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Abstract—The study of dynamic systems on time scales unifies continuous and discrete processes.
In this paper, we shall examine Green’s function for an n*t_order focal boundary value problem. With
this, we can then consider eigenvalue comparisons for higher-order focal boundary value problems
on time scales using the theory of operators on a Banach space. © 2003 Elsevier Science Ltd. All
rights reserved.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we shall examine Green’s function for an n*P-order focal boundary value problem.
With this, we can then consider eigenvalue comparisons for higher-order focal boundary value
problems on time scales.

In Hilger’s dissertation [1], the concept of a “time scale” was introduced to help unify the
theory of differential and difference equations.

DEFINITION 1. A time scale (measure chain) T is an arbitrary nonempty closed subset of the real
numbers R, where we assume that T has the topology that it inherits from R with the standard
topology.

A more general definition has been given in [2], but for the purposes of this work, the special
case given in Definition 1 is sufficient.

DEFINITION 2. Fort € T, we define the forward jump operator o : T — T by
o(t) =inf{s e T: s> t},

while the backward jump operator p: T — T is defined by
p(t) =sup{s € T:s < t}.

If T has a maximum t, then we put o(t) =t, and p(t) =t if T has a minimum ¢.
There are four properties a point in the time scale can have:
o if o(t) =t, then t is called right-dense;
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e if o(t) > t, then t is called right-scattered;
o if p(t) =t, then t is called left-dense; and
o if p(t) < t, then t is called left-scattered.

It is convenient to have a graininess operator p : T — [0, 00) defined by u(t) = o(t) —t. By the
so-called “interval” [a,b], we mean [a,b]N'T where a,b € T. Other intervals are defined similarly.
DEFINITION 3. We define the interval [a,b]"™ by
[a,b), ifb is left-scattered,
(a,b]" :=

[a,b], otherwise.

DEFINITION 4. (See [3].) Assume f: T — R is a function and let t € T. Then we define f2(t)
to be the number (provided it exists) with the property that given any € > 0, there is a neigh-
borhood U of t such that

|[f(a(t)) — f()] - FA®)[a(t) - s]| < elo(t) — s, for all s € U.
We call f4(t) the delta derivative of f at t.
THEOREM 1. (See [3,4].) Assume f : T — R is a function and let t € T*. Then we have the

following.
(i) If f is differentiable at t, then f is continuous at t.
(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t with
flo(t)) — f(2)
FA) = 1200 T
©) u(t)
(iii) Ift is right-dense, then f is differentiable at t if and only if the limit
L1 = 5(9)

s—t t—s
exists as a finite number. In this case,

£50) — tim SO

s—t t—s
(iv) If f is differentiable at t, then

Flo(t) = f(t) +u®F2 ().

THEOREM 2. (See [3,4].) Assume f,g: T — R are delta differentiable at t € T*. Then, we have
the following.
(i) f+g:T — R is differentiable at ¢t with
(f +9)2(8) = F2(8) + g% (2).
(ii) For any constant k, kf : T — R is differentiable at t with
()2(t) = kfA().
(iii) fg:T — R is differentiable at t with
(f9)2 () = FA@®)9(t) + F(o()g™ () = g° (1) £ (t) + 9(a (1) F2 (B).
(iv) If f(t)f(o(t)) #0, then 1/f is differentiable at t with
(l) B (t) = ___Jf_AL
f fOf (@)
(v) If g(t)g(o(t)) # O, then f/g is differentiable at t with
([) e () = gt f2(t) — f(t)g(t)
g 9(t)g(a(t))
In some cases, it is necessary to take the delta derivative of a function of two variables. In the
context of this paper, we make the following definition.
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DEFINITION 5. For a function g : T x T — R, we define g°(t, s) to be the delta derivative of g
with respect to t for a fixed s.

In addition, there are two basic integration by parts formulas which are given in the following
theorem.
THEOREM 3. (See [4]) Assume c¢,d € 'JI‘ Then,
ff A(t) At = [f(t)g(t) f A (t)g(t) At,
(11) s f(t)g t) At = [f(t)g(t)]s ~ fc 7A@ g(d(t)) At.
The following two theorems are well-known formulas which are used frequently in the proofs
of this paper.

THEOREM 4. Assume f: T — R is right-dense continuous on T*. Then, for t € T*,
a(t) '
| fmar=utse).
¢

THEOREM 5. (See [4].) Let a € T%, b € T, and assume f : T x T* — R. Suppose further that
for each fixed t € T*, f(t,7), and f2(t,7) are right-dense continuous and

A, 7) = lim f7) — fs7)

t—s
uniformly with respect to T on compact subsets of T*. Also assume that k : T — R is right-dense
continuous. Then

/ f(t,T)k(T) AT implies g®( / AT A7"|‘f( (1), £)k(2),

h(t) := / f(t,T)k(T) AT implies h®(t) = / FA(t, T)k(T) AT — f(a(t), t)k(t).
¢ t
Some results and definitions for cones on Banach spaces are necessary as well.

DEFINITION 6. Let B be a Banach space. A closed subset P is said to be a cone provided:

(i) ifu,v € P, then au+ pv € P for all o, 8 > 0;

(if) ifu,~u € P, then u=0.
A cone P is said to be reproducing provided every x € B can be written £ = u — v for some
u,v € P.
REMARK 1. For the ordering on the cone, we say that for u,v € B, u < v with respect to P
provided v — v € P. In addition, if M and N are operators on B, then we write M < N with
respect to P provided Mu < Nu for all u € P.

DEFINITION 7. A bounded linear operator M on B is ug-positive with respect to the cone P
provided ug € P and for every nonzero u € P, there exist positive numbers k;, ko such that
kiug < Mu < kyug with respect to P.

Theorems 2.4, 2.10, 2.11, and 2.13 of [5] give the following theorem.
THEOREM 6. Let P be a reproducing cone. If L is a compact ug-positive linear operator then L
has an essentially unique eigenvector in P and the corresponding eigenvalue is simple, positive,
and larger than the modulus of any other eigenvalue.

The following theorem appears in [6] and is a generalization of Theorem 2.3 of [7].

- THEOREM 7. Let L and M be bounded linear operators and assume that at least one of the
operators is ug-positive. If L < M and

Lu; > AU, 0 75 u €P, A1 >0,
Mug < Aqus, 0£u; € P, AL >0,

then Ay < Ay, and if A\; = Ay, then u; is a scalar multiple of us.
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2. GREEN’S FUNCTION

In this section, we determine Green’s function for an ntP_order boundary value problem on a
time scale T. Define the operator B,, as follows:

. ATk k—1 ) n—k—1 . Al
B,z = (——1)""" (pa:A ) -A {Zpix‘\‘ + z DPhti (pmA ) } .
i=0 =0
We are concerned with the focal boundary value problem
B,z =0,
8'a) =0, 0<i<k—1, (1)
Ai
(ps2)" (o)) =0, O0<i<n—k-1, )

under the assumptions that o*(a) < b, and 6™ (b) < sup T, where p and p; for 0 <i <n—1 are
given right-dense continuous functions on T, and p(t) is nonzero on T.

DEFINITION 8. We say  is a solution of B,z = 0 on [a, 0™ (b)] provided 22" is delta differentiable
on [a,0™ (b)), 0<i<k—1, (pz®")2" is delta differentiable on [a,6™ %], 0<i<n—k—1,
and (pa:Ak)A"-k is right-dense continuous on [a, b].

The following lemma has a traditional proof, and hence, it will be omitted.

LEMMA 1. If the homogeneous boundary value problem

B,z =0,
e (@)=0, 0<i<k-1,

Ai
(pIAk) (@) =0, 0<i<n—k-1,

has only the trivial solution, then the nonhomogeneous boundary value problem

B,z =h,
xAi(a)=ai, 0<i<k-—-1, (3)
AR\A ;
(pm ) @) =p, 0<i<n—k-1, (4)
where g, - .., 0k—1, Bo, - - -y Bn—k—1 are given real constants and h is a given right-dense contin-

uous function on [a, b], has a unique solution.

DEFINITION 9. The Cauchy function y(t,s) for B,z = 0, defined for a <t < a*(b),a<s <y,
is defined as the function that for each fixed s in [a,b] is the solution of the initial value problem

B,z =0,
¥ (a(s),8) =0, 0<i<k,
Ai
(pyAk) (a(s),8) =0, 1<i<n—-k—2

n—k

() (et = 1
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THEOREM 8. Assume the homogeneous boundary value problem B,z =0, (1),(2), has only the
trivial solution. For each fixed s € [a,b], let u(t,s) be the unique solution of the boundary value
problem

B,u=0,
uAi(a, s) =0, 1<i<k, (5)
(7)" GO == (™) (0B k+1sisn, ©)

where y(t, s) is the Cauchy function for B,z = 0. Then we define Green’s function by

u(t, s), t<s,

S ={ 1 eyt oo <t

For each fixed s € [a,b], v(t,s) 1= u(t,s) + y(t,s) is a solution of B,z = 0 and satisfies the
boundary conditions (2) for k+1 <1 < n. If z(t) is defined as

o(b)
2(t) = / G(t, s)h(s) As,

where h is assumed to be a right-dense continuous function on [a,b], then z(t) is a solution of
the nonhomogeneous boundary value problem

B,z =h,
zf\i(a)zo, 1 <1<k,

(pmAk)Ai (o(b)) =0, kE+1<i<n.

ProoF. The existence of u(t, s) is guaranteed by Lemma 1. Since for each fixed s € [a, b], u(t, 3),
and y(t, s) are solutions of B,z = 0, we have that for each fixed s € [a, ], v(¢, s) := u(t, s) +y(t, s)
is also a solution of B,z = 0. It follows from (6) that for each fixed s € [a, b], v(t, s) satisfies the
boundary conditions (2) for k+1 <i < n.

Let u(t, s), y(t, s), and G(¢, s} be as in the statement of this theorem, and assume that h(t) is
a given right-dense continuous function on [a,b]. Then define

o (b)
z(t) := / G(t,s)h(s) As.

We wish to show that =(t) is a solution of the nonhomogeneous equation B,z = h satisfying the
homogeneous boundary conditions (1),(2). Consider

o(b)
z(t) =/ G(t,s)h(s) As

t o(b)

:/ G(t,s)h(s)As+/ G(t,s)h(s) As
at o(b)

=/ (u(t, s) + y(¢, s))h(s) As—l—/t u(t, s)h(s) As
t a(b)

_ / y(t, s)h(s) As + / u(t, s)h(s) As.
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Theorem 5 can be applied to get

o(b)

A (t) = / y2(t, s)h(s) As + / uB(t, s)h(s) As +y(o(t), t)h(t)

o(b)

_ / "yB(t, 5)h(s) As + / B (t, s)h(s) As
at : aa(b)
- / v (t, 5)h(s) As + / WA (¢, s)h(s) As,
since y(o(t),t) = 0. Also note that

o(b)
8(a) = / u(a, s)h(s) As = 0.

Now, for any 1 < i < k, Theorem 5 can again be applied to get the induction step

A

i t i—1 U(b) i—
8 (t). = [/ 2 (t,8)h(s) As +/ uB 7 (¢, s)h(s) As
t i U(b) i i-1
- / v (b, )h(s) As + / uB (¢, $)h(s) As + 12 (0(8), ()
at : acr(b) :
- / & (¢, s)h(s) As + / u® (8, )h(s) As
! . ’ aa(b) .
_ / & (t, s)h(s) As + / Wb (8, s)h(s) As,
a t
since y2 ' (o(t),t) = 0. Note that for 1 < i <k-1,
: o®
=5 (a) = / w2 (a, s)h(s) As = 0,
and hence, z(t) satisfies the boundary conditions (1). Consider

A%ty = / t v®" (t, s)h(s) As + / i u®* (¢, s)h(s) As.

Then

(pa:A ) (t) = / ( )A (t,8)h(s) As + /a(b) (puA")A (t,s)h(s) As
+(t7) o

- [ ) e S)h(s)A”/ (o) o s
2/: (p”Ak) (t,s)h(s) AS+/:( ! (PUAk)A(t,s)h(S) As,

since yAk—1 (e(t),t) = 0. Using boundary conditions (6), we have

(prk)A (a(b)) = /a " (puA" + pyAk)A (a(b), s)h(s) As = 0.
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Now, using the fact that (pyAk)Ai (o(t),t) =0for 0 <i<n—k~—1, we have that for 1 <i <
n—k—1,

o(b)

(mm)ﬁ‘ () = / t (pyw)“‘ (t, 5)h(s) As + / (puA“)Ai (t, 5)h(s) As
()" mnom
_ /at <pyA‘°)Ai (t, s)h(s) As + /:(b) (puAk)Ai (t,s)h(s) As

o(b

= /at (PvAk)Ai (¢, s)h(s) As +/t : (puAk)Ai (t, s)h(s) As.

Note that using the boundary conditions (6), we have that for 1 <i<n—~%k—1,

(r2")" (o8 = / " (50%) (00, his) b5 =

Hence, z(t) satisfies boundary conditions (2). Now, using the fact that

()" w0 = -1,

we have for the (n — k)" delta derivative

n—k

0t (222) ()

= (-1 /: (pyAk)A
e (o) (o, om0

=0t [ (o)™ snis) a0
(=1 E (1 k()

=yt [ ()™

n—k

a(b)

(t,s)h(s) As + (—=1)"~* / (puAk) art (t,s)h(s) As

a

o(b)

(puAk)An_k (¢, $)h(s) As

- a(b) R n—k
(t,s)h(s) As + (=1)"F /t (puA )A (t,s)h(s) As + h(2).

Hence,
An—k k—1 n—k—1 At
Bz = (—1)"* (p(t)mA") _)\{Zpi(t)a: O+ > prailt ( (t)z (t)) }
=0 i=0
(—1)n* / ( )An k( t,s)h(s) As + (~1)"* /t "0 (puAk>An—k (t, s)h(s) As + h(t)
k~1 ‘ ab) |
/\{ pi(t) ( A1(15,.9)h(s) As—}—/t u®' (¢, s)h(s) As)
N~ t e & s)h(s) As " ud* o s)h(s s)}
3 pe) (/ ()" Eomas e [ ()" (@ a)his) &

¢ o (b)
= / [Bru(t, s)|h(s) As +/t [Bru(t, s)]h(s) As + h(t)
= h(),

using the fact that B,v(t,s) = Bru(t,s) = 0 for each fixed s € [a, }]. |
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Consider the special case of B,z = 0, namely,

(—1)n* (prk)An_k —o.

We now make three recursive definitions which will enable us to get a useful form of Green’s
function on time scales.

DEFINITION 10. Let ho be identically equal to one on Tx T, and yo be identically equal to (~1)n*
on T x T. We define y;(t, s), hi(t, s), and g; (¢, s) for i > 1 by the following:

yi(t,s)z/t yi—1(T, 8) AT, 1<i<n—-k—-1, n—-k+1<i<n—1,
. at(s) 1
Yn—k(t,8) = /U(s) myn_k_l(ﬁ s) AT,
hi(t,s)z/thi_l(T,s)Afr, l1<i<n—k-1,
gi‘o(t,s)=%t)—hi(t,s), 0<i<n—k-1,
gi’j(t,s)=/tgi’j_1(r,s)AT, 1<j<k, 0<i<n—-k-1

If the subscript i on the function h;(t, s) or y;(t, s) is less than 0, then the functions are taken to
be identically zero.

Using the properties of these recursive functions, the following theorem can be easily proved.
THEOREM 9. The Cauchy function for (—=1)"*(p(t)z2")2" ™" =0, n > 2, is ya_1(t, 9).
The following lemma has a standard proof which will be omitted.

LEMMA 2. The boundary value problem (-—1)""‘(p(t)mAk)A"—’c =0, (1),(2), has only the trivial
solution.

THEOREM 10. Let

0 gox(t,a) gie(t,a) o+ gnok-1k(t@)
Yn—k—1(0 (D), s) 1 hi(o(b),a) -+ ha—k-1(c(b),a)
u(t, S) — yn—k—Z(U(b), S) 0 1 s hn_k_z(o'(b), a) .
O

Then Green’s function for the boundary value problem (—1)"“‘°(p(t)mAk)A"_’c =0, (1),(2), is
given by

u(t, s), t <s,

u(t, s) + yn—1(t,s), o(s) <t.

G(t,s) = {

PRroOF. By Theorem 8, it suffices to show that for each fixed s € [a,b], u(t, s) satisfies the
boundary value problem (—1)"~*(p(t)z®")2"™" = 0 with the boundary conditions (1), and
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v(t, 8) 1= yn_1(t, 8) + u(t, s) satisfies the boundary conditions (2). For 0 <i <k —1,

0 gox(t,a) g1x(t,a)
yn—k—l(a(b)1 S) 1 h'l (U(b)v a’)
uA(t,8) = | |Yn-k-2(0(b),s) 0O 1
(—1y* 0 0
0 go,k-i(t,a) g1x-i(t,a)
yn—k—l(a(b)v S) 1 hy (U(b)a a’)
= |Yn—k—-2(0(b), s) 0 1
ot s s
Hence, for 0 <i < k —1, we have
0 gok—i(a,a) g1,6—i(a,a)
Yn—k-1(0(b), 5) 1 hi(c(b), a)
uAi(a, s) = Yn—k—2(a(b), 5) 0 1
(~1)n* 0 0
0 0 0
yn—k—l(g(b)i S) 1 hl(a(b)’ a)
= |Yn-k—2(c(b),s) O 1
AR S

Gn—k—1,k(t,a) &

hn_k_l(d(b), a)
hn_k_g((f(b), a)

1
In—k—1,k-i(t,a)
hn—k—1(0(b),a)
hn—k—2(0(b),a) |

1

In—k—1,k-i(a,a)
hn—k-1(c(b),a)
hn—k—2(c(b),a)

0
hn—k—l(a(b)) a)
hn—k—2(0(b)v a’) = 0,

1

which shows that for each fixed s € [a, ], u(t, s) satisfies boundary conditions (1). It remains to

show that v(t, s) satisfies boundary conditions (2). Consider

v(t, 8) = u(t, s) + yn-1(t, s)

0 gok(t,a)  g1k(t )
yn—k—l(a(b)v S) 1 hl (O’(b), a‘)
= |Yn—k—-2(0(b),s) 0 1
(=1)nk 0 0
Yn-1(t, 3) 0 0
Lok (0(®)5) 1 ha(o(®),a)
+ | Yn—k—2(c(b),s) O 1
(-1)* 0 0
Yn-1(t,8)  gok(t,a) g1kt a)
Yn-k—-1(0(b), 5) 1 hy(o(b), a)
= | Yn—k—2(c(b), 5) 0 1
(—1)n* 0 0
Now, it is easy to see that
Yn-k-1(t,8)  ho(t,a)  hi(t,a)
yn—k—l(o(b), S) 1 hl(a(b)v a)
P2 (t, s) = |Yn-k—2(c(b),5) O 1

(—15"-’6 0 0

In—k—1,k (t’ a)

hrk—1(c(b),a)

hn—k—2(o(b),a)

1
0

hn—k—1{c(b),a)
hn—k—2(c(b),a)

1
gn—k—l,k(ta a‘)
hn—r-1(c(b),a)
hn—k—Z(U(b)7 a) .
1
hn-k—l(tv a)

hnk—1(c(b), a)
ha-k—2(o(b),a) |

1
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and that
Ynoko1-i(0(0),8)  ho—i(@(b),@) hi—i(o(d),a) - Pn-k-1-i(0(b),a)
N Yn-k-1(0(b), s) 1 ha(o(b),a) -+ hn-k-1(0(b),a)
(vak> (0(b),s) = | Yn—k~2(0(b),s) 0 1 woo hneg—2(o(b), )
AR S

for 0 < i < n—k—1 (recalling that if the subscript on the function h is less than 0, the function
is taken to be identically 0). For each such 4, the first and (i + 2)™¢ rows will be identical, and
hence, (vak)Ai (o(b),s) = 0 for 0 < i < n—k— 1. Therefore, boundary conditions (2) are
satisfied. Note that, if i = k, from above we have

0 " ho(t,a)  hi(tya) - hn—k—1(t,a)
yn—k—l(a(b)r S) 1 hl(a(b)v a‘) T hn—k—l(g(b)v a)
p(t)'u,A’c (t,s) = Yn—k-2(0(b), 9) 0 1 o hng-2(o(b),a) |
A
Hence,

0 0 ‘e 0 0

. Yn—k—1(c(b),s) 1 hi(o(b),a) --- hn—k—1(c(b),a)

(_1)n—k (p’LLAk) (t, S) — yn_k_Q(G(b), S) 0 1 hn—k—2(g(b)!a) = 0.

Co 0 6 e

Therefore, for each fixed s € [a,b], (—1)""k(puAk)A"_k (t,s) = 0 and G(t,s) is as stated in this
theorem. |

The following lemma. involves the sign of Green’s function for this simplified boundary value
problem, which is necessary to do eigenvalue comparisons later. Similar eigenvalue comparisons
are done in the Hankerson and Peterson paper (8] for the time scale T = Z. However, in their
case, the sign of Green’s function can be found by inspection.

LEMMA 3. Let Gp(t,s) be Green’s function for the boundary value problem

5 An-—k
(-1 * (p)e™) =0,
(@) =0, 0<i<k-1,

Ai
(p2*)” (o) =0, O<i<n-k-1
Then the following hold:

(i) (=1)i(p(t)CE" (8, )™ >0, a<t<s<bh 0<i<n—k—1;
(it) G2'(t,8) >0, t € (0¥~ (a), 0™ (b)), s € [a,b], 0<i< k-1

ProoF. By Theorem 10, the Green’s function for this boundary value problem is given by

Git,s) {ut,s), t<s,
’S =
u(t, 8) + Yn-1(t, 8), a(s) <t
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where
0 gok(tia)  gie(t,a) - gn k—1k(t, @)
Yn—k—1(0(b), 5) 1 hi(o(b),a) -+ hnk-1(c(b),a)
U(t,S): yn—k—z(a(b))s) 0 1 e 'n k— 2( (b)aa)
(=1)n* 0 0 i

and y,_1(t, s) is as given in Definition 10. Let v(t, s) := u(t, s) + yn-1(t, s).
PART (i). For t < s, Gp(t, s) = u(t, s). Hence, Part (i) is equivalent to showing that

. Al
(—1)’(p(t)uAk(t,s)) >0, a<t<s<b 0<i<n—k-L

In order to determine the sign of u(t,s) and its delta derivatives, we first consider v(t,s). Fix
s € [a, b] and consider

Yn-k-1(t,s) 1 hi(t,@) -+ hak-a(tia)
Yn-k-1(0(b),;8) 1 hi(o(b),a) -+ hn_k-1(o(b),a)
P2 (t, 5) = |Yn—k—2(c(b),5) O 1 o haok-a(o(b),a) |
T
Therefore,

(=1)n*k 0 0 1

Aokt Yn—k-1{0(b),s) 1 hi(o(b),a) -+ hn_k-1(c(b),a)

(p(t)vA"(t,s)) = |Yn—k—2(c(b),s) 0 1 e hpk_a(o(b),a) | = 0,

T

which implies that (p(t)vAk (¢, s))A"_k_2 for any fixed s is a constant.

Evaluating (p(t)v2"(£,5)2™ """ at ¢t = o(b) yxelds that in fact (p(t)v Ak, s)A = 0 for
any fixed s as well. Similar work shows that (p(t)vA (t,5))2" is identically 0 for 0 < i <n—k—1
for any fixed s € [a,b]. Therefore, vA* (t,s) = 0 for any fixed s. Now, for 1 <i<n-—k—1, we
have

0 (po ()~

0 0 ... 1 I SRR )
Yn—k-1(0(b),8) 1 -+ hi(o(b),a) 0 hn_gk_a(0(b),q)
= (=1)} | yn-k-2(o(t),5) O -+ hia(o(b)a) - hn-k—z(o(b),a)
(_ljn—k 0 0 ]_
0 0 ... 1 o Rpoke1oi(t,a)
Yn-k—2(0(b),s) 1 hioi(o(b),a) -+ hn_k-2(0(b),a)
= (=1) |Yn—k-3(c(b),s) 0 hi—2(o(b),a) -+ hn_k-3(o(b),a)
P S
0 1 hl (t, a) s hn—k—l—i(t7 (1)
Yn-k-1-i(0(b),s) 1 hi(o(b),a) -+ hn_k1-i(o(b),a)
= (=1) | Yn—k-i-2(0(b),s) O 1 o hpok—i—2(o(b),a) |
1% 0 0 1
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Letting i = n — k — 1 yields

An—k—l

o (pone 69)™ =0 | S
( 1)2(n k—1)
1.

Hence, (—1)"”""‘1(p(t)uA’c (t,5))2" """ >0 for a <t < s <b. Therefore,
x A"ﬁk-z
(=1 (p(e)ut" 2, 5))
is increasing for @ <t < s < b. However,
An—k—z An—k—Z
O ()T (@l = (DM ()T (o(s) ) =0
by the above work along with properties of the Cauchy function. Thus,
. An—k—2 :
(-7 (peput 69) <0,
for a <t < s < b, which in turn implies that
n—k—2

() (pout (19) >0,

for @ <t < s < b. Continuing this process and using the fact that,for 1 <i<n-—Fk -1,

0 (1) (oteho) = (< () (o)) =0

gives the proof of Part (i) for 0 <i<n—k—1.

PART (ii). Using Part (i), we havé that ud* (t,s) >0 for a <t < s < b. Since u(t,s) satisfies
the boundary conditions (1), and using techniques as in Part (i), we get that u®'(t,s) > 0 for
t € [oF~i(a),0™ (b)), s € [a,b], t < 5, and 0 < i < k — 1. However, it remains to show that
vAi(t, s) > 0 where o(s) <t instead. This will complete the desired result.

Using Theorem 1(iv), we get that for 0 <i<k-—1,and t € [0(s),0™ (b))},

v™(0(s), ) = ud (0 (s), 5)

uAi(s, 5)+ ,u,(s)uN*1 (s,8) > 0.

Il

Hence, Gﬁi (t,s) > 0, where t € [0¥~¥(a),o™ (D)}, s € [a,b],and 0 < i <k — 1. 1

3. EIGENFUNCTIONS IN THE CONE P

In this section, we are interested in proving the existence of a smallest positive eigenvalue for
the focal boundary value problem

n—k n—k-1 ]
(_1)n—k (p(t)q;A’“)A -\ {ZP, t)z + Z pk+1(t) ( (t)$ ) } y (7)
@) =0, 0<i<k-—1, (8)

(prk) (@) =0, 0<i<n—k-1. (9)
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Define

B={y:[a,a”(b)]—»R]yAi(a)zo, 0<i<k-—1,

(pyA")Ai (o (b)) =0, ogign—k—l},

and define the norm on B by |y|| = max{|y(¢)]| : « <t < ¢™(b)}. In the Banach space B, define
the cone

P={y€B[yAi(t)_>_0forte[a,b], 0<i<k,

Ai
(1)’ (pyA") (t)y=>0fort€a,b, 0<i<n—k— 1}.

For the following work, it will be required that P is a reproducing cone. However, if [a,o™(b)]
is a dense set, the cone may not be reproducing. Hence, for the remainder of this chapter, we
assume that the set [a,c™(b)] contains only isolated points. Then P is a reproducing cone.

PROPOSITION 1. Assumey € Pandy # 0. If1 < k < n — 2, then yAi(t) >0 fort €
[0*~(a),d*i(b)], 0 < i < k— 1. Ifk = n — 1, then either y»" " (b) > 0 or y2" "' (b) > 0.
PRrOOF. For 1 < k < n — 2, assume by way of contradiction that y € P and y # 0 but that
there is a fixed i and a fixed to € [0*%(a), o*~#(b)] such that y (to) = 0. Since yA‘H(t)Z 0 for
t € [a,b], y& (t) is nondecreasing. Using the boundary conditions at a, it follows that ¥ (t) =0
for a < t < to. Hence, y2* 7' (t) =0 for t € [a, 0¥ 1(to)].

If y2*7'(t) = 0 for t € [0(a),o(b)], then the fact that y € P and the boundary conditions
at o(b) imply that y(t) = 0 for t € [a,0™(b)], which is a contradiction. Hence, there is a
t1 € [p*712(to), o(b)] such that yA 7 (t) = 0 for t € [a, p(t1)] and y2" 7' (¢1) > 0. It then follows
immediately that '

v =0, a<t<p(n),
v (p(t1)) > 0.
But k <n —2, so y € P implies that (pyAk)A(t) < 0 for t € |a,b]. Using Theorem 1(iv) and the
fact that y2" (p?(t;)) = 0, we have that
v (p(t) = v (PP(t) + 1 (P2(E)) v2 (P%(11))
= p(p(t) v*"" (P*(t0)) -

However, it is assumed that all points are isolated, so Theorem 2(iii) can be used along with

y3" (p2(t1)) = 0 to obtain

(PyAk)A (pz(tl)) = p(P(tl))yA"H (p2(t1)) —I—pA (Pz(tl)) yAk (pz(h))
= p(p(t)y*"" (p(tr)) -

Since (py2*)2 (p%(t1)) < 0 and p(p(t1)) > 0, we get that y2"" (p2(t1)) < 0, which in turn implies
that y&* (p(t1)) < 0, giving the desired contradiction.

In the case where k = n — 1, we wish to show that either y2"~*(b) > 0 or y2" " (b) > 0. Then
y € P implies that if this is not the case, then both must be equal to zero. Using Theorem 1(iv),
we have that

n—2 n—2 n—1
v2 T (0(®) =27 (0) + u(d)y" (b)) =0.
But this contradicts the fact that y is nonzero, completing the proof. 1
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DEFINITION 11. Define the operator M on B by

a(b) k—1 ; n—k—1 . Al
M) = | Gp(t,s>{2pi<s)yA &+ 3 pensls) (P () }As,
a =0

=0
for t € [a,o™(b)].
REMARK 2. Let u(t) = M[y|(t). Then u(t) is the solution of the dynamic equation

n—k—1 Al

(—1)m* (p(t)u“(t))m_k;zpi(t) 0+ Y mwsl®) (pOV )

i=0
satisfying boundary conditions (8),(9).

PROPOSITION 2. Assume y is an eigenfunction of the operator M. Then y has corresponding
eigenvalue § # 0 if and only if y(t) is an eigenfunction of the focal boundary value problem (7)-(9)
with corresponding eigenvalue A = 1/4. In addition, X = 0 is not an eigenvalue of (7)—(9).

LEMMA 4. Assume

pi(t) >0, fort e [ak_i(a),b], 0<i<k-—1,
(=1)'pr4i(t) =0,  fort € [a,b], 0<i<n—k-—1.

If1 < k < n—2, then assume 25;02 pi(b) > 0, whereas, ifk =n —‘1, assume pn—2(b) > 0 and
pn_1(b) > 0. Then M is uo-positive with respect to the cone P.

PRrROOF. Set ug(t) = f ke p(t,s)As fora <t < b. Tt follows from Lemma 3 and properties
of Gp(t, s) that up € P. Next let u € P, u 76 0. Then we have

n—k n—k—1

(17 (O M) (1)) ST @A O+ S pes(s) (ple” )"

=0 i=0

Integrating both sides from ¢ to o(b) and using the boundary conditions at o(b) yields

(-2 (p(t)(M[u])“ (t))A"— _

n—k—1

= [(b) {kz_; )+ X pesi(s) (pls)u® (s))‘y} As
—Z/

o(b) n—k—1

ZCTCINEDY [ o) (o)

k—1 n—k—1

>3 / pilsyul () As+ Y / pesa(s) (o) ()" A
i=0 Vb i=0
k-1 ; n—k—1 . Al
OO )+ Y mbpksi) (PO ()
=0 i=0 t=b
k—1 A .
> 3 u)pi(b)u (0) + pO)pe (BB ()
i=0

k-1 , .
= p(b) (Zpi(b)uN (5) -+ P (B)p(B)u (b)> :

=0
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Where the last inequality depends on the fact that v € P implies (—l)i(pyAk)Ai(t) > 0 for
t € [a,b], 0 < i< n—k—1, and that we are assuming (—1)'px4i(t) > 0, for ¢t € [a,b],
0 < i< n-—k—1. By assumption u(b) # 0, Zi:olpl(b) >0when1l <k <n-2, and
Pk—1(b) = pn_2(b) > 0, pi(b) = pn_1(b) > 0 when k = n — 1. So using Proposition 1 and the
above inequality, we have

An—k—l

()" (pOMEDA ®) >0,

fora <t <b. Also

An—k—l

(—=1)n—k-1 <p(t)u§k) = /U(b) 1As=o0(b)—t >0,

for a <t < b. Consequently, there are positive constants k; and k2 such that

IA

(1 (e )"

< ka(=1)" (pt)ud” ()

w0+ (")

for a < t < b. Integrating from ¢ to o(b) and using the boundary conditions at o(b) yields that
for a <t < b, we have

kl(_l)n_k—2 (p(t)u@" (t)) n—k-2 < (—l)n_k_g (p(t)(M[u])Ak (t)) AT—k=2

< ka(=1)" 752 (p(t)ud" ()

Continuing this integration process and using the boundary conditions at o(b) yields that for
a <t <b, we have

kip(t)uld (t) < pE)(M[u)>" () < kap(t)ud” (2).

Dividing by p(t) which is positive, integrating from a to ¢, and using the boundary conditions
at a, we obtain
Ak—l Ak—-l Ak—l
kiug () <M [u)(t) < kaug  (2)

for a < t < b. Continuing this process and using the boundary conditions at a, we finally obtain
kIUQ(t) S M[’U.](t) S kg’ll.o(t),

for a < t < b. Hence, we have shown that M : P — P and kyup < M[u] < kouo with respect to
the cone P. Therefore, M is up-positive with respect to the cone P. |

THEOREM 11. Under the hypothesis of Lemma 4, the focal boundary value problem (7)-(9) has
a smallest positive eigenvalue A, there is an essentially unique eigenfunction yo corresponding
to Ao, and either yg or —yo satisfies

A1) >0,  te[o*a),o" ()], 0<i<k—1,
(—1)i (p(t)yﬁ*(t))N >0, té&lab), 0<i<n—k—1

Furthermore, \g is less than the modulus of any other eigenvalue of (7)-(9).

PROOF. It is a standard argument to show that M is a compact linear operator. By Lemma 4,
M is ug-positive with respect to the cone P. Using Theorem 6 and Proposition 2, we get that
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the boundary value problem (7)-(9) has a smallest positive eigenvalue Ao Which is less than the
modulus of any other eigenvalue. The corresponding eigenfunction yo (t) is essentially unique and,
without loss of generality, yo € P. Since M is uo-positive with respect to P, there are constants
k; > 0 and ky > O such that kjuo < Myo < kauo with respect to the cone P. Therefore,
Aok1uo < AoMyo = yo with respect to the cone P. It follows from this inequality that yo(t)
satisfies

v (1) >0, te[o¥a)b], 0<i<k-1,

(1) (p(t)yAk(t))A >0, tela,b], 0<i<n—k-1

Note that s - .
v T (o) =y (B)+ p(B)y> (b)) >0

by the first inequality. Then advancing and using the boundary condition at o(b), we obtain
k—1 . k—1 T k .
y> () =y> (o 1) + ple®)y® (a771(b)) > 0,
for 1 < j < n—k + 1. Iterating this process yields that
yAi t) >0,

t € [o*~#(a),b], 0 < i < k — 1, completing the proof. 1
We are now interested in the special case of (7) where pr4i(t) =0on [a,b],0<i<n—k—1.
In particular, we are interested in the dynamic equation

n-k k-1 )
Cort (et )" =AY p(u o). (10)
=0

DEFINITION 12. Define the operator My on B by

a(b) k-1 ;
M) = [ Goltr9) Lo pils)u® (5) B,

for a <t < a™(b).

LEMMA 5. Let 1 < k < n — 2. Assume that one of
(a) k> 1 and Zf;g pi(b) > 0, or
) [7® pr_i(s) As > 0, for t € [o(a),b],
holds, and that
(c) :(b) pi(s)As >0 fort € [o**(a),b],0<i <k —1.
Then M, is ug-positive with respect to P.
PROOF. Let up be as in the proof of Lemma 4, and let u € P be nontrivial. The proof is similar
to the proof of Lemma 4 except for the proof of the inequality

An-—k—l

(1" (pOMl) (1) >0, (1)

for a <t < b. Using properties of the Green’s function, we have

n-—k

(1 (O 1) = Yon )

1=0
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Integrating both sides from ¢ to o(b) and using the boundary conditions at o(b), we obtain

o(b) k—1 .
(<1 (p() (Mol () / S pils) () 2
=0
Then, using the integration by parts formula given in Theorem 3, we get

(-1 (M) ®)

k=1 ) a(®) a(b) o®) o(b)

:Z —u® (s)/ pi(T) AT +/ ul (s)/ pi(T) AT As
i=0 s : t o(s)
k—1 o

Let my = min{uA (b): 0 £ i < k—1}. Using Lemma 1, m; > 0. Taking t = b, we have
n—k-1

(=1 (p(e)(Molu)™* ()

k-1

;: o(b) o o(b)
= ud (b / pi(T) AT + / ud (s) / pi(T) AT As
; b o(s)

o ()
=Y {u ®)u®)pi(d) + p(o)ud™ () / pi(T) AT } (12)

i=0

t=b

> o
!
[ =]

k—1
u®’ (b)u(b)p:(b) > map(b) Zpt(b)

=0 =0
k—2

=map(b) Y _ pi(b) + m1p(b)pr-1(b)-

=0
Clearly, Property (c) implies that both terms on the right-hand side of inequality (12) are non-
negative. If (a) holds, then the right-hand side of inequality (12) is strictly positive. If (b) holds,
then f:(b) pe_1(s) As > 0 for t € [o(a),b] implies px_1(b) > 0, and again the right-hand side of
inequality (12) is strictly positive. Hence, inequality (11) holds at ¢ = b.
Now, assume that a <t < b. Then

(=1 (p(O)(Mofu) " ()

k-1

L ® OB o)
ud’ (1) A At (1) AT A
Z{ o [ amare [Tute [ near }

=

An—k—l

k- i U(b) i+1 (Y(b)
_3 it / pi(r) AT + Z / uB () / pi(r) At As
i=0 ¢ i=0 o(s)
k=1 o(b) a(b)
uA (t) / pi(T) AT + Z/ (s) / pi(T) AT As
i= i=0 a(s)

o(b) . o(b)
+ / w©) [ pea(r) ar s,
t o(s)

where u € P and Property (c) along with Lemma 1 imply that each term on the right-hand side
is nonnegative. If Part (a) holds (which implies k > 1), then

N n—k—1 k=2 ,o(b) i+ a(b)
O D> 0) T 2Y [ e [ anaras

i=0 71 (8
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If t > o*(a), then by Lemma 1, the right-hand side of the above inequality is strictly positive. If
a <t < o*(a), let ¢; = max{t,0*"*(a)}. Then using the boundary conditions at a and Lemma 1,

we have

n-k—1 k—2

. o) . o®
R oo ®) =Y [T [ nmaras

=0
k=2 no(h) L po(®)
> Z/ ub (s)/ pi(T) AT As
=0 74 a(s)
> 0.

If Part (b) holds, then

k ! (b)
ot (o)) 2 S O wan

i=0

n—k—

which is strictly positive by a similar argument. Hence, inequality (11) holds for a <t <b.
Finally, consider the case ¢t = a. Using the boundary conditions at a, we get that

0 (oo )" |
k-1 o(b) (b a(b)
= u” (a J(T) AT w7 (s (T) AT As
1:0{ @[ i) +/ “/m)p”’ }

o(t) ‘+1 o (8)
u? (s / p:i(7) AT As
a (s)

g o (5) o® o
/ u? / pi(7) AT As +/ ud (s)/ pr—1(1) AT As,
a o(s) a 4

(s)

il Il
?r .
i)
N (=]

s
O

where using Property (¢) and Lemma 1, it can be seen that each term on the right-hand side is
nonnegative. If Part (a) holds (which implies k > 1), then using the boundary conditions at a

along with Lemma 1,

1 k=2 o(b) . o(b)

n—k—1 A* a A“"‘S () AT As
R COTIRO R DY [ [ ninara

k—2

o® . [o®
= Z/ ul (s) pi(T) AT As

i=0 Yo (@) a(s)
> 0.
Assume (b) holds. Note that, by Theorem 1(ii), we have

wA 7 o (1) —udT ()
p(t) '

A =

The boundary conditions at a along with Lemma 1 imply that ud* (a) > 0. Note that v € P
implies that ud* (t) > 0 for ¢ € [a,b]. Thus,

n—k—1

oy o (b)
> / u? (s) pr-1(7) AT As > 0,

- o(s)

(1 (pOMo () (1))

t=a

completing the proof. 1
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THEOREM 12. Under the hypothesis of Lemma 4, the conclusions of Theorem 11 hold for the
boundary value problem (8)-(10).

We now define a new operator, which along with the operator My will allow us to make
eigenvalue comparisons.

DEFINITION 13. Define Ny on B by

a(b) k-1 )
- / Gylt,5) S Puls)ut'(s) As,
a =0

for t € [a,o™(b)].

LemMa 6. If [T pi(s) As < [7® Pi(s) As for t € [o¥(a),b], 0 < i < k — 1, then Mo < No
with respect to the cone P.

ProOF. Let u € P. Using the integration by parts formula in Theorem 3, we get

(1 (e (Molu) 1)

k

0 OO
= u? (t)/ pi(T) AT +/ u® (s)/ pi(T)Y AT As
; t t o(s)

; a(b) o(®) a(b)
u?'(t) / Py(r) AT + / ud (s) Py(t) AT As
t t a(s)

|
-

-,
o

Ed
[a

]

-
I
=)

*
—

n—k-—1

o .
[ 0P as= C0r (pomor* ®) "

-
o

for t € [a,b]. The boundary conditions at o(b) imply that

(197 (p M) 0) " = (1 (pNof) )
forj=n—k—1,n—k—2,...,0. In particular,
p(t) (Mo[u)) 2" (£) < p(E)(Nofu))™" (¢).
From the boundary conditions at a, we see that
(M) (6) < (o)™ 1),

for t € [a,b], 0 < i< k— 1. It then follows that Mou < Nou with respect to the cone P. [}

We now prove a comparison theorem for the focal boundary value problem (10) and

n—k

k—1
Cm (pou )" =AY Plou ). (13)
1=0
THEOREM 13. Let 1 < k <n — 2. Assume that one of the conditions
(a) k>1 and Zt o 2 pi(b) > 0, or
) [ pe_1(s) As >0, for t € [0(a),b],
holds, and that
(©) 0< [7® pi(s)As < [T Py(s) As for t € [0~ H(a),b], 1< i<k —1.
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Then there exists a smallest positive eigenvalue Ao (which is less than the modulus of any other
eigenvalue) of (8)-(10), and a corresponding essentially unique eigenfunction zo, and either g
or —xgo satisfies

22 (t)>0, te[oFa),d" ()], 0<i<k—1,
, PRV : (14)
(—1)! (p(t)zA (t)) >0, te&lab], 0<i<n—k-1.

Similarly, there exists a smallest positive eigenvalue Ag of (13), (8), (9), and a corresponding

essentially unique eigenfunction yo, and either yo or —yo satisfles (14). Furthermore, Ap < X
and Ao = )Xo if and only if pi(t) = Pi(t) for t € [0*~(a),b], 0 < i <k —1.
PROOF. By Theorem 12, the boundary value problem (8)—(10) has a smallest positive eigen-
value )¢. Conditions (a) and (c) imply that Zf__fg P;(b) > 0, and Conditions (b) and (c) imply
that fta(b) Pi_1(s)As > 0 for t € [o(a),b]. Hence, by Theorem 12 applied to the boundary
value problem (13), (8), (9), we see that this boundary value problem has a smallest positive
eigenvalue Ag. By Lemma 6, My < No with respect to the cone P. Then Ag < A¢ by Theorem 7
and Proposition 2. The proof that (14) holds for zo(t) and yo(t) follows from the fact that Mo
and Ny are ug-positive. . .

We now want to show that if Ag = Ao, then p;(t) = P;(t) for t € [0¥%(a),b],0< i <k—1. To
reach this goal, consider the operators L; defined on B by

o (b) j=1 . k—1 )

L) = [ Golt:s) § 30 P () + (o) ¢ s,
a i=0 i=j

for t € [a,0™(b)], 0 < j < k. Note that Lo = Mo and Lx = Np. The associated dynamic equation

is

ek -1 ‘ k—1 )
(1 (pout" ) = {ZPAs)u"‘ () + }:pi(s)uﬁ‘(s)} : (15)
i=0 i=j

for 0 < j < k. The first part of this theorem can be applied to get that (15) for the values j
and j + 1 each has a least positive eigenvalue, A; and Aj41, respectively. In addition, Ajt1 S A .
Since Ag = Mk < -+ < Ao = Ag, we have that A\; = Ao for 0 < j < k. Let y;(t) and y;41(t) be
eigenfunctions corresponding to A; and Aj41, respectively. By Theorem 7, ¢jy;(t) = yi41(t) for
some constant c;. Substituting into (15) yields

n—k

ot (pedn®) T = 0t (et )

and hence,
J ) k-1 . j—1 . k—1 .
S PO+ Ym0 =D By 0+ Y_plt)yy (©)-
i=0 i=j+1 i=0 i=j

Therefore, pi(t)y; (b)) = Pi(t)y; *(¢) for t € [a,b]. Using Proposition 1, we get that p;(t) = Pi(t)
for t € [o*7(a), b). |
Theorem 6 has been one of the main tools used so far. However, the existence of a maximal

positive eigenvalue of a compact linear operator can be obtained under some weaker conditions.
The first is Theorem 2.5 of Krasnosel’skii [5].

THEOREM 14. Let L be a compact linear operator which leaves the cone P invariant. Assume
there is au € B and an € > 0 with —u ¢ P and u = v — w for some v,w € P such that LPu > eu
for some natural number p. Then L has at least one eigenfunction zo in P : Lzo = AoTo, where
the eigenvalue )\ satisfles Ao > ¥/e.
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COROLLARY 1. Assume in addition to the hypothesis of Theorem 14 that P is reproducing. Then
one of the eigenvalues of L corresponding to'an eigenfunction in P is the least upper bound for
the modulus of the eigenvalues of L.

The following theorem is very similar to Theorem 11.

THEOREM 15. Assume

pi(t) >0, forte [0*¥(a),b], 0<i<k-1,
(=1)'pr4i(t) =0,  fort € [a,b], 0<i<n-—-k-1,

and that thereisani, 0 <i<n -1 such that pi(b) #0. Then M has an eigenfunction zo € P
with corresponding eigenvalue ~yg > 0 which is the least upper bound for the modulus of the
eigenvalues of M. In particular, the boundary value problem (7)-(9) has a smallest positive
eigenvalue Ag and a corresponding eigenfunction yo(t) satisfying

yAi(t) >0, te [a,a””i(b)] , 0<i<k—-1,
; 16
(-1 (;v(t)y“(t))A >0, telab], 0<i<n—-k-1 1o

Furthermore, )\ is the greatest lower bound for the modulus of the eigenvalues of (7)-(9).
PROOF. Let ug(t) = [7® G,(t,s) As. Then

n—k k-1 ) n—k—1 . i
0t (oMD" = a0+ Y et (0" 1)
=0 =0
As in Theorem 4,

n—k—1

D" (M) )" > u) (im(b)ué‘(b) + P(O)p(B)ub” <b>) :
i=0

which is strictly positive. Hence, there exists an € > 0 such that

n—-k—1

(_l)n—k—l (p(t)(M[U()])Ak (t))A > 6(_1)"—k—1 (p(t)ué\"‘ (t))An_ ) y

for t € [a,b]. Using arguments as in Lemma 4, it can be shown that Mug > eup with respect to
the cone P. The result then follows from Corollary 1. |

Theorem 14 and Corollary 1 also enable us to obtain the following comparison theorem be-
tween the dynamic equations (10) and (13) with the boundary conditions (8),(9) under slightly
weaker conditions than those in Theorem 13. The disadvantage of this result in comparison with
Theorem 13 is that we do not get the strict inequalities (14) for the solution of (8)-(10).

THEOREM 16. Let 1 < k < n — 2. Assume that one of the conditions

() k>1and Y522 P,(b) >0, or

(b) ff(b) Py_1(s)As >0, for t € [o(a),b],
holds, and that

(c) pi(b) >0 for some0<i<k-—1,

@ 0< 7O pi(s)As < [TP Pi(s)As for t € [o*~(a),b], L <i <k — 1.
Then there exists a smallest positive eigenvalue Ao (which is less than the modulus of any other
eigenvalue) of (8)—(10), and a corresponding eigenfunction x satisfying (16). Similarly, there
exists a smallest positive eigenvalue Ay of (13), (8), (9), and a corresponding essentially unique
eigenfunction yo, and either yo or —yq satisfies (14). Furthermore, Ag < Ao and Ag = Ao if and
only if p;(t) = Py(t) fort € [o*"*(a),b], 0 < i <k —1.
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4. EIGENFUNCTIONS IN THE CONES P;_; AND P

In this section, we will be concerned with equations of the form

n—k

(—1)"* (p(t)uA*(t))A —)\sz (£)ud' (1), ek

where the p;s satisfy the following “triangular” condition: there is a fixed j, 0 < j < k —1, such
that o _

pi(t)=0, forte [p"I(b),b], j+1<i<k-1,
(If j = k — 1, then condition (18) is px—1(b) > 0.) The primary goal is to compare eigenvalues
of (17), (8), (9) with eigenvalues of

(18)

n-k

k-1 .
1t (Pen* @) =AY POuto), (19)

with the boundary conditions (8),(9). In the last section, a comparison theorem was established
under the condition P(t) = p(t), t € [a,b]. However, the methods used in that comparison
theorem do not apply when P # p, on [a, b}.

We assume throughout this section thiat both the ps and the Ps satisfy condition (18). Define
the Banach space B by

B= { w: [a,07(b)] - R|u'(a) = 0, 0<1<k—1}
where ||u| = max{[u(t)| : a <t < 07(b)}. Let the cones Px_y and P be defined by
'Pk_l:{ueBluAi(t)ZOforte[a,b], 0<i<j,
WA (8) > 0 for t € [a, ()] lgigk—l—j}
and
'sz{ueB|uAi(t)ZOfort€[a,p(b)], 0<i<j+1,
wA(t) 2 0 for t € [a, p*(B)] , 2§i§k—j}.

As before, it can be shown that the cones Pr_; and Py are reproducing.
Notice that the condition (18) implies that if u(t) is a function defined on [a,c™(b)], then the
expression '

k—1 )
Soptut (1), telad],
=0

does not depend on the values of u(t) at ai+1(b),...,o™(b). Define the operator M on B by
a(b) k—1 ;: )
M(t) = / Gy(t,5) S pi()ud (s)As,  te [a,07()],
a i=0

where the terms pl(t)uA (t),t € [p771(b),b], j+1<i<k—1, are understood to be zero. Note
that since Gp(t, ) is defined for ¢ € [a,a™(b)], M[u](t) actually makes sense for ¢t € [a,o™(b)]. We
will make use of this often in the following work.

REMARK 3. Assume u is an eigenvector for M with corresponding eigenvalue A # 0. Then
M[u)(t) is defined on [a,0™(b)] and we know that Mu](t) = Au(t) for t € [a,07(b)]. If we use
this equation to extend the definition of u(t) to [a,c™(b)], it follows that u(t) is an eigenfunction
for the eigenvalue problem (17), (7), (8) with corresponding eigenvalue 1/A.



Focal Problem on Time Scales 1361

LEMMA 7. Let u € Pyx_1,u#0. If0<j<k~—2, then ij(b) >0;if1 < j=k—1, then either
wb* () > 0 or up" TN (b) > 0. Ifu € Py, u#0, then u®’ (b)) > 0.

ProorF. First, let u € Pe_1, u #0,and 0 < j < k—2. Since uAHl(t) > 0 for t € [a, p(b)], ud ()
is nondecreasing on [a, p(b)]. Note that

A = B 0) = v (o))
(bO) = — g 20

since u € Pp_1. If u®’ (b) = 0, then it must be the case that u® (p(b)) = 0 as well. Since u? (t)
is nondecreasing on [a, p(b)], this means that w2’ (t) = 0 for ¢t € [a,b] if u?’ (b) = 0, which
contradicts the fact that u # 0.

Now, let u € Pr—1, u ;é 0,and 1 < j = k—1. This 1mphesthat ud” 1( ) > 0 for t € [a, b], which

in turn implies that u® Ak- (t) is nondecreasing. If u® 2(b) =0, then u® (t) is identically 0 on
(@,b]. But

k-1, . 'U,Ak_z =1(b -U,Ak—2 (b

for all ¢ such that p*(b) € [a,b]. Hence, u® Ay =0forte [a p(b)] Ifin addltlon w7y =0,
this will contradict the fact that u # 0. Therefore, either u® (b) >0 or u?* 7 (b) > 0.
Lastly, suppose u € Px and u # 0. Then as before

u? (B) = p(p®)u®" (p(0)) + u®’ (p(b)) > 0,

since u € Py, completing the proof. 1

:O,

LEMMA 8. Assume p;(t) >0 for t € [0F~%(a),b], 0 <i <k —1. When j = k — 1, further assume
pj—1(b) > 0 if j > 1, and assume po(t) > 0 on [o(a),b] if j = 0. Then M is uo-positive with
respect to Pr_1.

PROOF. Define uo(t) = [, o () Gp(t,s) As for t € [a,0™(b)]. Using properties of Green’s function,
it can be seen that the restriction of ug to [a, o7 (b)] is in Pi—1. Let u € Px—1, u # 0. Then

- o® ., k-1 .~
(M) () = / G2 (t,5) Y pilsyud () As, € [a, 0" (D).
a 1=0 .

We consider three cases: j <k—2,1<j=k—1,and j =k —1=0. First, assume j < k-2
Note that

k-1 U(b) k-1 k-1 i
MRS ) > /b G2 (1,5 S pls)ut (s) As

i=0

= 65" (60 T pBu ()
1=0
> GA"7 (6, bypy (b)u O)u(y), ¢t € [a, 0" D))
Since G2*™(t,5) >0 on [a, 0™ *+1(5)}, p;() >0, and u’ () >0, we have that (M[u))*"™"(t) >0

for t € [a,0™"*+1(b)].
Now, assume that 1 < j =k — 1. Then

(M[u)>' () 265" tbzp@ u(b)

=

> 63" (1,b) [pj_l(b)u“’ <b>+pj<b)u“(b>} u(®)
>0, te [a,o" ()],
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as p;—1(b) > 0 and p;(b) > 0 by (18) and at least one of w7 (b), ud’ (b) is positive by the
preceding remark.
Finally, assume 0 = j = k — 1. Then

et o (b)
(M[u))® (t) = M[u](t) = Gp(t, s)po(s)u(s) As,
a

because u(a) = 0. But u € Pr_1, u # 0 implies that u(t) > 0 on [a,b], with strict inequality
holding for some point in [o(a),b], so (M[u])Ak-l(t) > 0 for t € [a,0™ **1(b)]. Then using
arguments as in Lemma 4, it can be shown that there exists ki, kp > 0 such that kjug < M [u] <
kouo with respect to the cone Pr_1, completing the proof. [

We now wish to show that M is uo-positive with respect to the cone Pr. However, we will

k

need to take the delta derivative of G5 (t,s) with respect to s instead of with respect to t as
previously done. For notation, we say s ig the delta derivative with respect to s.

ProrosiTiON 3. For1<i<n—k—1,

yiA’ (t, S) = __NSJU(S;)) yi——l(tv O'(S)),

where yn_1(t, s) is the Cauchy function for our focal boundary value problem.

ProoF. First let ¢ = 1. Then using the fact that all the points in T are isolated, we have

PPN LD
- L% [ L :(3) vo(T, 0 (s)) AT — /a t(s) vo(r, ) AT]
- [ [\ a0 /m)w]
- #_(1;). /,, :z 1A7 = —“(:((S‘;)) - —“(:(S)) vo(t o (s))-
For the induction step, assume that
ett9) = -0 oo,

forsomel <i<n—k-1 Since y;(o(s),s) =0 for 1 <i <n—k—1, we have

yi+1(ta O'(S)) - yi+1(tv S)
p(s)

1 [t t
-9 | /a L B9 A7 /U R AT}
= 1 /t yi(T,0(8)) AT — /t yi(T, 8) AT — /a « yi(T,8) AT]

Ay
yi(t,s) =

,U,(S) |/ o2(s) a(s) o(s)
— L o)~ w(r o) A7 = e @)uo(o) )
- H(S) i 2(s) YilT, YilT, H Yi ’

_ / w1, 0(9) ~u(ms) o,
o2(s) ©(s)
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yf\" (r,8) AT

_{a(s))
p(s)

vi(t,0(s)).

¢
/02(3)

/t
o?(s)

p(o(s))
K(s)

yi-1(1,0(8)) AT

We are now ready to find Gz‘?k (t,s). Recall that for a <t < s <,

0
Yn-k-1(0(b),s)
p(t) E

(-1

ho(t, a)
1
K

Gﬁ (t,s) = .

0

hn—k—l (t, a)
hn—k-1{c(b),a)

1
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By Lemma 3, G’,‘?k (t,s) > 0 for a <t < s < b. In addition, from the proof of Lemma 3, we have
Gz"}k(t, s) = 0 for o(s) < t. We can now use the previous proposition to take the delta derivative

of G;}k (t, s) with respect to s instead of with respect to ¢.

0 ho(t, a) Pi-1(t,a) |
[ANAW yn—k—l(a(b)as) 1 hﬂ—k~1(a(b)1a)
(Gﬁ ) (t9)= 5 ; E :
G 0 1
0 ho(t,a) hn-k-1(t,a)
_ 1 yf_‘,c_l(a(b), S) 1 hn—k—l(g(b)’ a‘)
~ p(t) : : :
(G N R I 1
0 ho (t, a) hn—k—l (t, a)
1 | oot 1 b0
- _pm . . .
0 0 1
0 ho(t, a) hn_k_z(t, a)
_p(o(s)) |Yn—k-2(0(b),0(s)) 1 hn—k—2(o(b), a)
1(s)p(t) : : : ' .
(=1)n-k 0 1
PROPOSITION 4. For1 <i<n-—-k-1,
() = -2y e0(s),

where yn_1(t,s) is the Cauchy function for our focal boundary value problem.
Proor. First, let 1 = 1. Then, using the fact that all the points in T are isolated, we have

(tv‘a(s)) — N (t’ S)

Ay s) = 1
Y1 (t7 ) #(3)

1 t t
— [/ﬂ(s) yO(T,O'(S))AT-—/G(s) vo(7, ) ATjI
1 t t
=m [L?(s)lAT_/cr(s)lAT]
_L O ) o)
ROl S S Ao T O R
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For the induction step, assume that

(o (s))
u(s)

for some 1 <i<n-—k—1. Since yi(o(s),s) =0for 1 <i<n—k—1, we have

yiAx (t1 S) = yi—l(t, U(S))a

Yir1(t,0(s)) — yis1(t, 8)
1(s)

1 t t
o [ [, e ar- IRGE Ar}

1 /t t a?(s)
— yi(r,0(s)) AT — / yi(T, 8) AT — / yi(T,8) AT
,u(s) l: o2(s) A o2(s) o(s)

yz+l(t s) =

1 t
=09 [/‘72“)(%(7', o(s)) — yi(T, 8)) AT — p(o(s))yi(o(s), s)}
_ [ w(no(s) —wulr, S)
B /cﬂ(s) pu(s) At

= / yzAa (Tv s) AT
o2(s)
= [ - o) ar

2(s) N(S)
(o (s))
——=y:(t,o(s [ ]
0S) yilt, o(s)).
We are now ready to find Gﬁk (t,s). Recall that fora <t < s < b,
0 ho(t,a) Rk 1(t a)
n—k—1(c(b), 3 1 coi hpe b),a
Gﬁk(t,s)=—1—yk1F()) . kl(())
p(t) : : :
(-1)n—* 0 1

By Lemma 3, GA (t,s) > 0 for a <t < s < b. In addition, from the proof of Lemma 3, we have
GL\"c (t,s) =0 for o(s) <t. We can now use the previous proposition to take the delta derivative

of G}‘} (t,s) with respect to s instead of with respect to t.

0 ho(t,a) -+ hn-k-1(t,a) |
k\ Bs 1 yn——k—l(g(b)a s) 1 tee hﬂ—k—l(a(b)v a)
(") " e9=1i z s s
(=1)nFk 0 - 1
0 ho(t,a) v hn—k—l(t, a)
L1 [Bneale®)s) 1 heei(e®)e)
Pt S : :
(pm)® 0 1
0 ho(t,a) e hn_k_l(t,a)
o [y oo 1 b))
p(t) :
0 0 1
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0 hg(t, a) e hn_k_g(t, a)
w(o(s)) |Yn-k—2(c(®),0(s)) 1 -+ hn_ko(0(b)a)
— u(s)p(t) : : : '
(=1)n—k 0 1

REMARK 4. G;}k (t,s) >0 fora <t <s<b and Gﬁk (t,s) = 0 for o(s) < t. In addition, from
the previous discussion and Lemma 3, we have

% (PGﬁk)As (t,5) = — (pG,?k)A (t,0(s)) >0,

fora<t<s<hb

LEMMA 9. Assume that o(®) pi(s)As >0 fort € [a,b], 0 <i < k—1. Then M is up-positive
t =
with respect to P.

PROOF. Let u € Pk, u # 0. Then, using the integration by parts formula in Theorem 3, the
boundary conditions at a, and Remark 4, we get

k (b) K k1 i
(M[u)®(t) = Gp (t,9) Y pi(s)u (s) As

a i=0

t K k-1 i a(b) k k-1 i
= / Gﬁ (t, s) Z:pi(s)uA (s) As + /t GI"'} (t,s) Z;ﬂi(s)uA (s) As
@ =0

=0

a(b) . k—1 ;
= /t G’ﬁ (t,s) Zpi(s)uA (s)As
=0

k—1 a(b) . ;
=3 [ e om0 8
1=0 t

k-1 . ; a(b) o(b)
= Z —Gﬁ (t, syud (s)/ pi(T) AT
i=0- s s=t
k=1 o(b) . \a, (o
+ Z / (Gﬁk (t, s)ud (s)) / pi(7) AT As
i=0 vt o(s)
k=1 o(b) . \a, [o®
= Z/ (Gﬁk (t, syud (s)) / pi(T) AT As
i=p V1 o(s)

P . e
+ 37654 ¢, ut (1) / pi(r) AT,
=0 t

First, suppose t = b. Then

k-1

. . L e
(M) () = 3 G2 (b, byu™ (b) /b pi(7) AT

i=0

i1 . o (b) ; o (b)
=363 (b, bt () /b pi(7) AT + G2 (b, b)u?’ (b) /b p;(7) AT

=0

k=1 . ol
+ Y GE bt ) / pi(r) Ar,
b

1=j+1
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where the first term on the right-hand side is nonnegative, and the last term is zero by the
triangular condition on the ps. Hence,

k ) k i U(b)
(MRS (5) > G2 (b, b)u (5) /b pi(1) AT >0

using Remark 4 and Lemma 7.
Now, suppose a < t < b. From Theorem 2 and Remark 4, we have

(G5 (6,3 ()" = 62" (o ()" () + 02 () (62°) 7 (19
= G2 (t,0(s))ut™ (s)
sy o) [ s
©) we) [ sy (o) ]
k it PRNAY
— B (o)™ () —us () BT (368%)% 1, 0(s).

#(s)p(t)
Hence,
R N O NN ot '
M) (6 =3 / CADIEO / pi(7) AT As
i=0 Vvt o(s
k—1 . ; o(b)
+ Gﬁ (t, t)u® (t)/t pi(T) AT
k-1

& (s) LD (5a0) g, a(s»] / ((:) pi(r) AT As

u(s)p(t) _
+ iGA (t, t)u™' (t) /a(b) pi(T) AT
i=0
5[ Bla(s) o (b)
- Z;/t - #( )P( ) ) (t,0(s)) /U(s) pi(T) AT As
1 o) p.(a(s N |
- zz/t - p(s)p(t) ( ) (t,0(s))u(b)pi(b) As
a(b) p (0'(8)) A
> [ () I (p62") (ko tips0) A
>0,

using Lemma 7 and Remark 4. We can then proceed as in Lemma 4 to get the desired result. §

We require two new operators for comparisons. Define R and N on B by

a(b) k-1

Ru](t) =/ ~ Gp(t,s) Zpl s)u.A (s) As, t € [a,07(b)],

i=0

and
k—1

a(b) .
Nl@) = / Gp(t, s) ZP (s)uA (s) As, t € [a,07(b)],

=0

where the coefficients P;(t) and p;(t) satisfy the triangular conditions (18).
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LEMMA 10. If p;(t) > 0 for t € [0*~*(a), b] 0<i<k-1,and 0 < P(t) < p(t) for t € [a,b].
Then M < R with respect to the cone Pi_1.

PRroOOF. Using the definition of M[u](t) and previous dlscussxons about the form of Gp(t, s), we
have

k-1

» (M[u])A" (t) = Z /td(b) (Gﬁk (t, s)uAi(s))As /G:)b) pi(T) AT As

.

=0
k-1

A o(b)
+ G (t, t)u ( )/ pi(T) AT
1=0 t
k-1 o(b)

<5 [ (68 e )™ [ nier o

=0 (s)
k-1

. ) a(b)
1S e 1 el (1) / pi(r) AT
i=0 t
= (R[u)>"(t).

The remainder of the proof is similar to the end of the proof of Lemma 6. 1

LemMma 11. If
a(b)

a(b)
0< / pi(s) As < Pi(s) As,
t t

for t € [c*~%(a),b], 0 <i <k —1, then R < N with respect to the cone Py.
PROOF. Let u € Py, u # 0. As in the proof of Lemma 9, we have

=5 [ o ot
o(b

_ uA‘(s) %gj()t)j (PG’fsk) (t,a(s))] /(T(s())p,-(r) AT As

+ZG oo [ nir

and

k-1

k U(b) k i4-1
V> 0= [ [Gé (t, o (A (5)

=0

u(s)P (D)

el . e
+30 G (5 et (1) / Py(r) Ar.
t

=0

— (s) Hlols)) (PGI%k)A (¢, a(s))} /:<:) P,(r) At As

Since u € Py, it follows that (R[u])2" (t) < (N[u])2" (¢) for ¢ € [a,b]. The remainder of the proof
is as in the end of Lemma 4. |

THEOREM 17. Assume that the following hold:
(1) pi(t) 2 0,t € [0F¥(a),b),0 <i<k—1,and if1 < j=k—1, assume pj—1(b) > 0, whereas
1f]—-k—1—-0 assume po(t) > 0 on [a,d];
(2) 0<ft pi(s) As < fta(b)P (s)As fort € [0*7%(a), b}, 0< i< k—1;
(3) 0 < P(t) _<_ p(t) for t € [a,b].
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Then there exists a smallest positive eigenvalue Ao (which is less than the modulus of any other
eigenvalue) of (17), (8), (9), and a corresponding essentially unique eigenfunction o, and either x¢
or —xg satisfies _

() >0, te[oFi(a),o" ()], 0<i<k (20)

Similarly, there exists a smallest positive eigenvalue Ay of (19), (8), (9), and a corresponding
essentially unique eigenfunction yg, and elther Yo or —yo satisfies (20). Furthermore, Ap < Ao
and Ao = \g if and only if

p(t) = Bi(t), te[*H(a)b], 0<i<k-1,
p(t) = P(t), t € [a,b].

ProOF. By Lemma 9, M and N are uo-positive with respect to Px. Hence, by Theorem 6 and
Remark 3, the eigenvalue problems (17), (8), (9) and (19), (8), (9) have least positive eigenval-
ues g and Ag, respectively, and the corresponding eigenfunctions can be shown to satisfy (20).

By Lemma 8, M and R are ug-positive with respect to Px_1.- Hence, the eigenvalue problem

n—k

k A k-1 i
(—1)n* (PzA ) (ty =6 p(t) 22" (t)

=0

with boundary conditions (8),(9) has a least positive eigenvalue §y. By Lemma 10, M < R with
respect to the cone Pi_1, and so we get that 6y < A\g. By Lemma 11, N < R with respect to the
cone Py, and so Ag < 4.

Now, assume that A\g = Ag. Work as in the proof of Theorem 13 shows that p;(t) = P;(t) for
t € [0*"(a),b], 0 < i < k —1. Now, use the fact that 6o = Ao. By Theorem 7, eigenfunctions zo
and zg of M and R in Px_; corresponding to 1/A¢ and 1/8p, respectively, are linearly dependent.
It follows that

n—k

(ngk)'A (t) = (ponk)A"_k t), telab)

Using the boundary conditions (9), we get that
k
P(t)sd" (t) =p(t)ad (1), telab]).
Hence, by the boundary conditions (8), p(t) = P(t) for t € [a, b]. |
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