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Devwudfw

Wkh ixqfwlrqdolw| ri jdvrolqh dqg glhvho hqjlqh wkhupdo pdqdjhphqw v|vwhpv fdq eh hq0
kdqfhg wkurxjk wkh lqwurgxfwlrq ri d vpduw wkhuprvwdw ydoyh dqg yduldeoh vshhg zdwhu sxps1
D qrqolqhdu wudfnlqj frqwuroohu lv suhvhqwhg lq wklv sdshu iru dgydqfhg wkhupdo pdqdjhphqw
v|vwhpv dssolfdeoh wr jurxqg yhklfohv1 Vshfl�fdoo|/ wkh frqwuroohu lv ghvljqhg wr hqvxuh wkdw wkh
hqjlqh whpshudwxuh iroorzv d ghvluhg whpshudwxuh wudmhfwru| zklfk pd| eh suhvfulehg edvhg rq
rshudwlqj frqglwlrqv1 Ixuwkhu/ wkh khdw uhmhfwhg iurp wkh v|vwhp dw wkh udgldwru lv frqwuroohg e|
dgmxvwlqj wkh udgldwru idq*v vshhg1 Wkh frqwuroohu hqvxuhv wkdw wkh hqjlqh whpshudwxuh wudfnlqj
huuru lv dv|pswrwlfdoo| irufhg wr }hur zkloh frpshqvdwlqj iru wkh xqphdvxudeoh khdw lqsxw iurp
wkh hqjlqh*v frpexvwlrq surfhvv1 Uhsuhvhqwdwlyh qxphulfdo uhvxowv duh suhvhqwhg wr looxvwudwh
wkh shuirupdqfh ri wkh sursrvhg frqwuroohu1

4 Lqwurgxfwlrq
Sdvvhqjhu dqg frpphufldo jurxqg yhklfohv xvh d ydulhw| ri vhqvruv/ dfwxdwruv/ dqg rq0erdug frq0
wuroohuv wr prqlwru dqg uhjxodwh wkh rshudwlrq ri wkh lqwhuqdo frpexvwlrq hqjlqh/ wudqvplvvlrq/
fkdvvlv/ dqg vdihw| vxev|vwhpv1 Wkhvh phfkdwurqlf v|vwhp frpsrqhqwv shuplw lpsuryhg yhklfoh
shuirupdqfh/ ixho hfrqrp|/ wdloslsh hplvvlrqv/ dqg rffxsdqw vdihw| ^5`1 Iru h{dpsoh/ wkh vsdun
ljqlwlrq hqjlqh riwhq ihdwxuhv hohfwurqlf wkurwwoh frqwuro/ ixho lqmhfwruv/ h{kdxvw jdv uhflufxodwlrq
ydoyh/ dqg hohfwurqlf vsdun wr frqwuro wkh frpexvwlrq surfhvv +h1j1/ ^6`,1 Krzhyhu/ wkh hqjlqh frro0
lqj v|vwhp frpsrqhqwv dqg wkhupdo frqwuro vwudwhj| kdyh qrw ehhq vljql�fdqwo| uhghvljqhg wr uhdol}h
juhdwhu hqjlqh wkhupdo h!flhqf| ^47`1 Wkxv/ dq rssruwxqlw| h{lvwv wr lqwurgxfh d vpduw wkhuprvwdw
ydoyh dqg hohfwulf zdwhu sxps wr hqkdqfh wkh  xlg  rz uhjxodwlrq surfhvv ^49`1

Wkh wudglwlrqdo dxwrprwlyh frrolqj v|vwhp frpsrqhqwv lqfoxgh d zd{ edvhg wkhuprvwdw ydoyh
dqg fudqnvkdiw gulyhq zdwhu sxps1 Krzhyhu/ d vhuyr0prwru ydoyh dqg sxps fdq ehwwhu uhjxodwh
wkh frrodqw  xlg  rz lq wkh hqjlqh wr uhdol}h ixho hfrqrp| jdlqv dqg hplvvlrq uhgxfwlrqv1 Dg0
ydqfhg wkhupdo v|vwhp whfkqrorjlhv fdq surylgh 4(06( ixho hfrqrp| lpsuryhphqwv wkurxjk orzhu
sdudvlwlf orvvhv/ kljkhu rshudwlqj whpshudwxuhv/ uhgxfhg frpsrqhqw whpshudwxuh  xfwxdwlrqv/ orz0
huhg hplvvlrqv/ dqg dowhuqdwlyh hqjlqh eorfn prqlwrulqj whpshudwxuhv ^4;`1 Dv d vlgh qrwh/ wkhupdo
pdqdjhphqw v|vwhp frqfhswv fdq eh dssolhg wr rwkhu v|vwhpv lqfoxglqj srzhu hohfwurqlf flufxlwv1
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Lq kljk ghqvlw| frpsxwhu lqvwdoodwlrqv/ zdwhu frrolqj pd| surylgh dq dwwudfwlyh dowhuqdwlyh wr wkh
frpprqsodfh dlu frrolqj zklfk uholhv rq orfdo urrp dlu frqglwlrqhuv1

Dxwrprwlyh wkhupdo pdqdjhphqw v|vwhp uhvhdufk kdv ehhq sxuvxhg iru wzr ghfdghv1 [x hw
do1/ ^4<`/ ^53` ghyhorshg/ vlpxodwhg/ dqg whvwhg d frqwuro vfkhph iru ydulrxv frpsrqhqwv ri d khdy|
wuxfn glhvho hqjlqh frrolqj v|vwhp zlwk dq dffrpsdq|lqj prgho1 [x hw do1 lqwurgxfhg d frpsxwhu
frqwuroohg idq foxwfk/ yduldeoh vshhg sxps/ dqg d prgl�hg wkhuprvwdw zlwk olplwhg frqwuroodelolw|1
Hlqdxgl dqg Pruwdud ^9` sursrvhg d SLG frqwuroohg ydfxxp dfwxdwhg pl{lqj ydoyh iru kljkhu hqjlqh
whpshudwxuh ohyhov1 Vlplodu uhvhdufk zdv sxuvxhg e| Nhqq| hw do1 ^<` zlwk d vwhsshu prwru gulyhq
exwwhu | ydoyh xqghu hqjlqh frqwuro xqlw +HFX, vxshuylvlrq1 D vhuyr0prwru sxps dqg exwwhu |
ydoyh zhuh vwxglhg e| Frxhwrxvh dqg Jhqwloh ^7` wr uhjxodwh f|olqghu khdg whpshudwxuh iru uhgxfhg
ixho frqvxpswlrq dqg hqkdqfhg sdvvhqjhu frpiruw1 Uhfhqwo|/ hohfwulf sxpsv kdyh ehhq sursrvhg ^4`/
^;` wr uhgxfh hqjlqh lqwhuqdo sdudvlwlf srzhu iru juhdwhu wkhupdo h!flhqf|/ uhvxowlqj lq wkh uhgxfwlrq
lq frpsrqhqw zhljkw/ dqg lpsuryhg hplvvlrqv wkurxjk frqvlvwhqw f|olqghu whpshudwxuh frqwuro1
Pho}hu hw do1 ^43` sursrvhg d frpsuhkhqvlyh wkhupdo pdqdjhphqw v|vwhp wr phhw dq hqjlqh*v
frrolqj v|vwhp qhhgv> krzhyhu/ wkh frqwuroohu vwuxfwxuh zdv qrw ixoo| h{soruhg1 Jxqwhu dqg Qdolp
^:` frpsduhg wkh wudqvlhqw shuirupdqfh ri hohfwulfdoo| khdwhg zd{0edvhg wkhuprvwdw ydoyhv zlwk
d frqyhqwlrqdo frpsrqhqw1 Zdjqhu hw do1 ^48` suhvhqwhg pxowl0qrgh wkhupdo prghov wr hvwlpdwh
wkh whpshudwxuh ri lq0f|olqghu dqg f|olqghu khdg frpsrqhqwv iru dlu dqg oltxlg frrohg lqwhuqdo
frpexvwlrq hqjlqhv1 D phfkdwurqlf wkhuprvwdw ydoyh zdv ghvljqhg dqg prghohg e| Zdjqhu hw do1
^4:` iru wkh frqwlqxdo rq0olqh uhjxodwlrq ri wkh frrodqw  rz xvlqj lq0f|olqghu whpshudwxuh hvwlpdwhv1

Lq wklv sdshu/ d O|dsxqry0edvhg qrqolqhdu frqwuro dojrulwkp zloo eh ghvljqhg iru suhflvh whp0
shudwxuh wudfnlqj gxulqj wudqvlhqw rshudwlrqv1 Wr frpshqvdwh iru wkh xqphdvxudeoh khdw lqsxw/ d
uhfhqw lghd irxqg lq ^44` dqg ^45` lv prgl�hg wr ghyhors d wudfnlqj frqwuroohu lq wkh suhvhqfh ri
dq xqnqrzq glvwxuedqfh1 Wkh frqwuroohu hqvxuhv joredo dv|pswrwlf hqjlqh whpshudwxuh wudfnlqj1
Wkh frqwuro ghvljq rqo| lpsrvhv erxqghgqhvv dqg vprrwkqhvv uhvwulfwlrqv rq wkh xqphdvxudeoh
glvwxuedqfh vljqdov1 Uhsuhvhqwdwlyh qxphulfdo uhvxowv duh suhvhqwhg dqg glvfxvvhg wr lqyhvwljdwh
wkh hqkdqfhg hqjlqh wkhupdo pdqdjhphqw v|vwhp frqwuro dufklwhfwxuh1 Wkh sdshu lv rujdql}hg dv
iroorzv1 Lq Vhfwlrq 5/ wkh frqwuro remhfwlyhv duh vwdwhg1 Wkh v|vwhp prgho iru wkh wkhupdo v|vwhp
lv suhvhqwhg iroorzhg e| wkh rshq0orrs wudfnlqj g|qdplfv/ lq Vhfwlrq 61 Lq Vhfwlrq 7/ wkh ghvljq ri
wkh sursrvhg wudfnlqj frqwuroohu lv suhvhqwhg dorqj zlwk wkh fruuhvsrqglqj forvhg0orrs huuru v|vwhp1
Wkh vwdelolw| dqdo|vlv lv jlyhq lq Vhfwlrq 8/ iroorzhg e| uhsuhvhqwdwlyh qxphulfdo vlpxodwlrq uhvxowv
lq Vhfwlrq 91 Frqfoxglqj uhpdunv duh suhvhqwhg lq Vhfwlrq :1

5 Sureohp Vwdwhphqw
Wkh frqwuro remhfwlyh iru dq dgydqfhg dxwrprwlyh wkhupdo pdqdjhphqw v|vwhp lv wzrirog1 Iluvw/
lw lv qhfhvvdu| wr hqvxuh wkdw hqjlqh whpshudwxuh iroorzv d ghvluhg whpshudwxuh sur�oh zkloh frp0
shqvdwlqj iru wkh xqphdvxudeoh frpexvwlrq surfhvv khdw lqsxw1 Wr dfklhyh wklv jrdo/ wkh frrodqw
 rz udwh pxvw eh frqwuroohg dorqj zlwk dq dx{loldu| khdwlqj hohphqw orfdwhg lq wkh frrodqw flufxlw
 rzsdwk mxvw ehiruh wkh hqjlqh eorfn1 Vhfrqg/ wr hqvxuh wkdw wkh hqjlqh whpshudwxuh uhpdlqv frq0
wuroodeoh/ dqg wkdw udgldwru whpshudwxuh uhpdlqv erxqghg/ wkh udgldwru idq vshhg pxvw eh ydulhg
wr frqwuro wkh khdw glvvlsdwhg dw wkh udgldwru1
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6 G|qdplf Prgho Ghyhorsphqw

614 V|vwhp Ghvfulswlrq

Wkh dxwrprwlyh wkhupdo pdqdjhphqw v|vwhp frqvlvwv ri wkh hqjlqh/ zklfk surgxfhv khdw dv d uhvxow
ri ixho frpexvwlrq lq lwv f|olqghuv/ wkh udgldwru/ wkh wkhuprvwdw ydoyh/ dqg wkh sxps dv vkrzq lq
Iljxuh 41 Wr dyrlg ryhukhdwlqj wkh hqjlqh/ frrodqw lv irufhg wkurxjk mdfnhwv lq wkh hqjlqh e| phdqv
ri wkh zdwhu sxps1 Wkh frrodqw wudqvihuv khdw wr wkh udgldwru zklfk lv �qdoo| glvvlsdwhg wr wkh
vxuurxqglqj dpelhqw hqylurqphqw1 Dgglwlrqdoo|/ wkh v|vwhp pd| vsruw d khdwhu frlo +l1h1/ txlfn
khdw frlo, wr udslgo| udlvh wkh hqjlqh*v rshudwlqj whpshudwxuh lq froghu whpshudwxuh }rqhv1

Iljxuh 4= Dgydqfhg vsdun ljqlwlrq hqjlqh wkhupdo pdqdjhphqw v|vwhp dufklwhfwxuh

Wr lqlwldwh wkh prgho0edvhg frqwuroohu ghvljq surfhvv/ d uhgxfhg rughu g|qdplf prgho vkdoo eh
hvwdeolvkhg iru wkh v|vwhp zklfk shuplwv uhdo0wlph dssolfdwlrqv1 D wzr0qrgh oxpshg sdudphwhu
wkhupdo prgho lv suhvhqwhg wr ghvfuleh wkh wudqvlhqw skhqrphqd ri wkh wkhupdo qhwzrun vkrzq lq
Iljxuh 51 Vlpso| sxw/ wkh v|vwhp fruuhvsrqgv wr d yduldeoh uhvlvwlyh hohphqw khdwlqj wkh frrodqw/ d
udgldwru zlwk dgmxvwdeoh khdw uhmhfwlrq/ vpduw wkhuprvwdw ydoyh dqg d yduldeoh vshhg zdwhu sxps1
Wkh frrolqj v|vwhp kdv ehhq glylghg lqwr wzr qrghv +yl}1/ hqjlqh dqg udgldwru,1 Wkh vpduw ydoyh
frqwurov wkh txdqwlw| ri frrodqw wkdw  rzv wkurxjk wkh udgldwru1 Edvhg rq wkh ydulrxv frrodqw  rz
sdwkv/ khdw hqhuj| lv h{fkdqjhg ehwzhhq wkh wzr qrghv1

615 Prgho Irupxodwlrq

Wkh wkhupdo g|qdplfv iru wkh wzr qrghv lq wkh yhklfoh wkhupdo pdqdjhphqw v|vwhp dufklwhfwxuh
pd| eh h{suhvvhg dv

�e
�Ae ' �SRS �6SJJ, EAe � A�� n'�? E|� n'M E|� +4,

�o
�Ao ' SRSM �6SJJ, EAe � Ao��'J�| E|� +5,
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Iljxuh 5= Uhgxfhg rughu hqjlqh wkhupdo pdqdjhphqw v|vwhp vfkhpdwlf

zkhuh AeE|�/ AoE|� 5 U
� ghqrwh wkh whpshudwxuh ri wkh frrodqw dw wkh hqjlqh dqg udgldwru qrghv/

uhvshfwlyho|/ �e/ �o 5 U
�ghqrwh wkh wkhupdo fdsdflwdqfh frqvwdqwv dvvrfldwhg zlwk wkh hqjlqh dqg

udgldwru frrodqw qrghv/ uhvshfwlyho|1 �6SJJ, E|� 5 U
� lv wkh pdvv  rz udwh ri wkh frrodqw dw wkh hqjlqh

wkdw fdq eh frqwuroohg e| wkh vshhg ri wkh sxps1 Wkh frqwuro lqsxw/ M E|�/ uhsuhvhqwv wkh vpduw
ydoyh srvlwlrq vdwlvi|lqj f � M E|� � �> qrwh wkdw M E|� ' f E�� fruuhvsrqgv wr d ixoo| forvhg+rshq,
ydoyh srvlwlrq1 Wkh srvlwlyh frqvwdqw SRS 5 U

� lv wkh vshfl�f khdw ri wkh frrodqw1 Wkh vljqdo
A� E|� 5 U

�/ ghqrwlqj wkh whpshudwxuh ri wkh frrodqw dw wkh mxqfwlrq/ lv dojheudlfdoo| uhodwhg wr wkh
hqjlqh dqg wkh udgldwru whpshudwxuh e|

A� ' E��M�Ae nMAo� +6,

Wkh khdw hqhuj| hqwhulqj wkh v|vwhp iurp wkh frpexvwlrq surfhvv dw wkh hqjlqh qrgh lv ghqrwhg e|
wkh xqphdvxudeoh yduldeoh '�? E|� 5 U

�1 Dgglwlrqdoo|/ wkh frqwuro lqsxw 'M E|� 5 U
� pd| dovr eh

dssolhg wr lqfuhdvh wkh hqjlqh*v rshudwlqj whpshudwxuh1 Dw wkh udgldwru/ wkh khdw hqhuj| orvw wr wkh
dpelhqfh lv 'J�| E|� zklfk fdq eh h{solflwo| h{suhvvhg dv

'J�| ' 'f E|� n V EAo � A"�/s@? +7,

zkhuh 'f E|� 5 U
� uhsuhvhqwv wkh xqphdvxudeoh khdw orvw dw wkh udgldwru gxh wr xqfrqwuroodeoh dlu

 rz wkurxjk wkh udgldwru/ A" 5 U
� ghqrwhv wkh dpelhqw whpshudwxuh/ wkh frqwuro lqsxw ghqrwhg e|

/s@? E|� 5 U
� lv wkh vshhg ri wkh udgldwru idq/ dqg wkh srvlwlyh frqvwdqw V 5 U

� lv gh�qhg dv

V ' 04@�oSR@ +8,
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zkhuh 0 5 U
� lv wkh khdw h{fkdqjhu h!flhqf|/ 4@ 5 U

� lv dlu ghqvlw|/ � 5 U
� ghqrwhv wkh duhd ri

khdw h{fkdqjhu h{srvhg wr wkh udgldwru idq/ o 5 U
� lv wkh qrplqdo udglxv ri wkh idq/ dqg SR@ 5 U

� lv
wkh vshfl�f khdw ri dlu1 Lq wklv prgho ghyhorsphqw/ wkh khdw fdsdflw| udwh ri dlu kdv ehhq dvvxphg
wr eh vpdoohu wkdq wkh frrodqw +l1h1/ �6@SR@ 	 �6SJJ,SRS,1

Uhpdun 4 Lw lv dvvxphg wkdw wkh ixqfwlrq '�? E|� dqg lwv �uvw wzr wlph ghulydwlyhv uhpdlq erxqghg
dw doo wlph/ vxfk wkdw '�? E|�/ �'�? E|�/ �'�? E|� 5 O"1
Uhpdun 5 Iurp wkh sk|vlfv ri wkh sureohp/ lw lv fohdu wkdw wkh vljqdov '�? E|� dqg 'f E|� dozd|v
uhpdlq srvlwlyh + l1h1/ '�?/ 'f � f,1

Uhpdun 6 Lq wkh dqdo|vlv/ lw lv dvvxphg wkdw wkh dpelhqw whpshudwxuh/ A" 5 U
� lv frqvwdqw dqg

vdwlv�hv
Ao � A" � 0f ;| � f +9,

zkhuh 0f 5 U
� lv vrph srvlwlyh frqvwdqw/ dqg Ao E|� zdv lqwurgxfhg lq htxdwlrq +5,1 Lw lv dovr dvvxphg

wkdw Ae Ef� : Ao Ef� wr idflolwdwh wkh erxqghgqhvv ri vljqdo dujxphqw xvhg lq wkh vxevhtxhqw vwdelolw|
dqdo|vlv1

616 Rshq0Orrs Huuru V|vwhp Ghyhorsphqw

Wr txdqwli| wkh frqwuro remhfwlyhv/ wkh �owhuhg wudfnlqj huuru vljqdo/ ghqrwhg e| r E|� 5 U
�/ dqg dq

dx{loldu| vljqdo + E|� 5 U
�/ duh gh�qhg dv

r ' �en qe +:,

+ '
�

#
n 0� +;,

zkhuh q 5 U
� uhsuhvhqwv d srvlwlyh frqwuro jdlq/ 0� 5 U

� lv d srvlwlyh frqvwdqw iru dqdo|vlv/ wkh
hqjlqh whpshudwxuh wudfnlqj huuru vljqdo/ e E|� 5 ?� lv gh�qhg dv

e ' Ae_ � Aec +<,

dqg Ae_ E|� 5 U
� lv wkh ghvluhg wudmhfwru| iru wkh hqjlqh whpshudwxuh1 Wkh dx{loldu| vljqdo # E|� 5 U

�

lqwurgxfhg lq htxdwlrq +;, lv gh�qhg dv

# ' Ae � Ao� +43,

Diwhu wdnlqj wkh �uvw wlph ghulydwlyh ri htxdwlrq +:,/ dqg wkhq pxowlso|lqj erwk vlghv ri wkh uhvxowlqj
htxdwlrq e| �e/ dqg wkhq vxevwlwxwlqj wkh v|vwhp g|qdplfv jlyhq e| htxdwlrqv +4, wkurxjk +6,/ wkh
rshq orrs huuru v|vwhp iru wkh hqjlqh whpshudwxuh frqwuro v|vwhp fdq eh zulwwhq dv

�e �r ' �en�EAec �Aec |�� ��� +44,

zkhuh wkh xqnqrzq glvwxuedqfh ixqfwlrq/ ghqrwhg e| �EAec �Aec |� 5 U
�/ lv gh�qhg dv

�EAec �Aec |� ] �e
�Ae_ � �'�? n �eq �en e +45,

dqg wkh dx{loldu| frqwuro lqsxw �� E|� 5 U
� lv gh�qhg dv

�� ' 'M � �� EAe � Ao� +46,

zkhuh wkh frqwuro lqsxw �� E|� 5 U
� lv gh�qhg e|

�� ' SRSM �6SJJ, +47,
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Uhpdun 7 Lw lv dvvxphg wkdw wkh ghvluhg hqjlqh whpshudwxuh sur�oh lv dozd|v erxqghg dqg lv fkrvhq
vr wkdw lwv �uvw wkuhh wlph ghulydwlyhv uhpdlq erxqghg dw doo wlphv +l1h1/ Ae_ E|�/ �Ae_ E|�/ �Ae_ E|� c

���

A e_

E|� 5 O",1

Uhpdun 8 Edvhg rq wkh gh�qlwlrq ri r E|� jlyhq lq htxdwlrq +:,/ vwdqgdug dujxphqwv ^8` fdq eh xvhg
wr suryh wkdw= +l, li r E|� 5 O"/ wkhq e E|�/ �e E|� 5 O"/ dqg +ll, li r E|� lv dv|pswrwlfdoo| uhjxodwhg/
wkhq e E|�/ �e E|� duh dv|pswrwlfdoo| uhjxodwhg1

Uhpdun 9 Edvhg rq wkh gh�qlwlrq ri + E|� jlyhq lq htxdwlrqv +;,/ lw lv hdv| wr vhh wkdw li + E|� 5 O"/
wkhq # E|� 9' f1 Ixuwkhu/ li + E|� 5 O"/ wkhq lw lv dovr fohdu iurp htxdwlrqv +;, dqg +43, wkdw li
Ae Ef� : Ao Ef� +Vhh Uhpdun 6,/ wkhq Ae E|� : Ao E|� c;| � f1

Wr hqvxuh wkdw doo vljqdov uhpdlq erxqghg/ zh ghvljq wkh frqwuro lqsxw /s@? E|� iru wkh g|qdplfv
ri wkh dx{loldu| vljqdo + E|� lqwurgxfhg lq +;,1 Wr wklv hqg/ wkh wlph ghulydwlyh ri + E|� jlyhq lq
htxdwlrq +;, lv wdnhq1 Diwhu xvlqj htxdwlrq +43, dqg lwv �uvw wlph ghulydwlyh/ wkh v|vwhp htxdwlrqv
jlyhq e| htxdwlrqv +4,/ +5,/ dqg +6, duh vxevwlwxwhg wr rewdlq

�+ '

�
�

�e

n
�

�o

�
��E+ n 0��� �

�e

E'�? n'M� E+ n 0��
2 +48,

� �

�o

'f E|� E+ n 0��
2 � �

�o

EAo � A"��2E+ n 0��
2

zkhuh wkh frqwuro lqsxw �2 E|� 5 U
� lv gh�qhg dv �2 ' V/s@?�

Uhpdun : Lw pd| vhhp wkdw wkh frqwuro sureohp kdv wkuhh frqwuro lqsxwv/ 'M E|�/ �� E|� dqg �2 E|�/
dqg rqo| rqh wudfnlqj remhfwlyh1 Krzhyhu/ lw lv qrwhg khuh wkdw wkh wkuhh frqwuro lqsxwv duh xqlsrodu1
Khqfh/ d frppxwdwlrq vwudwhj| lv ghvljqhg wr lpsohphqw wkh elsrodu frqwuro lqsxw �� E|�/ dv

�� '

;?
=

���
#

;�� 5 E�4c fo

f ;�� 5 Efc4�

<@
> +49,

'M '

�
f ;�� 5 E�4c fo
�� ;�� 5 Efc4�

�
+4:,

Iurp wkhvh gh�qlwlrqv/ lw lv fohdu wkdw li �� E|� 5 O" dqg li # E|� 9' fc;| � f/ wkhq 'M E|�/ �� E|� 5
O"1 Wkh fkrlfh ri M E|� dqg �6SJJ, E|� wr surgxfh wkh uhtxluhg frqwuro lqsxw gh�qhg lq htxdwlrq +49,
fdq eh ghwhuplqhg edvhg rq hqhuj| rswlpl}dwlrq lvvxhv1 Ixuwkhu/ wklv doorzv �� E|� wr dssurdfk }hur
zlwkrxw vwdjqdwlrq ri wkh frrodqw1 Wkh xqlsrodu frqwuro lqsxw �2 E|�/ lqwurgxfhg lq htxdwlrq +48,/
zloo eh ghvljqhg wr hqvxuh wkdw doo vljqdov uhpdlq erxqghg lq wkh forvhg orrs v|vwhp1

7 Frqwuro Ghyhorsphqw
Lq oljkw ri wkh huuru gh�qlwlrqv lq Vhfwlrq 616/ wkh frqwuro remhfwlyh lv wr ghvljq d frqwuroohu wkdw
irufhv wkh hqjlqh whpshudwxuh wudfnlqj huuru vljqdov/ r E|� dqg e E|�/ wr }hur zkloh frpshqvdwlqj iru
wkh xqnqrzq glvwxuedqfh �EAec �Aec |�1 Lw lv dvvxphg wkdw wkh vljqdov Ae E|� dqg Ao E|� duh dydlodeoh
iru phdvxuhphqw e| wkhuprfrxsohv ru wkhuplvwruv1 Lw lv dovr dvvxphg wkdw wkh udgldwru frqvwdqwv
frpsulvhg lq V duh nqrzq dorqj zlwk wkh vshfl�f khdw ri wkh frrodqw/ SRS1

9



714 Frqwuro Irupxodwlrq

Edvhg rq wkh vxevhtxhqw vwdelolw| dqdo|vlv/ wkh iroorzlqj frqwlqxrxv frqwuro odz4 lv sursrvhg wr
dfklhyh wkh �uvw frqwuro remhfwlyh

��E|� ' E&r n q� eE|�� E&r n q� eE|f� n

] |

|f

dq E&r n q� eE�� n 4vjqEeE���o _� +4;,

zkhuh &r/ 4 5 U
� duh srvlwlyh frqwuro jdlqv/ |f lv wkh lqlwldo wlph/ vjqE�� ghqrwhv wkh vwdqgdug vljqxp

ixqfwlrq/ dqg q 5 U
� zdv suhylrxvo| lqwurgxfhg lq htxdwlrq +:,1 Edvhg rq wkh vwuxfwxuh ri wkh

frppxwdwlrq vwudwhj| jlyhq lq htxdwlrq +49,/ wkh frqwuro lqsxw �2 E|� lv ghvljqhg dv

�2 ' g#�
2

� nge +4<,

zkhuh frqwuro jdlqv g#/ ge 5 U
� duh srvlwlyh frqvwdqwv1 Wkh frqwuro odz lq htxdwlrq +4;, hqvxuhv

dv|pswrwlf wudfnlqj iru wkh hqjlqh whpshudwxuh surylghg wkh frqwuro jdlq 4 lv fkrvhq vx!flhqwo|
odujh uhodwlyh wr d uhihuhqfh wudmhfwru|0edvhg erxqg1 Wkh surri ri wklv uhvxow lv suhvhqwhg lq wkh
iroorzlqj wzr vxevhfwlrqv1 Lq sduwlfxodu/ wkh forvhg0orrs huuru v|vwhp lv �uvw ghyhorshg xqghu wkh
sursrvhg frqwuro odz1 Lwv vwdelolw| lv wkhq dqdo|}hg xvlqj d O|dsxqry0edvhg dujxphqw1

715 Forvhg0Orrs Huuru V|vwhp Ghyhorsphqw

Diwhu wdnlqj wkh wlph ghulydwlyh ri htxdwlrq +4;,/ wkh iroorzlqj v|vwhp lv rewdlqhg

��� ' E&r n q�rn 4vjqEe� +53,

xsrq xvh ri htxdwlrq +:,1 Diwhu vxevwlwxwlqj htxdwlrqv +53, lqwr +44,/ wkh forvhg orrs v|vwhp pd|
eh uhzulwwhq dv

�e �r ' �e� E&r n q�r� 4vjqEe� n�EAec �Aec |�� +54,

Lq rughu wr zulwh wkh forvhg orrs huuru v|vwhp lq d pruh frqyhqlhqw irup/ �� E|� 5 U
� lv gh�qhg dv

�� ] � ��_ +55,

zkhuh wkh vljqdo �_E|� 5 U
� lv gh�qhg dv

�_E|� ] �EAe_c �Ae_c |� +56,

zkhuh � E�� zdv gh�qhg lq htxdwlrq +45,1 Xvlqj wkhvh gh�qlwlrqv/ wkh forvhg orrs huuru v|vwhp jlyhq
lq htxdwlrq +54, pd| eh uhzulwwhq dv

�e �r ' �e� E&r n q�r� 4vjqEe� n ��EAec �Aec |� n�_EAe_c �Ae_c |�� +57,

Uhpdun ; Lw fdq eh vkrzq +vhh Dsshqgl{ D, wkdw �� E�� gh�qhg lq htxdwlrq +55, fdq eh xsshu
erxqghg dv iroorzv

�� � 4� n5n +58,

zkhuh 5E|� 5 U
2 lv gh�qhg dv

5 ] de roA c +59,

dqg 4� 5 U
� lv vrph srvlwlyh frqvwdqw1 Wkh lqhtxdolw| jlyhq e| htxdwlrq +58, zloo eh xwlol}hg lq wkh

vxevhtxhqw vwdelolw| dqdo|vlv1

4Wkh vhfrqg whup lq +4;, lv xvhg wr hqvxuh wkdw x4+w3, @ 31

:



Uhpdun < Iurp wkh gh�qlwlrq ri �_ E|� jlyhq e| htxdwlrq +56,/ dqg wkh h{solflw gh�qlwlrq ri � E|�
jlyhq lq htxdwlrq +45,/ wkh iroorzlqj h{suhvvlrqv fdq eh rewdlqhg

�_ E|� ' �e
�Ae_ � �'�?c +5:,

��_ E|� ' �e

���

A e_ � �'�?

Fohduo|/ iurp Uhpdun 4/ dqg Uhpdun 7/ �_ E|�/ ��_ E|� 5 O"1
Wr rewdlq wkh vhfrqg forvhg orrs huuru v|vwhp/ htxdwlrq +4<, lv vxevwlwxwhg lq htxdwlrq +48, wr

rewdlq

�+ '

��
�

�e

n
�

�o

�
��E+ n 0���g#

�

�o

EAo � A"� �
2

�E+ n 0��
2

�
+5;,

�
�
�

�e

E'�? n'M� n
�

�o

'f E|�

�
�ge

�

�o

EAo � A"� E+ n 0��
2

8 Vwdelolw| Dqdo|vlv
Wr suryh wkh vwdelolw| ri wkh forvhg0orrs v|vwhp/ wkh forvhg orrs v|vwhp jlyhq lq htxdwlrq +5;, lv
�uvw xsshu erxqghg dv

�+ �
��

�

�e

n
�

�o

�
��E+ n 0��� 0fg#

�

�o

�2�E+ n 0��
2

�
� 0fge

�

�o

E+ n 0��
2 +5<,

zkhuh Uhpdun 5 dqg Uhpdun 6 kdyh ehhq xvhg1 Diwhu frpsohwlqj wkh vtxduh iru wkh eudfnhwhg whup/
dqg h{sdqglqj wkh vtxduhg whup lq wkh odvw whup/ lq htxdwlrq +5<,/ lw pd| eh uhzulwwhq dv

�+ � k� � k2+ +63,

zkhuh k� dqg k2 5 U
� duh srvlwlyh frqvwdqwv ri dqdo|vlv gh�qhg h{solflwo| dv

k� '
E�e n �o�

2

0fg#�2
e�o

k2 '
20�0fge

�o

� +64,

Iurp htxdwlrq +63,/ wkh erxqg iru + E|� fdq eh hvwdeolvkhg dv

+E|� � +Ef� i TE�k2|� n
k2

k�

d�� i T E�k2|�o ( +65,

khqfh/ + E|� 5 O"1 Iurp Uhpdun :/ lw lv fohdu wkdw # E|� 9' fc ;| � f1

Ohppd 4 Ohw wkh dx{loldu| ixqfwlrq uE|� 5 U eh gh�qhg dv iroorzv

u ] r E�_ � 4vjqEe�� � +66,

Li wkh frqwuro jdlq 4 lv vhohfwhg wr vdwlvi| wkh iroorzlqj vx!flhqw frqglwlrq

4 : m�_E|�mn �

q

��� ��_E|�
��� c +67,

wkhq ] |

|f

uE��_� � lK +68,

zkhuh wkh srvlwlyh frqvwdqw lK 5 U
� lv gh�qhg dv

lK ] 4 meE|f�m � eE|f��_E|f�� +69,

;



Surri1 Vhh Dsshqgl{ E1

Wkhruhp 5 Surylghg wkdw wkh frqwuro jdlq 4 lv dgmxvwhg dffruglqj wr htxdwlrq +67,/ wkh frqwuro odz
ri htxdwlrq +4;, hqvxuhv wkdw doo v|vwhp vljqdov duh erxqghg xqghu forvhg0orrs rshudwlrq dqg wkdw

*�4
|<"

eE|�/ �eE|� ' f� +6:,

Surri1 Ohw wkh dx{loldu| ixqfwlrq � E|� 5 U
� eh gh�qhg dv iroorzv

� E|� ] lK �
] |

|f

uE��_� +6;,

zkhuh lK dqg uE|� zhuh gh�qhg lq Ohppd 41 Lw lv hdv| wr vhh wkdw wkh xvh ri Ohppd 4 hqvxuhv
� E|� N f1 Frqwlqxlqj zlwk wkh surri/ wkh ixqfwlrq T E|c %�= Un �U

�$ Un lv gh�qhg dv

T ] �

2
e2 n

�

2
�er

2 n � +6<,

zkhuh %E|� 5 U
� lv gh�qhg dv

% ] d5A
s
� oA +73,

dqg 5E|� zdv gh�qhg lq htxdwlrq +59,1 Qrwh wkdw htxdwlrq +6<, fdq eh erxqghg dv

b� n%n2 � T � b2 n%n2 +74,

zkhuh b�/ b2 5 U
� duh gh�qhg dv iroorzv

b� ]
�

2
4�? i�c �ej b2 ] 4@ i�c �ej � +75,

Diwhu wdnlqj wkh wlph ghulydwlyh ri htxdwlrq +6<, dqg vxevwlwxwlqj iurp htxdwlrqv +:, dqg +57,/ wkh
h{suhvvlrq rewdlqhg iru �T E|� lv jlyhq e|

�T ' �qe2 � qr2 n r �� � &rr
2 n r E�_ � 4vjqEe��� u

' �qe2 � qr2 n r �� � &rr
2 +76,

xsrq xvh ri +66,1 Diwhu dsso|lqj htxdwlrqv +58, dqg +59,/ wkh uljkw0kdqg vlgh ri htxdwlrq +76, fdq
xsshu erxqghg dv iroorzv

�T � �b� n5n2 n
�
4� mrm n5n � &r mrm2

�
� +77,

Diwhu frpsohwlqj wkh vtxduhv rq wkh eudfnhwhg whup lq htxdwlrq +77,/ �T E|� pd| eh ixuwkhu xsshu
erxqghg dv

�T � �� n5n2 � +78,

zkhuh � 5 U
� lv d srvlwlyh frqvwdqw wkdw lv gh�qhg dv

� ' b� � 42�
e&r

� +79,

Iurp +78,/ lw lv vwudljkwiruzdug wr vhh wkdw eE|�/ rE|� 5 O"1 Iurp Uhpdun 8/ �eE|� 5 O"1 Diwhu
wdnlqj wkh wlph ghulydwlyh ri htxdwlrq +<, dqg xvlqj wkh v|vwhp g|qdplfv jlyhq lq htxdwlrq +4,/ wkh
rshq orrs h{suhvvlrq iru �eE|� lv rewdlqhg dv

�e �e ' �e
�Ae_ �'�? E|�� ��� +7:,

<



Xvlqj wkh suhylrxvo| pdgh dujxphqwv/ Uhpdunv 4 dqg 7/ dqg htxdwlrq +53,/ lw fdq eh vwdwhg wkdw
�� E|�/ ��� E|� 5 O"1 Wkh idfw wkdw # E|� 9' fc ;| � f lpsolhv wkdw �� E|� 5 O"1 Iurp wkh deryh idfwv
dqg Uhpdun :/ lw lv fohdu wkdw 'M E|� 5 O"1 Iurp htxdwlrq +4<,/ lw lv hdv| wr vhh wkdw �2 E|� 5 O"1
Xvlqj Uhpdun 7 dqg wkh sulru idfwv/ lw fdq eh vhhq wkdw Ae E|�/ �Ae E|� 5 O"1 Lq rughu wr vkrz wkdw
Ao E|� 5 O"/ wkh �uvw wlph ghulydwlyh ri htxdwlrq +43, lv fdofxodwhg dqg vlpsol�hg dv

�# ' �
��

�

�e

n
�

�o

�
�� n

�

�o

�2

�
# n

�

�e

E'�? n'M� n
�

�o

'f E|� n
�

�o

EAe � A"� �2 +7;,

Vwdqgdug dujxphqwv pd| eh dssolhg wr htxdwlrq +7;, wr suryh wkdw # E|� 5 O"/ vlqfh wkh �uvw
whup zlwklq wkh eudfnhwv dozd|v uhpdlqv srvlwlyh +vhh Uhpdun :, dqg wkh vhfrqg eudfnhwhg whup
lv erxqghg edvhg rq suhylrxv dujxphqwv 1 Vwdqgdug vljqdo fkdvlqj dujxphqwv fdq qrz eh xvhg
wr vkrz wkdw wkh uhpdlqlqj vljqdov lq wkh v|vwhp dovr uhpdlq erxqghg lq forvhg orrs rshudwlrq1
Lq sduwlfxodu/ �e E|�/ �r E|� 5 O"1 Htxdwlrqv +59, dqg +78, fdq dovr eh xwlol}hg wr vkrz wkdw e E|�/
r E|� 5 O21 Diwhu hpsor|lqj d fruroodu| wr Eduedodw*v Ohppd ^46`/ lw lv hdv| wr vkrz wkdw +6:, lv
ydolg1

9 Vlpxodwlrq Uhvxowv

Iljxuh 6= Vfdohg Dxwrprwlyh Wkhupdo V|vwhp Vhwxs

Wkh vlpxodwhg vfdohg wkhupdo v|vwhp +Vhh Iljxuh 6, zdv dvvxphg wr kdyh wkh prgho ghvfulehg
e| +4,/ +5,/ dqg +6,1 Wkh xqphdvxudeoh khdw iurp wkh hqjlqh/ '�? E|� dqg wkh xqphdvxudeoh khdw

43



glvvlsdwhg iurp wkh udgldwru/ 'f E|�/ zhuh fkrvhq wr eh +^4;`,

'�? E|� ' bff E� n ULt Ef�2|�� Z dqg 'f E|� ' Df E� n t�? Ef��|�� Z +7<,

uhvshfwlyho|1 Wkh v|vwhp sdudphwhuv zhuh fkrvhq wr eh

SR@ @ 443: M2njJN SRS @ 63<;15 M2njJN A" @ 5<6148 JN o @ 315 p 0 @ 31;
4@ @ 414:: nj26� �e @ 433 M2JN � @ 41768 p5 �o @ 433 M2JN

+83,

Wkh uhihuhqfh hqjlqh whpshudwxuh wudmhfwru| zdv fkrvhq wr eh

Ae_ ' �Sf n �f t�?Ef��|�JN

Wkh whpshudwxuhv ri wkh hqjlqh dqg wkh udgldwru zhuh lqlwldol}hg wr eh

Ae Ef� ' �SfJN Ao Ef� ' �f�JN +84,

Wkh frqwuro jdlqv iru wkh sursrvhg frqwuro odzv zhuh fkrvhq wr eh

gr @ ;33 q @ 4 4 @ 5833 g# @ 3134 ge @ 41 +85,

Lq Iljxuh 7/ wkh ghvluhg dqg dfwxdo hqjlqh whpshudwxuhv duh vkrzq1 Wkh fruuhvsrqglqj wudfnlqj
huuru/ e E|�/ lv vkrzq lq Iljxuh 81 Lw lv revhuyhg wkdw wkh wudfnlqj huuru uhpdlqv zlwklq f�DJg dw
doo wlphv1 Iljxuh 9 vkrzv wkh hqjlqh dqg udgldwru whpshudwxuhv1 Wkh fruuhvsrqglqj frqwuro lqsxwv
uhtxluhg wr dfklhyh wkh frqwuro remhfwlyh duh vkrzq lq Iljxuhv : wkurxjk <1
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Iljxuh <= Urdwdwlrqdo Vshhg ri Udgldwru Idq +/s@? E|�, lq o@_*r

: Frqfoxvlrq
Lq wklv sdshu/ wkh ghvljq ri d qrqolqhdu wudfnlqj frqwuroohu kdv ehhq suhvhqwhg zklfk hqvxuhv wkdw
wkh hqjlqh whpshudwxuh iroorzv d ghvluhg whpshudwxuh sur�oh/ dqg doo vljqdov uhpdlq erxqghg1 D
frpsohwh vwdelolw| dqdo|vlv/ xvlqj O|dsxqry0edvhg whfkqltxhv/ kdv ehhq suhvhqwhg wr ghprqvwudwh
wkdw wkh sursrvhg frqwuro odz jxdudqwhhv joredo dv|pswrwlf uhjxodwlrq ri wkh hqjlqh whpshudwxuh
wudfnlqj huuru1 Uhsuhvhqwdwlyh qxphulfdo vlpxodwlrq uhvxowv kdyh ehhq suhvhqwhg wr ydolgdwh wkh
shuirupdqfh ri wkh sursrvhg frqwuro odz1

Uhihuhqfhv
^4` Doohq/ G1 D1/ dqg Odvhfnl/ P1 S1/ �Wkhupdo Pdqdjhphqw Hyroxwlrq dqg Frqwuroohg Frrodqw

Iorz�/ VDH sdshu qr1 533403404:65/ 53341

^5` Eduurq/ P1 E1/ dqg Srzhuv/ Z1 I1/ �Uroh ri Hohfwurqlf Frqwurov iru Ixwxuh Dxwrprwlyh Phfkd0
wurqlf V|vwhpv�/ LHHH2DVPH Wudqvdfwlrqv rq Phfkdwurqlfv/ yro1 4/ qr1 4/ ss1 ;30;;/ 4<<91

^6` Fkrzdqlhw}/ H1 J1/ �Dxwrpreloh Hohfwurqlfv lq wkh 4<<3v1 Sduw 4= Srzhuwudlq Hohfwurqlfv�/
Hohfwurqlfv dqg Frppxqlfdwlrq Hqjlqhhulqj Mrxuqdo/ yro1 :/ qr1 4/ ss1 56069/ 4<<81

^7` Frxhwrxvh/ K1/ dqg Jhqwloh/ G1/ �Frrolqj V|vwhp Frqwuro lq Dxwrprwlyh Hqjlqhv�/ VDH sdshu
qr1 <53:;;/ 4<<51
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^8` Gdzvrq/ G1/ Kx/ M1/ dqg Exuj/ W1/ Qrqolqhdu Frqwuro ri Hohfwulf Pdfklqhu|/ Qhz \run= Pdufho
Ghnnhu/ Lqf1/ 4<<;1

^9` Hlqdxgl/ J1/ dqg Pruwdud/ Z1/ �Hqjlqh Frrolqj Hohfwurqlf Frqwuro V|vwhp�/ VDH sdshu qr1
;;83;8/ 4<;;1

^:` Jxqwhu/ O1 D1/ dqg Qdolp/ P1 U1/ �G|qdplf Shuirupdqfh ri Frqyhqwlrqdo dqg Hohfwulfdoo| Df0
wlydwhg Hqjlqh Wkhuprvwdwv�/ Surfhhglqjv ri wkh DVPH Lqwhuqdo Frpexvwlrq Hqjlqh Glylvlrq
Frqihuhqfh/ Sklodghoskld/ SD/ Dsulo 53341

^;` Kqdwf}xn/ Z1/ Odvhfnl/ P1 S1/ Elvkrs/ M1/ dqg Jrrghoo/ M1/ �Sdudvlwlf Orvv Uhgxfwlrq iru 54vw
Fhqwxu| Wuxfnv�/ VDH sdshu qr1 533303406756/ 53331

^<` Nhqq|/ D1 D1/ Eudgvkdz/ F1 I1/ dqg Fuhhg/ E1 W1/ �Hohfwurqlf Wkhuprvwdw V|vwhp iru Dxwr0
prwlyh Hqjlqhv�/ VDH sdshu qr1 ;;3598/ 4<;;1

^43` Pho}hu/ I1/ Khvvh/ X1/ Urfnodjh/ J1/ dqg Vfkplww/ P1/ �Wkhuprpdqdjhphqw�/ VDH sdshu qr1
4<<<0340356;/ 4<<<1

^44` Tx/ ]1/ [x/ M1/ �Prgho Edvhg Ohduqlqj Frqwurov dqg wkhlu Frpsdulvrqv xvlqj O|dsxqry Gluhfw
Phwkrg� Dvldq Mrxuqdo ri Frqwuro/ Vshfldo Lvvxh rq Ohduqlqj Frqwuro/ Yro1 7/ Qr14/ Pdufk
5335/ dffhswhg wr dsshdu1

^45` Vhwoxu/ S1/ Gdzvrq/ G1/ Fkhq/ M1/ Zdjqhu/ M1/ �D Qrqolqhdu Wudfnlqj Frqwuroohu iru d Kdswlf
Lqwhuidfh Vwhhu0e|0zluh v|vwhpv�/ Surfhhglqjv ri wkh LHHH Frqihuhqfh rq Ghflvlrq dqg Frqwuro/
Odv Yhjdv/ QY/ Ghf1 5335/ Dffhswhg1

^46` Vorwlqh/ M1 M1 dqg Ol/ Z1 �Dssolhg Qrqolqhdu Frqwuro�/ Hqjohzrrg Fol�/ QM= Suhqwlfh Kdoo/
Lqf1/ 4<<41

^47` Ylvqlf/ E1/ �Wkhuprvwdw/ Wk| Gd|v duh Qxpehuhg�/ Zdugv DxwrZruog/ yro1 6:/ qr1 9/ ss1
86087/ Mxqh 53341

^48` Zdjqhu/ M1 U1/ Pdurwwd/ H1 H1/ dqg Sdudglv/ L1/ �Wkhupdo Prgholqj ri Hqjlqh Frpsrqhqwv iru
Whpshudwxuh Suhglfwlrqv dqg Ioxlg Iorz Uhjxodwlrq�/ VDH sdshu qr1 533403404347/ 53341

^49` Zdjqhu/ M1/ Sdudglv/ L1/ Pdurwwd/ H1/ dqg Gdzvrq/ G1/ �Hqkdqfhg Dxwrprwlyh Hqjlqh Frrolqj
V|vwhpv 0 D Phfkdwurqlfv Dssurdfk�/ Lqwhuqdwlrqdo Mrxuqdo ri Yhklfoh Ghvljq/ yro1 5;/ qrv1
42526/ ss1 5470573/ 5335d1

^4:` Zdjqhu/ M1 U1/ Jkrqh/ P1/ Gdzvrq/ G1/ dqg Pdurwwd/ H1 H1/ �Frrodqw Iorz Frqwuro Vwudwhjlhv
iru Dxwrprwlyh Wkhupdo Pdqdjhphqw V|vwhpv�/ VDH sdshu qr1 533503403:46/ 5335e1

^4;` Zdjqhu/ M1 U1/ Vulqlydvdq/ Y1/ Gdzvrq/ G1 P1/ dqg Pdurwwd/ H1 H1/ �Vpduw Wkhuprvwdw dqg
Frrodqw Sxps Frqwuro iru Hqjlqh Wkhupdo Pdqdjhphqw V|vwhpv�/ VDH sdshu/ 5336/ wr ds0
shdu1

^4<` [x/ ]1/ Mrkqvrq/ M1 K1/ dqg Fkldqj/ H1 F1/ �D Vlpxodwlrq Vwxg| ri d Frpsxwhu Frqwuroohg
Frrolqj V|vwhp iru d Glhvho Srzhuhg Wuxfn�/ VDH sdshu qr1 ;74:44/ 4<;7d1

^53` [x/ ]1/ Mrkqvrq/ M1 K1/ dqg Fkldqj/ H1 F1/ �Wkh Ghvljq dqg Whvwlqj ri d Frpsxwhu Frqwuroohg
Frrolqj V|vwhp iru d Glhvho Srzhuhg Wuxfn�/ VDH sdshu qr1 ;74:45/ 4<;7e1
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D Dsshqgl{ D
Wr vlpsoli| wkh iroorzlqj ghulydwlrqv/ zh vwduw e| uhzulwlqj +45, dqg +56, dv iroorzv

�EAec �Aec |� ' �e
�Ae_ � �'�? n q �en e +86,

dqg
�_ ' �EAe_c �Ae_c |� ' �e

�Ae_ � �'�? +87,

uhvshfwlyho|1 Diwhu vxevwlwxwlqj htxdwlrqv +86, dqg +87, lq htxdwlrq +55,/ wkh iroorzlqj h{suhvvlrq
lv rewdlqhg iru �� E|�

�� ' q �e n ec +88,

zklfk pd| eh xsshu erxqghg dv
�� � q m �emn mem � +89,

Xvlqj wkh gh�qlwlrq ri 5 E|� jlyhq lq htxdwlrq +59,/ �� E|� fdq eh erxqghg dv

�� � 4� mm5mm +8:,

E Dsshqgl{ E
Diwhu vxevwlwxwlqj +:, lqwr +66, dqg wkhq lqwhjudwlqj lq wlph/ wkh iroorzlqj h{suhvvlrq lv rewdlqhg

] |

|f

uE��_� '

] |

|f

qeE� � E�_E��� 4vjqEeE���� _� n
] |

|f

_eE��

_�
�_E��_� � 4

] |

|f

_eE� �

_�
vjqEeE� ��_� � +8;,

Diwhu lqwhjudwlqj wkh vhfrqg lqwhjudo rq wkh uljkw0kdqg vlgh ri +8;, e| sduwv/ htxdwlrq +8;, pd| eh
uhzulwwhq dv

] |

|f

uE��_� '

] |

|f

qeE� � E�_E��� 4vjqEeE���� _� n eE���_E��m||f �
] |

|f

eE��
_�_E��

_�
_�

� 4 meE� �mm||f

'

] |

|f

eE��

�
q�_E� �� _�_E� �

_�
� q4vjqEeE���

�
_� n eE|��_E|�� eE|f��_E|f�

�4 meE|�mn 4 meE|f�m � +8<,

Wkh uljkw0kdqg vlgh ri +8<, pd| qrz eh xsshu erxqg dv iroorzv

] |

|f

uE� �_� �
] |

|f

meE� �m
�
q m�_E��mn

����_�_E� �

_�

����� q4

�
_� n meE|�m Em�_E|�m � 4�

n4 meE|f�m � eE|f��_E|f�� +93,

Iurp +93,/ lw lv hdv| wr vhh wkdw li 4 lv fkrvhq dffruglqj wr +67,/ wkhq +68, krogv1
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