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Section 5

Integrating Data and Functions

The process of differentiation always means the same thing: determining a rate of change. But the process of integration can appear chameleon-like, changing meaning depending on the application.  Reviewing elementary calculus, we will recall that integration can have the following manifestations:

Definite integral:

a.  Infinite sum of incremental parts

b.  Area under a curve between to points, or the volume under a   surface bounded by a line.

c.  Solution to differential equation and boundary conditions

Indefinite integral

a.  Antiderivative

b.  General solution to a differential equation

Improper integral

a. Area under a curve that is locally undefined

b.  Solution to a differential equation with boundary conditions at infinity

Definite integral

The definite integral is taken as the limit of a summation of an infinite number of incremental contributions.  As a result, the definite integral commonly results in a number that represents this summation.  This can be expressed as




  
(1)

where x1 = a, xn = b, and x is an incremental length x =

.   This definition will serve as the starting point for methods to calculate an integral approximately by relaxing the requirement that n approach infinity and replacing it with something like, “as n becomes a large number and x is small”.  This is the same approach that we used to take the definition of a derivative in terms of an idealized limit and develop an approximation to the derivative in terms of finite differences.  

The connection between an integral and an infinite sum is no coincidence.  The sqiggley symbol that is used to represent an integral, 

, was developed as an abbreviation for sum.     

It is probably worthwhile to review the nomenclature associated with the definite integral.  The constants a and b are the limits of integration, and they mark the end points over which the sum is taken.  The function f(x) is the integrand, and the variable behind the d in the dx that follows the integrand is the variable of integration.   Only one variable can be used during integration.  For functions with multiple variables the variable of integration plays the important role of indicating which one to use.  





It is also important to recall that the symbol used for the variable of integration can be switched without altering the result.   So





Alternatively, if we have a function of several variables, f(x,y,z,t)





Graphical interpretation of the infinite sum concept leads to the integral as an area under a curve.  One of the elements of the infinite sum on the right hand side of eq.(1) is f(x) x.  If we assume that the units of f(x) are length, and that x is a length, then their product is the area of a rectangle.  Clearly, summing the areas of many rectangles is also an area, and every calculus book shows how this becomes the area under the curve defined by f(x).

Area under a curve and antiderivative

Other applications have the integral providing the area under a curve, whereas some other applications use the integral as the limiting case of a summation of incremental quantities.  These seemingly diverse applications are, in fact, all manifestations of the same concept.  

A derivative is defined as 





(2)

and we recognize this as a foward difference expression evaluated at the limit as x approaching zero.  Similarly, we recall the definition of an integral




 
(3)

Keep in mind that in both (1) and (2) the lower case f denotes the derivative of F and the upper case F denotes the integral of f. 

The interpretation is that f(b) is the slope of F(x) at x=b, and that F(b) is the area under the curve f(x) between points a and b.  At first glance, it appears that we must assume the relations between a slope and area in (1) and (2) as a matter of faith, because the geometrical interpretation is difficult to visualize.   However, we can clarify this issue by starting with the definition of an integral as the area under a curve and using this to obtain the definition of a derivative.  To do so, we will incrementally advance the limit of the integral from b to b+x to slightly increase the area under the curve  


 


(4)

The integral F(b) in (2) is the continuous shaded region in Figure 1, whereas the integral in (3) is both F(b) and the incremental area on the right side of F(b).  The incremental region is colored green on the electronic version of this file.  The surface area of the incremental region is obtained by subtraction


  


(5)

According to the geometric interpretation (Fig. 1) it is apparent that the area of the incremental region is small

er than the rectangle with one side x and another side f(b+x) and the area is larger than the rectangle x by f(b).  So




 
(6)

Those rectangles are identical in the limit of 

, so we can say that 





(7)

Equating (6) and (4) we get





(8)
and dividing by x




(9)
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This is the definition of a derivative.  So





(10)

This result show that f(x) is a first-order differential equation and the integral 

 is a solution to the differential equation.   

Solving integrals

Integrals are solved using either analytical or by numerical methods.  Analytical solutions are always preferred because they are the most accurate and often the form of the result offers insight into the problem you are solving.  Many important problems result in integrals that cannot be solved explicitly, so numerical methods must be called upon to solve them.  Moreover, some streams of data need to be integrated to determine a certain result, and numerical methods are usually used for that task.    

There are solutions that fall into the middle ground between analytical and numerical methods; they cannot be completely expressed in a closed-form analytical result, but they are more insightful than a strictly numerical analysis.  Some problems can be partially solved analytically, that is, the integral can be reduced to some simpler form, but then this result must be evaluated numerically.  Sometimes these are called semi-analytical solutions.  In other cases, an equation is considered solved if it can be reduced to a familiar integral that has been widely studied by mathematicians.  The properties of such integrals are well known, and highly accurate but approximate solutions are available.  Usually such solutions are expressed as series or polynomials that can be used in a computer program, or as tabulated values that can be referenced during hand calculations.  In many cases, this type of integral is named, probably so that the people who study it have something to talk about at their departmental parties.  The Error Function, erf(x), and Exponential integral, E1(x), are integrals that appear in many problems in ground water hydrology and engineering.  The natural logarithm, ln(x), is another example of an important function defined by an integral  
[image: image18.bmp].

Consider as an example the exponential integral, E1(x), which is used in the Theis solution for drawdowns to a well pumping at a constant rate in a confined aquifer
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Abramowitz and Stegun (1964) is the bible of math handbooks.  They have a chapter describing the exponential integral, which evidently must have fascinated mathematicians for many years.  There are several polynomials that will give accurate approximations of the exponential integral on page 231.   For example, 
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This approximation has an error of less than 5x10-5 for values of x greater than 1.  There are three other polynomials that also can be used to approximate E1 over different intervals and with different amounts of accuracy, so you should look at all your options before selecting a particular approximation.  It should be clear, however, the polynomial approximation will give you ready access to E1 and similar functions.  

Integrating data approximated by a function

Many applications arise where we need to integrate a function defined by data.  For example, the flow rate from a well is integrated as a function of time to determine the volume produced at a particular time.  One approach that can be useful when the data change in a regular way is to approximate the observations with a function using the parameter estimation methods that were presented earlier.  The fitted function is then integrated to produce the desired result.  

One example of this approach is to a calculation to determine the mass of contaminant that has been recovered from a well at a particular time.  Many recovery operations will make use of a flowmeter to measure that volumetric discharge rate, Q, and samples will be analyzed periodically to measure the concentration, C,  of compounds in the recovered water.  The rate that mass is recovered from the well at as a function of time is 


m’(t) = 

= Q(t) C(t) 
(11)

Many studies have shown that the concentration often decreases as an exponential function of time while the discharge rate remains roughly constant.  There are justifications for the exponential relation based on processes of mass transfer in the subsurface, but for now we will simply assume that this is a good way to describe the data according to empirical observations.  This implies that the mass recovery can be described by





(12)

multiplying both sides by dt and integrating the left side from 0 to M1 and the right side from 0 to t1 gives





(13)

which leads to





(14)

Note that we used a definte integral to solve this problem.  We could have used an indefinite integral to obtain the result, but the steps are slightly different





(15)

which gives




-ab e-t/b + C
(16)
To solve for the constant we use the condition that the recovered mass is zero at t=0, so


C = ab 
(17)

substituting give the same result as obtained from the definite integral in (14).


M = ab (1 - e-t/b)
(18)

The definite integral requires that upper and lower limits are specified. We specified that the recovered mass is zero at t=0, and this allowed us to define the lower limit of the definite integral in (13).  The upper limit of that integral was set at some unknown recovered mass, M1, at some unknown time, t1.  When the indefinite integral was used, we relied on the condition that recovered mass = 0 at t=0 to solve the constant of integration.  Thus, the lower limit of the definite integral is the based on the same condition as the constant of integration in the indefinite integral.  That condition is the value of the integral at the start of the integration.  This is called an initial condition when the variable of integration is time, or a boundary condition when the variable of integration is a spatial variable, such as x, y or z. 
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Figure 1. Mass recovered as a function of time.  Note that results are scaled using the maximum recoverable mass and the constant b.  

Assuming that the rate of mass recovery obeys the exponential relation throughout the duration of the operation, then we can use the result in (18) to extract some insight into the problem.  It is apparent that the term in parenthesis approaches 1 as t becomes much larger than b.  Thus, the maximum mass that can be recovered from this well can be estimated as the product ab.  This maximum amount occurs when t equals infinity, which has little practical meaning.  However, we can estimate the time required for the well to recover 99 percent of the maximum possible mass by setting the term in parenthesis in (18) equal to 0.99 and solving for time.  





(19)
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Figure 2. Rate of mass recovery from (12).  Scaled using the initial rate and the constant b.
This gives t99 = - b ln(0.01) = 4.6 b.  Thus, we conclude that the constant b, which has units of time and was obtained from the initial data, is a measure how long it takes to remove a certain fraction of the mass.  We should keep in mind that these conclusions are only valid if the mass rate of recovery can be described by (12), but they illustrate how an analytical result can be used to gain additional insight into a problem.  Similar methods will be used later to analyze processes of recovery. 

Average value

The average value of f(x) between a and b is defined using this integral
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This says that the average of f(x) over the interval from a to b is simply the integral of f(x) over that interval, divided by the interval.  This formula is intuitively appealing if you think of f(x) as flow rate.  The integral of flow rate is the total volume involved in the flow, and b-a is the total time.  Dividing the total volume by the total time is the average flow rate.   

This formula works for analytical expressions and it is also valid for numerical integration.  You should add this formula to your working vocabulary because there are many applications for taking the average of something.  

Let’s say we want to determine the average rate of mass recovery between time 0 and t1 using (12).  When I look at Figure 2a, it appears that the average rate is about 0.3m’/a.  We can calculate the average rate using
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Numerical integration

Many important integrals cannot be solved analytically, and many data sets fluctuate erratically and cannot be approximated by simple functions, which can be integrated.  Numerical methods of evaluating integrals are needed for these problems.  

Numerical methods of integration (quadrature is another name for numerical integration) seek to determine the area under a curve, or perhaps the volume under a surface.  Accordingly, these methods solve definite integrals with specified limits and produce a number corresponding to the area or volume, or perhaps some other quantity, defined by the integral.  The general approach is to select n values of x (here x is the variable of integration) that divide the interval between the limits of integration.  The points that are selected during this process are said to partition the interval defined by the limits of integration.  The function to be integrated is evaluated at each value of x and then multiplied by a weighting factor, w.  The product of f(x)w is summed over all the selected values of x to approximate the integral.  The general formula for numerical integration is       




+ E
(20)

where E is the error of the approximation.   


There are two general classes of numerical integration schemes: open methods and closed methods.  Closed methods require f(x) to be evaluated at the limits of integration, whereas open methods avoid evaluation of f(x) at the limits.  Open methods are required for evaluating improper integrals. 

The simplest and perhaps most intuitive approach is to partition the interval between the limits of integration using n points.  Each point defines a rectangle whose area is f(x)x.  We add these areas up and that is an estimate of the area under the curve.  This approach will give the area exactly as x approaches zero, but it can be a rather poor estimate of the area if the number of points is some reasonable number.  One problem with this ad hoc approach is that it leaves little recourse for developing a better, more accurate method of numerical integration.  

A more useful approach to developing numerical methods of integration is to evaluate f(x) at a few points and develop another function p(x) that interpolates between these points.  This is similar to using parameter estimation methods to fit a curve to data.   We obtain an estimate for p(x), and then integrate that function using the points as limits.  That gives an approximate local area beneath the curve f(x).  We then move on a neighboring set of points are repeat the process.  This approach has led to the development of a wide range of methods for determining integrals numerically.  

Several simple methods of numerical integration can be developed by evaluating f(x) at three points, x1, x2, and x3.  One method assumes that f(x) can be interpolated between x1 and x3 by assuming that it has a constant value equal to f(x2) over the interval.  Another method assumes that the interpolating function p(x) is linear and intersects, x1 and x3.  The final method assumes that p(x) is represented by a quadratic expression that intersects all three points (Fig.  4)   
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Figure 3.  Three methods of estimating f(x) by interpolation that can be used to develop schemes for numerical integration. 

Midpoint method

The midpoint method of numerical integration is based on an interpolation function that is constant between x1 and x3;  p(x)=f(x2) between x1 and x3.  The area under p(x) is




  
(21)

For many applications we will want to apply this method successively to several or perhaps many intervals.  This is called a composite method and it is determined by evaluating a few intervals and inferring a general series.  Using two more points so that we have a total of 5 points gives


A= f(x2)(x3  - x1) + f(x4)(x5  - x3)
(22)

and adding another two points gives


A= f(x2)(x3  - x1) + f(x4)(x5  - x3) + f(x6)(x7  - x5)
(23)

General Midpoint Method

In general the midpoint method is done as follows:

1.  Partition the interval using n points, where x1=the lower limit and xn = upper limit of integration.  n must be odd.  The spacing of the points can be arbitrary.    

2.  Then use





(24)

Note that the summation only involves even values of i, and that the series ends at i=n-1.  This method does not require that f(x) be evaluated at the limits.  It is an open method of integration.

Variation

The methods that we are developing are based on interpolation schemes using three points, but there are variations of the midpoint method that use two points.  The variations are difficult to compare to the three point methods, but they are intuitively appealing, easy to program and widely used, so it is worthwhile to describe them here.  I will call these forward and backward rectangle methods because they use rectangles that either go from xi to xi+1 (forward) or from xi to xi-1 (backward). The forward rectangle method is 
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the backwards rectangle method is
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Notice that one end point is used and the other is not in each of these methods.  

Trapezoid Method

The trapezoid method of integration uses a linear interpolation between points x1 and x3 to interpolate f(x) locally.  Thus, 


p(x) = mx + b     
(25a)

where 





(25b)


b= f(x1)-mx1=
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(25c)

The area under p(x) is 





(26)

Substituting values for m and b from (25) gives
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(27)

rearranging





(28)

Composite Trapezoid Method

We see that the trapezoidal method only uses two points, so the general method will be written for pairs of adjacent points, x1 and x2.  Using four points to determine the area gives




(29)

It is apparent that this method will work for any number of points, unlike the midpoint method that requires an odd number of points.  The general formula is




 
(30)

Note that the summation is taken to n-1 because the formula involves i+1.  

The trapezoid method requires the function to be evaluated at the limits of integration, so it is a closed method.  

Application to the integration of data

What the Trapezoid Method lacks in accuracy it makes up for in versatility.  It allows integrals to be calculated using any number of points spaced at arbitrary locations.  The other, more accurate, methods that are described below have restrictions on the number and locations of points where f(x) is evaluated.  The integration of data is one application where the versatility of the Trapezoid Method is particularly noteworthy.  

For example, we saw previously that the mass recovered from a well could be determined by integrating the mass rate of recovery, which was determined from measurements of volumetric discharge and concentration.  The approach above was to fit a function to the record of mass rate as a function of time, and then integrate the function to obtain an analytical expression for the mass recovered.  In many applications, however, the data may vary considerably and depart from any simple function.  Fitting a function to these data may lead to significant errors that are difficult to assess.  An alternative approach is to use the summation formula for the Trapezoid Method, with the data themselves serving as f(xi) and xi. 

An example is given in the table listed below, where the field measurements are shown in the three leftmost columns.  The next column is a unit conversion of the volumetric rate and then the mass rate in gm/day is determined as the product of L/d and gm/L.  Note that this also involves a conversion of micrograms to grams.   The column labled “terms in series” contains the individual terms in the series for the Trapezoid Method.  The final column contains the sums of all the previous terms in the series, which gives the mass at that particular time.    

Note that the ith term in the series is the amount that the integral changes from ti to ti+1.    Thus, each time a term in the series is added, the integral is updated to the value for the end of the time interval, ti+1.  In the example, the recovered mass at the beginning of the test (day 1) is zero, and at the end of the first time interval (day 2) the recovered mass is equal to the first term in the series (136.8).  At the end of the second time interval (day 3), the recovered mass is equal to the mass recovered by day 2 plus the new mass recovered from day 2 to day 3 (116.64).  This approach is illustrated in the table below, where the arrows to the left mean “add this number to that one”, and the inclined arrows mean “write the sum of those numbers here”.  This approach is repeated sequentially to give 5140 gms as the recovered mass on the last day of measurement.      

	Time
	Conc.
	Vol rate
	Convert
	mass rate
	terms
	recovered mass

	Day
	microgram/L
	L/min
	L/day
	gm/day
	
	gms

	[image: image17.bmp]1
	1000
	100
	144000
	144
	136.8
	0

	2
	900
	100
	144000
	129.6
	116.64
	137





Figure 4.  Volumetric discharge and concentration as functions of time.
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	800
	90
	129600
	103.68
	116.82
	253





Figure 5  Mass rate of recovery as a function of time, from Table 1.



Figure 6.  Mass recovered as a function of time. Determined by integration the mass rate using the Trapezoid Method. 

Table 1.  Field data and calculations to determine recovered mass as a function of time.

	Time
	Conc.
	Vol rate
	Convert
	mass rate
	terms
	recovered mass

	Day
	microgram/L
	L/min
	L/day
	gm/day
	
	gms

	1
	1000
	100
	144000
	144
	136.8
	0

	2
	900
	100
	144000
	129.6
	116.64
	137

	3
	800
	90
	129600
	103.68
	116.82
	253

	4
	950
	95
	136800
	129.96
	144.18
	370

	5
	1100
	100
	144000
	158.4
	388.8
	514

	8
	700
	100
	144000
	100.8
	108
	903

	9
	800
	100
	144000
	115.2
	100.8
	1011

	10
	600
	100
	144000
	86.4
	393.12
	1112

	14
	850
	90
	129600
	110.16
	335.52
	1505

	18
	500
	80
	115200
	57.6
	77.76
	1841

	20
	700
	20
	28800
	20.16
	72
	1918

	25
	300
	20
	28800
	8.64
	64.8
	1990

	30
	600
	20
	28800
	17.28
	187.2
	2055

	35
	400
	100
	144000
	57.6
	1112.4
	2242

	50
	700
	90
	129600
	90.72
	1140.48
	3355

	61
	900
	90
	129600
	116.64
	79.92
	4495

	62
	300
	100
	144000
	43.2
	36
	4575

	63
	200
	100
	144000
	28.8
	161.28
	4611

	70
	150
	80
	115200
	17.28
	172.8
	4773

	80
	200
	60
	86400
	17.28
	134.64
	4945

	91
	100
	50
	72000
	7.2
	6.48
	5080

	92
	80
	50
	72000
	5.76
	12.96
	5086

	94
	100
	50
	72000
	7.2
	41.04
	5099

	100
	90
	50
	72000
	6.48
	
	5140


Simpson’s Method

Simpson’s method of integration uses a quadratic through x1, x2, and x3 to interpolate f(x) locally.  So


p(x) = Bx2 + Cx + D
 (31)

The area under this curve is





(32)

which gives





(33)

which can be rearranged after some effort to 





We recognize that the terms in curly brackets are p(x), so 






 EMBED Equation.2  

(35)

but we said that p(x) ( f(x) locally, and if the points are evenly spaced then 

 , so





(36)

Since we required that the points were evenly spaced, then we can recognize that 

2x = x3 - x1, and it follows that 





(37)

Composite Simpson Method

The composite Simpson Method is developed from (37) using 7 points as follows





and from this we infer 





(38)

Note that the summation only involves odd values of i and it ends at i=n-2.  Simpsons rule is the most accurate of the methods that we have seen, but it is also the most restrictive.  The restrictions are

1.  The interval of integration must be partitioned using an odd number points.

2.  The points must be evenly spaced. 

3.  This is a closed method of integration so it cannot be used for improper integrals.  

Example 

The three methods of numerical integration can be readily applied using hand calculations.  For example, try solving this integral:   f(x) = 

  using each of the three methods.  It is convenient to keep track of the intermediate results in a table, as shown below.  Each term in the series is shown for each of the three methods.  The row labled “integral” is the sum of the individual terms.  The exact value of this integral is  

, which is approximately 5.333333.  The relative errors for the three methods indicate the Simpson’s Method is the most accurate and the Trapazoid Method the least accurate, but all of them are within a few percent of the actual value. 

	X
	f(x)
	TRAPAZOID
	MIDPOINT
	SIMPSON

	
	
	terms
	terms
	terms

	0
	0.000
	0.5000
	-----
	1.8047

	1
	1.000
	1.2071
	2.0000
	-----

	2
	1.414
	1.5731
	-----
	3.4475

	3
	1.732
	1.8660
	3.4641
	-----

	4
	2.000
	-----
	-----
	-----

	INTEGRAL
	
	5.1463
	5.4641
	5.2522

	ERROR
	
	-0.0351
	0.0245
	-0.0152


Gauss Quadrature

Being a clever guy, Gauss realized that you may be able to improve the accuracy of a numerical integration scheme if the locations of the points used to evaluate f(x) were determined in advance.  He used a special class of polynomials, called Legendre polynomials, to interpolate discrete measurements of f(x), just as we used simple first and second order polynomials to interpolate f(x) in the previous sections.  The roots of the Legendre polynomials are the locations, xi, where f(x) is evaluated, and Gauss developed a way to determine the weighting factors for each value of f(xi).  

This scheme can be used with a wide range of different numbers of points that partition the interval of integration.  The minimum number of points is 2, and the maximum number that I have seen is 256, but it is possible to use more.  These are usually called Gauss points.  One amazing result of using Gauss Quadrature is that it produces exact results when integrating polynomial equations with an exponent whose largest power is less than 2n-1, where n is the number of Gauss points.  This means that we could calculate the definite integral of a third-order polynomial exactly using measurements at only 2 points.  

In most applications the function that you want to integrate will not be a polynomial.  The procedure is to use successively more Gauss points until the result changes by some small amount that you are willing to live with. 

Procedure

A definite integral is obtained using Gauss Quadrature by selecting the Gauss points that you will use (the points are called “abscissas” and the weights are “coefficients” in the following table).  The limits of integration are initially assumed to range between -1 and 1, and the Gauss locations of the Gauss points are within this interval.  The locations of the points are symmetrically distributed about 0 and ususally only the points between 0 and 1 are given because the ones less than 0 are obtained by changing sign.  Thus, when two Gauss points are used, there is only one entry in the table with the other derived by changing the sign of the one given.  When three Gauss points are used, then the table lists two points; one occurs at 0 and the other between 0 and 1, the third is determined by symmetry.  The weights of the Gauss points determined by symmetry are the same as those of the original points.  

It is unlikely that your application will make use of limits of integration of -1 and 1, so you will need to transform the locations of the Gauss points so that they are distributed over the interval of your problem.  The transform to get the locations of the points between your limits of integration, a and b, is 





(39)

where Gp is the Gauss point, or abscissa, listed in the following table.  

Now evaluate the function you want to integrate at all the xi, then multiply by the weight factors for that point.  Sum each of these products and then multiply by (b-a)/2.  So




(40)

Example

Integrating f(x) = 

using Gauss Quadrature.  

It is convenient to display the calculations in a table, and it this method is readily adapted to a spreadsheet.  The relative error is 0.00094, which is more than an order of magnitude less than using Simpson’s Method, according to the example done above.   

	Gp (from table)
	wi (from table)
	xi (from 39)
	f(xi)
	f(xi)wi
	

	0
	0.568888889
	2
	1.414214
	0.80453
	

	0.53846931
	0.47862867
	3.076939
	1.75412
	0.839572
	

	0.906179746
	0.236926885
	3.812359
	1.952526
	0.462606
	

	-0.53846931
	0.47862867
	0.923061
	0.960761
	0.459848
	

	-0.906179746
	0.236926885
	0.187641
	0.433175
	0.102631
	

	
	
	
	


	2.669187
	

	
	
	Integral 
	(from eq. 40)
	5.338374
	


The exact value of this integral is 

, which is approximately 5.333333

The relative error of the numerical integration: 0.000945
Gauss points (called abscissas) and weights (called coefficients) used for Gauss Quadrature.  


Error

The error resulting from numerical integration will depend on the form of the function that is being integrated and how the interval of integration is partitioned.  In general, the errors will be proportional to the spacing of the points to some power, just as the error in finite difference approximations are proportional to the spacing of the points to some power.  Assuming that the intervals are partitioned using evenly spaced points, and using the formulas given above, the errors are (Golub and Ortega, 1992)


Composite Midpoint in (24):
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Composite Trapezoid in (30):  
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Simpson’s Method in (38):
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These results indicate that the errors associated with the Composite Midpoint and Trapezoid Methods are both proportional to x2.   The constant multiplying the error of the Trapezoidal Method is 4 times smaller than that of the Midpoint method.  This difference occurs because the Midpoint Method in (24) uses a x that is twice as large as the one used by the Trapezoid Method in (30).  The error associated with Simpson’s Method is proportional to x4.  In general, Simpson’s method is more accurate than the other two methods for most applications.   The relative accuracy of the three methods depends on the particular function being integrated, however, so it is impossible to make a general statement on relative accuracy for all applications.

The error of Gauss Quadrature decreases by increasing the number of points, but a direct comparison to the error of the methods outlined above is not straightforward.  In most cases, the error resulting from Gauss Quadrature will be less than that of the methods listed above when using the same number of points. 

Summary

We have examined four methods of numerical integration, three of them were developed from simple interpolation methods and another, Gauss Quadrature, was derived from a more detailed interpolation.  Each method of numerical integration has advantages and disadvantages for particular applications.  They will be sumarized below with recommendations for particular applications.     

Trapezoid Method

1.  Partition using any number of points

2.  Spacing between points can be arbitrary

3.  Composite formula




 
(30) 

4.  Recommendation:  This method works well for integrating measurements because it can be used with an arbitrary number of points at arbitrary spacings.  The general accuracy is poor, so this method should not be used to integrate analytical functions.   

Simpson Method

1.  Partition using odd number of points

2.  Points must be evenly spaced

3.  Composite formula:




4.  Recommended uses:  Simpson’s Method is well suited to integrating measurements made at regular (evenly spaced) intervals. You may need to drop the last measurement, or use the trapezoid method for the last pair of points, if your data contain an even number of measurements.  Simpson’s Method is more accurate than the trapezoid method when evaluating definite integrals.  

Gauss Quadrature

1.   Select the number of points that you want to use

2.   Obtain the locations of the Gauss points, Gp, over the interval -1 to 1 from a table.  Note the points are symmetrically distributed over -1 to 1. 

3.   Transform the locations of the Gauss points to your interval of integration using





4.  Determine the weighting factor, wi, for each point

5.  Calculate the integral using





6.  Recommendation:  Gauss Quadrature is particularly well-suited to integrating analytical functions because it the more accurate than the other three methods for a given number of points.  Estimate accuracy by trying successively more points.  Gauss Quadrature is an open method so it can be used with improper integrals.  This method is poorly suited to integrating measured data, unless the sampling scheme is designed to obtain data at Gauss points.   


Midpoint method

1.   Partition using an odd number of points

2.   Spacing between points can be arbitrary

3.   Open method so can be used for improper integrals.  Accuracy for improper integrals can be poor using this method, so use Gauss Quadrature instead (this method is described next).

4.   Composite formula







5.  Recommended uses:  This method can be used to integrate arbitrarily spaced measurements.   It can also be used to integrate functions, particularly improper integrals, but the accuracy is typically poor compared to Gauss Quadrature.  In general, there are other simple methods of integration that will perform better than the midpoint method—recommend that you use the other methods instead.        

Exercise

1.  Use the trapezoid, midpoint, and Simpson method to solve f(x) = 


Partition the interval using 5 points.  Use evenly spaced points, so x = b-a/(n-1)

Calculate the values for each term in the series and fill in the table below.  Determine the integral and fill in the table.  

What is the exact value of this integral:_________________________________

Determine the relative error using: (estimated-exact)/exact

	x
	f(x)
	TRAPAZOID
	MIDPOINT
	SIMPSON

	
	
	
	-----
	

	
	
	
	
	

	
	
	
	-----
	

	
	
	
	
	------

	
	
	------
	-----
	------

	INTEGRAL
	
	
	
	

	RELATIVE ERROR
	
	
	


Exercise

Use Gauss Quadrature to integrate      f(x) = 


	Gp (from table)
	wi (from table)
	xi 
	f(xi)
	f(xi)wi
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	


	
	

	
	
	Integral 
	
	
	


The exact value of this integral is 

, which is approximately 5.333333

    What is the relative error of the numerical integration: 

Homework

1.  Average baseflow flux is distributed along the length of a river according to 


qb = qo - mx2
The width of the river is constant, w.  The total discharge in the stream is Q1 at x = x1.  

What are the units of m?

What is the discharge Q2 at x = x2?

1. The width of the stream probably increases in the downstream direction.  How will the discharge change if the width of the stream increases according to 


w = Cx

where C is a constant.

What is the average baseflow flux between 0 and point b?

2. What is the mass of recovered contaminants when pumping from a well at a constant volumetric rate of Q, when the concentration varies according to 
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3.  What is the average concentration between   0 < t < /a ?  

4.  Now assume that the flowrate in problem 4 changes as a function of time according to 


Q  = Q0 + t

Determine the mass recovered as a function of time.  

5.  Use Simpson’s Method and the Trapezoid Method to integrate f(x) = 


Partition the interval using 5 points.  Use evenly spaced points, so x = b-a/(n-1)

Calculate the values for each term in the series and fill in the table below.  Determine the integral and fill in the table.  

What is the exact value of this integral:_________________________________

Determine the relative error using: (estimated-exact)/exact

	x
	f(x)
	TRAPAZOID
	
	SIMPSON

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	INTEGRAL
	
	
	
	

	RELATIVE ERROR
	
	
	


6.  You use a seepage meter to measure the flux upward through the bed of a mountain stream as a function of distance along the stream.   You also measure the width of the stream.  There are no tributaries along this reach of the stream.  The stream crosses several fracture zones where water is either gained or lost at a greater rate than elsewhere.  You use a current meter to determine that the discharge at the beginning of your surveyed area is 13 cfs.  

· Use the trapezoid method to integrate these data and determine the discharge as a function of distance.  Do this in EXCEL and plot your results.  

· What is the discharge at x=5000 ft?  

· Where are the hydrologically active fractures?  

· What is the average flux along this reach of the stream (ft/s)?    

The data are listed below along with several columns that will help in the calculations.  Use EXCEL to fill in the table.  These data are in a file called “Stream flux.xls”.  

	Distance
	Width
	Flux in
	
	Q
	Q

	ft
	ft
	ft/s
	ft2/s
	cfs
	cfs

	0
	10
	0.0001
	
	
	13

	50
	12
	0.0002
	
	
	

	100
	10
	0.0001
	
	
	

	200
	15
	0.0002
	
	
	

	240
	10
	0.0003
	
	
	

	400
	16
	0.0004
	
	
	

	500
	14
	0.002
	
	
	

	750
	18
	0.0005
	
	
	

	900
	19
	0.0004
	
	
	

	1200
	14
	-0.0015
	
	
	

	1500
	20
	0.0002
	
	
	

	1700
	22
	0.0003
	
	
	

	2000
	24
	0.0004
	
	
	

	2500
	18
	0.0001
	
	
	

	2700
	16
	0.004
	
	
	

	3000
	12
	0.0001
	
	
	

	3500
	20
	0.0003
	
	
	

	4000
	22
	0.0006
	
	
	

	4400
	18
	0.0004
	
	
	

	5000
	20
	0.0005
	
	
	


Problem 7.

Use 5 pt Gauss Quadrature to integrate     F(x) = 


	Gp (from table)
	wi (from table)
	xi 
	f(xi)
	f(xi)wi
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	


	
	

	
	
	Integral 
	
	
	


7a.  What is the exact value of this integral:

7b.  What is the average value of  (x) between 0 and 4?

7c.  The relative error of the numerical integration: 

7d.  Compare the three methods you have used to integrate e-x 

8.  You measure the volumetric rate and concentration recovered from a well at various times.  The data are in file “recovery.xls”.  Determine the mass rate of recovery as a function of time and plot it as a graph using Excel.  Determine the total mass recovered as a function of time and plot it as a graph using Excel.  What is the average rate of mass recovery over the entire test?

9. Use 12 pt Gauss Quadrature to solve the Theis eqn in the form





 EMBED Equation.2  
  with t1=100

   Do this problem using Excel.  Gauss points and weighting factors are available in an Excel file that was distributed over e-mail.  Label your spreadsheet file and hand it in along with answers to the following questions.   

Compare your result to a tabulated value for the Theis eqn. in a hydrogeology book.   Use u = 1/t1 to get the value. 
Determine the value for the exponential integral Ei using Scientific Notebook.  Create a plot of the exponential integral Ei from u = 0 to 0.1   

What is the relative error between the numerical result and the tabulated value? 
f(b+x)---





f(b) ---





x





F(b+x)





F(b)





f(x)
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 a		           b
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Interpolation using linear function







p(x) = mx + b



	Constants determined locally
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Interpolation using quadratic



 p(x) = Bx2 + Cx + D
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