is an unity upper triangular

matrix.

Proof: We can use the fact that all leading prin-

cipal minors of a real, positive definite matrix are
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positive ([15], Theorem 5.10) along with Lemma

1 given in [3].

Invoking Lemma 1, (3) can be rewritten as

M(x)x(n) = ϕ(x) + T (x)u (5)

where M(x) = S−1(x) ∈ Rm×m is symmetric

and positive definite, ϕ(x) = S−1(x)h(x) ∈ Rm,
and S(x), T (x) are defined as in Lemma 1. We
assume that the matrix M(·) is bounded by

m nξn2 ξTM(·)ξ m̄(·) nξn2 ∀ξ ∈ Rm (6)

where m ∈ R denotes a positive constant, and

m̄(·) ∈ R denotes a positive, non-decreasing func-
tion. We now differentiate (5) to obtain

M(x)x(n+1) = f(x, x(n)) + T (x)u̇ (7)

where the uncertain nonlinearity f(x, x(n)) is
given by

f(x, x(n)) = ϕ̇(x)− Ṁ(x)x(n)
+Ṫ (x)G−1(x)

�
x(n) − ϕ(x)

�
.
(8)

The (n + 1)th order system in (7) will be used

as a basis for the subsequent control design and

stability analysis.

Let xd(t) ∈ Rm be a Cn+2 reference trajectory
such that

x
(i)
d (t) ∈ L∞, i = 0, 1, ..., n+ 2 (9)

and xd = [xTd ẋ
T
d ... (x

(n−1)
d )T ]T ∈ Rmn. The

output tracking error e1(t) ∈ Rm is defined as

follows

e1 = xd − x. (10)

The control objective is to ensure that e1(t)→ 0
as t → ∞ as well as guarantee the bounded-

ness of all closed-loop signals. To simplify the

subsequent control design, we introduce the fol-

lowing auxiliary error signals ei(t) ∈ Rm, i =
2, 3, ..., (n+ 1)

e2 = ė1 + e1
e3 = ė2 + e2 + e1
e4 = ė3 + e3 + e2

...

en+1 = ėn + en + en−1.

(11)

Following [20], it is easy to obtain

ei (t) =
i−1[
j=0

aije
(j)
1 (t) ∀ i = 2, 3, ..., (n+ 1)

(12)

where the known constant coefficients aij are gen-

erated via a Fibonacci number series [20].

3 State Feedback Control

3.1 Control Law

In this section, we assume full state feedback, i.e.,

x(i)(t), i = 0, ..., n− 1 in (3) are measurable. We
propose the following state feedback control law

u =

] t

t0

(K + Im) (en+1(τ) + en(τ)) dτ+

] t

t0

f̂(τ)dτ

(13)

where K ∈ Rm×m is a positive-definite, diago-

nal matrix, Im is the m×m identity matrix, and

f̂(t) ∈ Rm denotes a yet to be designed feedfor-

ward component included to compensate for the

term f(x, x(n)) in (7). We assume f̂(t) is de-
signed such that f̂(t) ∈ L∞. Note that en(t) andU
en+1(t)dt in (13) are measurable since they are

a function of the system states and the reference

trajectory. Note that
U
en+1(t)dt is measurable

via integrating the right hand side of the last de-

finition of (11).

3.2 Error System Development

We define the error signal r(t) as follows

r = en+1 + en. (14)

After taking the time derivative of (14), multi-

plying both sides byM(x), and then substituting
from the derivative of (12) for i = n+1, we have

Mṙ =M
n[
j=0

an+1je
(j+1)
1 +Mėn. (15)

After applying (10) to (15), we have

Mṙ =Mx
(n+1)
d −Mx(n+1)

+M

#
n−1S
j=0

an+1je
(j+1)
1 + ėn

$
=M

#
x
(n+1)
d +

n−1S
j=0

an+1je
(j+1)
1 + ėn

$
−f − T u̇

(16)
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upon the use of (7). We now arrange (16) into

the following form

Mṙ = −1
2
Ṁr − en+1 − T̄ u̇− u̇+N (17)

where N(x, x(n), t) is defined as follows

N = M

#
x
(n+1)
d +

n−1S
j=0

an+1je
(j+1)
1 + ėn

$
− f

+12Ṁr + en+1
(18)

and T̄ (x) T (x) − Im. Note that T̄ (x) is a
strictly upper triangular matrix. We now define

Nd(t) = N(xd, x
(n)
d , x

(n+1)
d ), (19)

and rewrite (17) as

Mṙ = −1
2
Ṁr − en+1 − T̄ u̇− u̇+Nd + Ñ (20)

where Ñ N−Nd. Note that Nd(t), Ṅd(t) ∈ L∞
due to (9) and the C2 condition onG(x) and h(x).
SinceN defined in (18) is C1, it can be shown that
Ñ can be upper bounded as follows���Ñ��� ≤ ρN(nzn) nzn (21)

where

z [ eT1 eT2 ... eTn rT ]T (22)

and ρN (·) : R≥0 → R≥0 is a globally invertible,
nondecreasing function. By employing the time

derivative of the control input vector of (13), the

vector T̄ u̇ in (20) can be written as

T̄ u̇ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m[
j=2

T1j u̇j

m[
j=3

T2j u̇j

...

T(m−1)mu̇m
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

�
Λ+Φd
0

�
, (23)

where the auxiliary signals are defined

as: Λ [Λ1 Λ2 · · · Λm−1]T , Φd

�
Φd1 Φd2 · · ·Φd(m−1)

�T
, and the individual

elements are defined as

Λi =
mS

j=i+1

k
T̃ij(Kj + 1)rj + T̃ij f̂j

+Tij(xd)(Kj + 1)rj ]
(24)

Φdi =
mS

j=i+1
Tij(xd)f̂j . (25)

In (24) above, T̃ij Tij(x) − Tij(xd) while the
subscript j (ij) denotes the jth (ijth) element

of the corresponding vector (matrix). It can be

shown that Λi is upper bounded as follows

nΛin ≤ ρΛi(nzn) nzn (26)

where z (t) was defined in (22), and ρΛi (·) :
R≥0 → R≥0 is a globally invertible, nondecreas-
ing function containing only the diagonal ele-

ments i + 1 to m − 1 of K due to the strictly

upper triangular nature of T̄ (x). After taking
the derivative of (13) and substituting into (20),

one can arrive at the following closed-loop dy-

namics for r (t)

Mṙ = −1
2
Ṁr−en+1− (K+Im)r+Π+Ψd (27)

where

Π = Ñ −
�
Λ
0

�
, Ψd = Nd−

�
Φd
0

�
− f̂ . (28)

It is not difficult to show that Ψd(t), Ψ̇d(t), T (xd)
∈ L∞. Also note that Ψd (t) is not a function of
any control gains. The stability of the closed-loop

system is stated by the following theorem:

Theorem 2 Provided the elements of K are se-

lected sufficiently large, the control law of (13)

ensures that: (a) all closed-loop signals stay

bounded for all time, and (b) tracking is locally

uniformly ultimately bounded in the sense that

nei(t)n �, i = 1, · · ·, n+ 1 ∀ t ∈ [t0 + T,∞)
(29)

where �, T are some positive constants. (See Ap-

pendix A for proof)
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4 Output Feedback Control Law

When x(t) is the output of the system and

is the only measurable state, we can only

measure e1(t) given x(t) and xd(t). Moti-

vated by the result in [2], an estimate ê (t) =�
ê1 (t) ê2 (t) ·· ên+1

�T ∈ Rm(n+1) for the
auxiliary error signals ei(t) ∈ Rm ∀ i = 1, 2, · ·
·, n+ 1 can be obtained via the following HGO

·
ê1= ê2 − ê1 + α1

ε
(e1 − ê1)

·
ê2= ê3 − ê2 − ê1 + α2

ε2
(e1 − ê1)

...
·
ên= ên+1 − ên − ên−1 + αn

εn
(e1 − ê1)

·
ên+1=

αn+1

εn+1
(e1 − ê1)

(30)

where αi ∈ Rm×m ∀ i = 1, 2, · · ·, n + 1 are yet
to be designed gain matrices, and ε is a positive

scalar. To make for facile analysis in the sin-

gularly perturbed form, we further define scaled

observer errors ηi(t) ∈ Rm ∀ i = 1, 2, · · ·, n+1 as
follows

ηi(t) =
1

εn+1−i
(ei − êi). (31)

After differentiating (31) and taking advantage

of the definition of (11) and the design of (30),

we obtain the following dynamic observer error

system:

εη̇1 = −α1η1 + η2 − εη1
εη̇i = −αiη1 + ηi+1 − ε2ηi−1 − εηi
εη̇n+1 = −αn+1η1 + εėn+1

(32)

where i = 1, 2, · · ·, n. By defining η(t) =�
ηT1 (t) ηT2 (t) ·· ηTn+1(t)

�T ∈ Rm(n+1), we
can write a more compact form of (32) as follows

εη̇(t) = A0η(t) + εg (33)

where

g = − � η1 εη1 + η2 ·· εηn−1 + ηn −ėn+1
�T
.

and αi ∀ i = 1, 2, · · ·, n+ 1 are chosen such that

A0

⎡⎢⎢⎣
α1 Im 0m 0m
· · · ·
αn 0m 0m Im
αn+1 0m 0m 0m

⎤⎥⎥⎦

is Hurwitz1. The boundary-layer system
dη(τ)

dτ
=

A0η(τ) (obtained by applying a change of vari-
able τ = t/ε and then setting ε = 0) induces a
Lyapunov function W (η) = ηTP0η that satisfies

the following properties

⎧⎪⎨⎪⎩
λmin(P0) nηn2 ≤W (η) ≤ λmax(P0) nηn2 ,
Ẇ = ∂W

∂η
η̇ ≤ −λw nηn2 , 0 < λw ≤ 1 ,���∂W∂η ��� ≤ 2 nP0n nηn , nP0n λmax(P0) .

(34)

In the above equation, P0 ∈ Rm(n+1)×m(n+1) is
a p.d. matrix that satisfies P0A0 + AT0 P0 =
−Im(n+1). From (34), it is clear that η(t) = 0
is a globally exponentially stable equilibrium of

the boundary-layer system.

From (32), it is clear that the solution of η(t) con-
tains terms like 1

ε
e−ωt/ε for some ω > 0 (i.e., the

amplitude of η(t) is O(1
ε
)). This so-called peaking

phenomenon can possibly drive an output feed-

back controller (that is based on a naive applica-

tion of the separation principle) out of its region

of attraction, thereby causing instability. To sup-

press the amplitude peaking of η(t), the full-state
control design of (13) is modified to an output

feedback saturated control as follows [2]

u(t) =
U t
t0
sat{(K + Im)(ên+1(τ) + ên(τ))}dτ

+
U t
t0
f̂(τ)dτ .

(35)

where the time derivative of (35) is saturated in

the variables ên (t) and ên+1 (t) outside a com-
pact set Dc {z(t) ∈ Rm(n+1) | V (t) ≤ c} of the
region of attraction Dz (See Appendix A) for the
full-state feedback system. After combining (20),

(23), (28), (33) and (35), we obtain the following

closed-loop error dynamics for (3)

ż(t) = Φ̂(z(t), η(t)),
εη̇(t) = A0η(t) + εĝ(z(t), η(t))

(36)

where Φ̂(z(t), η(t)) and ĝ(z(t), η(t)) are defined

1The notation Ix and 0x denotes, respectively, x × x
identity and null matrices for any positive integer x.
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as follows

Φ̂(·) = �
e2 − e1 e3 − e2 − e1 ··
·· en+1 − en − en−1 φ(z, η)

�T
ĝ (·) = − � η1 εη1 + η2 ·· εηn−1 + ηn

−φ(z, η) + en+1 − en − en−1
�T

φ(·) M−1
k
−12Ṁr − en+1 − f̂

−sat{(K + Im)(ên+1 + ên)}
−T̄ (sat{(K + Im)(ên+1 + ên)}+ f̂)
+Nd + Ñ

l
.

(37)

From the global boundedness of f̂ (t), the global
saturation of the estimated states, and the

boundedness of z (t) inside Dc, it is easy to see
that

������Φ̂(z(t), η(t))������ ≤ k1 ∀ z (t) ∈ Dc and ∀
η (t) ∈ Rm(n+1). Here, k1 is a positive constant
independent of ε.

4.1 OFB Stability Results

To directly construct a Lyapunov function to

prove the stability of (36) is non-trivial owing

to the augmented set of dynamics as well as sat-

uration introduced in the OFB design. Instead,

the proof is split into multiple steps (as similarly

done in [2]) to reduce the complexity at each step.

First, we prove the existence of a positively in-

variant set for the solutions of (36). In the second

step, we regain the boundedness of solutions of

(36) provided the trajectory (z (t) , ê (t)) starts
inside a compact subset of Dz × Rm(n+1). We
are then able to show that the HGO constant ε

can be chosen small enough to ensure that any

trajectory (z (t) , ê (t)) starting in the aforemen-
tioned compact subset results in η (t) entering the
invariant set (from step 1) before z (t) can escape.
In the third step, we recover semiglobal ultimate

boundedness for (36).

We define Z to be any compact set in the in-

terior of Dz such that Z ⊂ Dc ⊂ Dz. We fur-
ther define H to be any compact set in the in-

terior of Rm(n+1). Let Dε {η(t) ∈ Rm(n+1) |
W (η (t)) ≤ (ε2} be a compact set where W (t)
was defined in (34), ( is a positive constant that

is yet to be selected, while ε is the HGO con-

stant. In our analysis of the stability of (36), we

will consider trajectories for closed-loop solutions

(z (t) , ê (t)) that start inside Z ×H. With these

definitions, we present the stability analysis for

the system of (36) via the following theorems:

Theorem 3 (Invariant Set Theorem) Given

Σ Dc × Dε, there exists an ε̄1 > 0 such that
∀ε ∈ (0, ε̄1], Σ is a positively invariant set for the
trajectory (z(t), η(t)).

Proof: Define a composite Lyapunov function

Vc (z, η) as follows

Vc = V (z) +W (η) (38)

where V (z) and W (η) have been previously de-
fined in (52) and (34). The derivative of (38)

along the trajectory of (36) can be obtained as

follows

V̇c =
∂V (z)

∂z
Φ̂(z(t), η(t))� ~} �
T1

+
∂W (η)

∂η
(A0η(t)/ε+ ĝ(z(t), η(t)))� ~} �

T2

.

(39)

Our aim here is to show that V̇c|∂Σ ≤ 0 where the
notation ∂Σ denotes the boundary of the com-
pact set Σ. From the analysis in Appendix B,

the term T1 of (39) can be upperbounded as fol-

lows

T1 ≤ −λ3 nzn2 + ν0 + κ1κ2 nηn . (40)

After defining ς1 κ1κ2

t
�

λmin(P0)
and ς2 (c)

1
2λ3

�
γ−12 (c)

�2
, we can utilize the definition of Dc

to upperbound T1 on the boundary ∂Σ as follows

T1|∂Σ ≤ − [ς2 (c)− ν0]− [ς2 (c)− ς1ε] (41)

where we have utilized the definition of Dε to up-

perbound nη (t)n as well as the fact that V (z) is
upperbounded by γ2 (nzn) (See (48) and (60) in
Appendix A). If one selects c > γ2

�t
2ν0λ

−1
3

�
,

then a selection of ε1 = ς−11 ς2 ensures that

T1|∂Σ ≤ 0 ∀ 0 < ε ≤ ε1. The term T2 of (39)

can be upperbounded as follows

T2 ≤ −1
ε
nηn2 + 2 nP0n nηn nĝn (42)
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where we have utilized the fact that P0A0 +
AT0 P0 = −Im(n+1). Given the boundedness of
z (t) inside Dc, the linear dependence of ĝ (t) on
η (t), and the fact that ε is strictly less than 1, the
definition of (37) suggests that ĝ (t) can be up-
perbounded as nĝn ≤ σ1 nηn+σ2 ∀ z (t) ∈ Dc and
∀ η (t) ∈ Rm(n+1); here, σ1,σ2 > 0 are constants
independent of ε (See Appendix B for explicit

definitions for σ1 and σ2). Utilization of this up-

perbound given in (42) allows us to formulate the

following upperbound on T2

T2 ≤ − �1
ε
− 2 nP0nσ1

� nηn2
+2 nP0n nηnσ2. (43)

If one chooses ε2 <
1

28P08σ1 , then ∀ 0 < ε ≤
ε2, a choice of ( =

16σ228P083
(1−28P08σ1ε)2 ensures that

T2|∂Σ = T2|∂Dε ≤ 0. Finally, if one defines

ε̄1 = min{1, ε1, ε2}, then (41) and (43) imply that
Σ = Dc ×Dε is an invariant set for ∀ε ∈ (0, ε̄1].

Theorem 4 (Boundedness Theorem) There

exists an ε̄2 ≤ ε̄1 such that ∀ε ∈ (0, ε̄2], any
trajectory (z(t), ê(t)) that starts inside Z ×H is

bounded for all time. (See Appendix C for proof)

Theorem 5 (Ultimately Boundedness The-

orem) Given any solution (z(t), ê(t)) that starts

in Z ×H and given any small δ >

t
2λ−13 ν0,

there exists an 0 < ε̄3(δ) ≤ ε̄2 and a T1(δ) > 0
such that nz (t)n ≤ δ and nê (t)n ≤ 2δ ∀ t ≥ T1
and ∀ ε ∈ (0, ε̄3].

Proof: From (68), lim
ε→0W (η(t)) = 0 ∀ 0 < ε ≤

ε̄2; hence, for any given small value δ, we can

find ε3 = ε3(δ) ≤ ε̄2 such that for ∀ε ∈ (0, ε3],
the following upperbound can be defined

nη(t)n ≤ δ ∀ t ≥ Tε3 = Tε3(δ). (44)

Inside the invariant set Σ, one can upperbound
the time derivative of V (t) of (52) as follows

V̇ ≤ −λ3 nzn2 + ν0 + k3ε (45)

where we have utilized the upperbound

of (40) and the definition of the com-

pact set Dε. Define a compact set Dµ

�
z ∈ Rm(n+1) : nz(t)n ≤ µ(ε)

t
2(ν0+k3ε)

λ3

�
;

then nz(t)n /∈ Dµ implies that V̇ (t) can be

upperbounded as

V̇ (t) ≤ −λ3
2 nzn2 − λ3

2 (nzn2 − 2(ν0+L1ε)
λ3

)

≤ −λ3
2 nzn2 ≤ 0

(46)

which implies that V (z (t)) is decreasing out-
side Dµ. Define a compact set DV {V (z) ≤
υ0(ε) max

Dµ
V (z)}; clearly, Dµ ⊂ DV since

υ0 (ε) is defined to be a non-decreasing scalar
function. We know that Dµ and DV lie inside

Dc ∀ ε ∈ (0, ε̄2]. Given any δ >

t
2λ−13 ν0,

one can pick an ε4 = ε4(δ) ≤ ε̄2 such that

DV ⊂ Dδ

�
z ∈ Rm(n+1) : nz(t)n ≤ δ

�
. From

these assertions and the upperbound of (46), it

is obvious that the set Σub DV ×Dε is pos-

itively invariant. Moreover, any trajectory in

Σ will enter Σub in a finite time Tε4 = Tε4(δ)
for ∀ε ∈ (0, ε4]. Defining ε̄3 = min{ε3, ε4} and
Tu = max{Tε3, Tε4}, we obtain

nê(t)n ≤ nz(t)n+ nη(t)n ≤ 2δ,
∀ε ∈ (0, ε̄3] and ∀t ≥ Tu, (47)

where we have utilized the definition of (31) and

the fact that εk < 1 ∀ k = 0, 1, ··, n. Thus

(z (t) , ê (t)) starting in Z ×H are ultimately

bounded.

5 Simulation

See Appendix D.
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A Proof of Theorem 2

Before presenting the proof of Theorem 2, we

state the following lemma which will be invoked

later.

Lemma 6 Assume that for any bounded set D ⊂
Rn, the function F maps D×R≥0 into bounded
sets in Rn, and γ1, γ2, γ3 : R≥0 → R≥0 are class
K∞ functions. If there exists a C1 function V :

Rn ×R≥0 → R≥0 satisfying

γ1(nx(t)n) V (x(t), t)) γ2(nx(t)n) (48)

∀ (x, t) ∈ Rn×R≥0, and positive constants ξ1, ξ2
satisfying ξ2 > (γ

−1
1 ◦γ2)(ξ1) such that, along the

trajectory of ẋ = F (x, t),

V̇ (x(t), t) < −γ3(nx(t)n) (49)

∀ t ≥ 0 and ∀ x ∈ {x ∈ Rn : ξ1 < nx(t)n < ξ2},
then the solution x(t) : [t0,∞) → Rn of ẋ(t) =
F (x, t), with initial state x0, has the following
properties:

(i) Locally uniformly bounded. If nx0n s, then

nx(t)n d(s) ∀ t ∈ [t0,∞) where

d(s) =

�
(γ−11 ◦ γ2)(s) if ξ1 s (γ−12 ◦ γ1)(ξ2)
(γ−11 ◦ γ2)(ξ1) if s ξ1.

(50)

(ii) Locally uniformly ultimately bounded. Given

ξ with d(ξ1) < ξ ξ2, if nx0n s, then nx(t)n
ξ ∀ t ∈ [t0 + T (ξ, s),∞) where

T =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if s (γ−12 ◦ γ1)(ξ)⎧⎪⎨⎪⎩
γ2(s)− (γ1 ◦ γ−12 ◦ γ1)(ξ)

min {γ3(r)}
{γ−12 ◦γ1(ξ) r d(s)}

if (γ−12 ◦ γ1)(ξ) < s (γ−12 ◦ γ1)(ξ2).
(51)

Proof: Direct application of Theorem 2.15 in

[16].

We begin the proof of Theorem 2 by defining the

function V (t, z) : R≥0×Rm(n+1) → R≥0 as follows

V =
1

2

n[
i=1

eTi ei +
1

2
rTMr. (52)

Note that (52) can be bounded as

λ1 nzn2 V λ2(nzn) nzn2 (53)

where z (t) was defined in (22), and λ1 and

λ2(nzn) are defined as follows

λ1 =
1

2
min(1,m) λ2(nzn) 1

2
max(1, m̄(x))

(54)

and we have taken advantage of (6). After taking

the time derivative of (52) and substituting from

(27), we have

V̇ = −
n+1[
i=1

eTi ei − rT r − rTKr + rTΠ+ rTΨd

≤ −nzn2 +
k
nrn

���Ñ���− kp nrn2l
+

%
m−1[
i=1

(|ri| nΛin −Kdi |ri|2)
&

+
k���Nd −Φd − f̂��� nrn − kq nrn2l (55)

whereK = (kp + kq) Im+Kd; here, kp, kq are pos-
itive scalars while Kd is a diagonal gain matrix

defined as Kd diag{Kd1,Kd2, ··,Kd(m−1), 0}.
After making use of (21), (26) and completing

the squares on the last bracketed term of (55),

we obtain

V̇ −nzn2 +
k
nrnρN (nzn) nzn − kp nrn2

l
+
m−1[
i=1

k
|ri| ρΛi(nzn) nzn −Kdi |ri|2

l
+ν0 (56)

where ν0 is some positive constant such that
1

kq

���Nd − [Φd 0]T − f̂���2 ν0; note that we have

taken advantage of the apriori boundedness of

Nd (·) ,Φd (·), and f̂ (·). Again, completing the
squares on the bracketed terms in (56), we ob-

tain

V̇ −
�
1− 1

4kp
ρ2N (nzn)

−
m−1S
i=1

1
4Kdi

ρ2Λi(nzn)
�
nzn2 + ν0.

(57)

Since ρN (nzn) is independent of control gains
and ρΛi(nzn) contains only control gains

kp, kq,Kd(i+1),Kd(i+2), ···,Kd(m−1), we can design
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Kdi ∀ i = 1, 2, · · ·(m− 1) in the above equation
without an algebraic loop. We can state from

(57) that

V̇ −λ3 nzn2 + ν0 (58)

provided that

nzn < ρ−1N (
s
2kp) and

nzn < ρ−1Λi (
u
2Kdi
m− 1)

(59)

where i = 1, 2, · · ·,m − 1. With the gains cho-
sen to satisfy above, one can ensure that λ3 =�
1− 1

4kp
ρ2N(nzn)−

m−1S
i=1

1

4Kdi
ρ2Λi(nzn)

�
is a pos-

itive constant.

Since our aim is to prove Theorem 2 via an ap-

plication of Lemma 6, we define the relationships

between the variables defined in Lemma 6 and

those in the analysis above in (52)-(59). From

(53), the lower and upper bounds for (52) can be

expressed as follows

γ1(nzn) = λ1 nzn2 γ2(nzn) = λ2(nzn) nzn2 .
(60)

It is easy to check that γ1(·) and γ2(·) are class
K∞ functions. Define the region D as

D ={z ∈ Rm(n+1)
��� ξ1 < nzn < ξ2} (61)

where ξ1, ξ2 are positive constants defined as

ξ1 =
√
ν0

ξ2 = min
i=1,···,(m−1)

(ρ−1N (
s
2kp), ρ

−1
Λi (
t

2Kdi
m−1)).

(62)

We remark here that ξ1 can be made as small as

possible by picking kq large enough while ξ2 can

be made as large as possible by choosing kp and

Kdi large enough such that it is always possible

to satisfy (γ−11 ◦ γ2)(ξ1) < ξ2 (See also Remark 1

below). From (58), we have

V̇ −λ4 nzn2 ∀ z ∈ D (63)

where λ4 is some positive constant. The upper

bound for the derivative of (63) can be expressed

as

γ3(nzn) = λ4 nzn2 (64)

where γ3(·) is a class K∞ function. We are

now in a position to apply Lemma 6 to prove

boundedness and ultimate boundedness in the

sense of Theorem 2. The region of attraction (to

the ultimate bound) for the closed-loop system

of (27) is given by Dz {z ∈ Rm(n+1)�� nzn <
(γ−12 ◦ γ1)(ξ2)}.

Remark 1 Though the stability result presented

is local and only ultimately bounded, the bound-

aries of the bounded region D in (61) can be

expanded by increasing the control gains. For

ξ1 =
√
ν0 where

1

kq

���Nd − [Φd 0]T − f̂���2 ν0,

the inner boundary ξ1 will shrink around the ori-

gin by increasing control gain kq which also im-

plies that the tracking error e(t) can be driven to
an arbitrarily small region around the origin. For

ξ2 = min(ρ−1N (
s
2kp), ρ−1Λi (

t
2Kdi
m−1)), the outer

boundary can be expanded by increasing the con-

trol gain kp and Kdi ∀ i = 1, 2, · · ·,m−1. Hence,
the attraction region can be made arbitrarily large

to include nearly any initial condition by increas-

ing the control gains kp, kq,Kd1,Kd2, · · ·,Kd(m−1)
(i.e., a semi-global stability result).

B Details of Proof of Theorem 3

Inside the set Σ = Dc × Dε, saturation does not

apply and the term T1 in (39) can be obtained as

follows

T1 = −
nS
i=1
eTi ei + e

T
nen+1 +

1
2r
T Ṁr

= +rT
k
−12Ṁr − en+1

− T̄ ((K + Im)(en+1 + en) + f̂)

−(K + Im)(en+1 + en)− f̂ +Nd + Ñ
l

+
�−rT �T̄ + Im� (K + Im)(ηn+1 + εηn)

�
where we have utilized the definition of (52), the

dynamics of (11) and (17), the control input de-

sign of (35), and the error definition of (31). By

utilizing the upperbound of (58) as well as the

fact that nrn ≤ nzn ≤ κ1

t
cλ−11 inside the

compact set Dc, we can upperbound T1 as fol-
lows

T1 ≤ −λ3 nzn2 + ν0 + κ1κ2 nηn
where we select 0 < ε < 1 and κ2
2(maxx∈Σx

���T̄ (x)��� + 1) nK + Imn , κ3
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max
x∈Σx

���T̄ (x)��� , and Σx {x ∈ Rm : x = xd − e
∀ e ∈ Σ}. We note here that the upperbound of
(58) is applicable here because Dc ⊂ Dz.
By defining κ4 max

x∈Σx
���M−1(x)

��� and κ5

max
x∈Σx

q���∂M(x)∂x

���r, it is possible to upperbound
ĝ (·) of (37) as follows

nĝn ≤ (2 + κ2κ4) nηn
+
k
κ4 nNdn+ κ4(1 + κ3)

���f̂���l
+
�
(3 + κ4 + κ4(1 + κ3) nK + Imn) nzn

+κ3κ4
2 (nẋdn+ nėn) nzn+ κ4ρN(nzn) nzn

�
(65)

where we have utilized the bound of (21). Since

the first bracketed term is apriori bounded and

the second bracketed term contains smooth func-

tions of z (t) that is bounded inside Dc, it is easy
to see that the upperbound on ĝ (·) can be ex-
pressed as follows

nĝn ≤ σ1 nηn+ σ2 (66)

where the definitions of σ1 and σ2 can be ob-

tained by comparing (65) and (66).

C Proof of Theorem 4

Proof: Given the boundedness of e (0) and ê (0),
the definition of (31) implies that nη (0)n ≤ kε−n
where k > 0 is a positive constant of analysis
while n is the order of the system of (3). From

the boundedness assertion on Φ̂(z(t), η(t)) of (37)
in the set Dc× Rm(n+1) made in Section 4, and
the closed-loop system definition of (36), it is easy

to see that z (t) satisfies the following linear time
growth upperbound in the compact set Dc

nz(t)− z(0)n ≤ k1t (67)

where k1 > 0 is a positive constant of analy-
sis. Thus, there is a time Tc independent of ε

such that z(t) ∈ Dc ∀ t ∈ [0, Tc]. Our aim now

is to show that one can pick an ε such that if

ηi (t) starts outside the invariant set Σ, it can
be made to enter the invariant set before z (t)
can exit Dc — the key idea to be exploited here
is the growth bound established in (67). Prov-

ing this previous assertion would imply that the

solution (z (t) , η (t)) is in the invariant set Σ

at some time Tε which means that it will stay

there ∀ t ∈ [Tε,∞). Outside the invariant set,
W (η) ≥ (ε2 =

16σ228P083ε2
(1−28P08σ1ε)2 which implies from

(34) that nηn ≥ 4σ28P08ε
(1−28P08σ1ε) . From (43), one can

upperbound Ẇ (η) as follows

Ẇ ≤ −1
2

�
1
ε
− 2 nP0nσ1

� nηn2
+
�−12 �1ε − 2 nP0nσ1� nηn

+2 nP0nσ2 nηn] .
The bracketed term in the above equation can

be upperbounded by zero owing to the lower

bound established on nηn above. If one de-

fines (∀ 0 < ε ≤ ε̄1) a strictly increasing func-

tion ς3 (ε) = ε (1− 2 nP0nσ1ε)−1, then Ẇ (η) ≤
− W (η)
28P08ς3(ε) ≤ 0 ∀ 0 < ε ≤ ε̄1 — by solving this dif-

ferential inequality, an upperbound for W (η (t))
can be obtained as follows

W (η (t)) ≤ k28P08
ε2n

exp(− t
28P08ς3(ε)) (68)

where k is defined above in the nη (0)n upper-
bound. Since lim

t→∞W (η (t)) = 0 from above,

there exists a time Tε for W (η (t)) to reach in-
side the region defined by W (η (t)) < (ε2. So,

we can find an 0 < ε̄2 < ε̄1 small enough

so that W (η (t)) enters Dε at a time Tε

2 nP0n ς3 (ε) ln
�
k28P08
�ε2(n+1)

�
≤ Tc/2 ∀ ε ∈ (0, ε̄2].

Since η (t) enters the invariant set Σ in less than
half the time it takes for z (t) to exit Σ, this im-
plies that (z (t) , η (t)) enters Σ during [0, Tε] and
hence z (t) , η (t) ∈ L∞ for all times t ≥ Tε. For
t ∈ [0, Tε], the trajectory (z(t), η(t)) is bounded
by virtue of (67) and (68). Thus, we have proved

that all closed-loop trajectories (z(t), ê(t)) start-
ing in Z ×H are bounded for all time.

D Simulation Results

In this section, the results of a numerical simu-

lation are presented in order to demonstrate the

performance of the proposed control law. The

following two DOF system was considered [18]�
τ1
τ2

�
=

�
H11 H12
H21 H22

��
q̈1
q̈2

�
+� −hq̇2 −h (q̇1 + q̇2)

hq̇1 0

��
q̇1
q̇2

� (69)
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where qi(t) denotes the i
th DOF position,⎧⎨⎩

H11 = a1 + 2a3 cos q2 + 2a4 sin q2,
H12 = H21 = a2 + a3 cos q2 + a4 sin q2,
H22 = a2, h = a3 sin q2 − a4 sin q2,

(70)�
τ1
τ2

�
= α(q1, q2)

�
1 1
0 1

��
u1
u2

�
, (71)

a1 = 4.42, a2 = 0.97, a3 = 1.04, and a4 = 0.6. In
(71), u1(t), u2(t) are the control inputs, and α =
H11H22−H12H21 ∈ R can be taken as some sort
of environment related factors such as shown in

[1, 4] or items shown in the input-output module

[8, 9, 14].

The control objective is to make q(t) =�
q1(t) q2(t)

�T
track the following reference

trajectory

qd(t) =

�
30 sin(t)

�
1− exp(−0.3t3)�

45 sin(t)
�
1− exp(−0.3t3)�

�
deg;

(72)

hence, the system tracking error was defined as

e1(t) = qd(t) − q(t). The initial conditions were
set to q(0) = 0.06 [deg] and q̇ (0) = 0 [deg.s−1].

Toward designing the feedforward function f̂ (t),
neural-network (NN) based compensation was

utilized. We employed a radial basis neural net-

work (RBNN) [13] to approximate the unknown

nonlinear function Nd(·) in (19). The RBNN is

comprised of a layer of radial basis activation

functions with p = 10 number of neurons and the
output of the neural network system is designed

as follows

f̂(t) = Ŵ (t)Tσ(V̄ Tχ1 + V0) (73)

where χ1 = [ qTd q̇Td q̈Td
···
q
T

d
]T ∈ R8 denotes

a bounded vector of the desired trajectory and

its derivatives, V̄ ∈ R10×8 is set to constant uni-
formly distributed random values between -1 and

1, Ŵ (t) ∈ R10×2 is an estimate of the ideal weight
gain matrix W, while V0 ∈ R10 is set to con-
stant random base values uniformly distributed

between Vmax and Vmin; in the simulation, we

pick Vmax = 20 and Vmin = −20 [13]. The sig-
moid function σ(s) =

1

1 + exp(−s) is utilized as
activation function. We proposed the following

weight tuning law for Ŵ (t)+ .

Ŵ= −κ1Ŵ + Γ1σ(V̄
Tχ1)sat(ê2 + ζ1)

ζ1 =
1
κ2 (−ζ2 + ê2), ζ̇2 = 1

κ2 (−ζ2 + ê2),
(74)

where κ1, κ2 are some small positive constants,
Γ1 ∈ R10×10 is a diagonal, positive definite ma-
trix, sat(·) ∈ R2 is the standard saturation func-
tion, while ζ1, ζ2 ∈ R2 are auxiliary filter signals.
It is not difficult to check that Ŵ (t) ∈ L∞. The
weight tuning gains in (74) were tuned by trial-

and-error until a good tracking performance was

achieved. This resulted in the following gain val-

ues⎧⎨⎩
κ1 = 1e− 2, κ2 = 1e− 4,
Γ1 = diag {100, 220, 200, 120

150, 150, 240, 200, 160, 280} .
(75)

The control gains in (13) were chosen to be

K = diag {5, 3}. In the OFB scenario, we se-

lect the HGO as defined in (30) with parameters

setting: n = 2,α1 = 9.1e− 1, α2 = 1.5e− 1, and
α3 = 1.5e − 2. The simulation was carried out
both with and without the feedforward term f̂(t)
in the control input. No serious peaking phenom-

enon was observed during the simulation with

the HGO constant chosen between ε = 1e − 3
and ε = 1e− 4 and the maximum and minimum

values for the saturation ê(t) set at ±100. Fig-
ures 1-6 show the comparisons of the tracking

errors, control torques, and HGO estimation er-

rors under four different scenarios. The simula-

tion results demonstrate that the OFB controller

recovers the performance of the FSFB controller.

It is to be noted here that the magnitude of the

tracking error e1(t) can be further reduced by in-
creasing control gain matrix K. As seen in the

figures, a substantial reduction in the tracking er-

rors is observed when feedforward compensation

is introduced.

p. 12
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Figure 1: Tracking Error Comparison w/ and w/o
NN Feedforward Compensation
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Figure 2: Tracking Error Comparison: FSFB vs

OFB (ε = 1e− 4)
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