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A sustainable future calls for the development of clean, 
HI¿FLHQW��DQG�DIIRUGDEOH�HQHUJ\�WHFKQRORJLHV�WR�
DGGUHVV�WKH�ZRUOG¶V�JURZLQJ�GHPDQG�IRU�HQHUJ\��)XHO�

FHOOV��ZKLFK�FRQYHUW�FKHPLFDO�HQHUJ\�WR�HOHFWULFDO�HQHUJ\��
KDYH�EHHQ�ZLGHO\�UHJDUGHG�DV�D�SURPLVLQJ�DOWHUQDWLYH�WR�
FRQYHQWLRQDO�LQWHUQDO�FRPEXVWLRQ�HQJLQHV�IRU�FOHDQ�DQG�HI¿-
FLHQW�SRZHU�JHQHUDWLRQ��0HPEUDQHV�DUH�DQRWKHU�LPSRUWDQW��
FORVHO\�UHODWHG�WHFKQRORJ\�IRU�XWLOL]LQJ�IRVVLO�IXHO�UHVRXUFHV�
WR�SURGXFH�FOHDQ�HQHUJ\�DQG�YDOXH�DGGHG�FKHPLFDOV�WKURXJK�
SURFHVV�LQWHQVL¿FDWLRQ��
� 7KLV�DUWLFOH�EULHÀ\�UHYLHZV�WKH�EDVLF�ZRUNLQJ�SULQFLSOHV��
V\VWHP�FRPSRQHQWV��DQG�DSSOLFDWLRQV�RI�VROLG�R[LGH�IXHO�
FHOOV�IRU�FOHDQ�SRZHU�JHQHUDWLRQ�DQG�PHPEUDQH�UHDFWRUV�IRU�
YDOXH�DGGHG�FKHPLFDO�SURGXFWLRQ��

Solid oxide fuel cells
� $�VROLG�R[LGH�IXHO�FHOO��62)&��GLUHFWO\�FRQYHUWV�WKH�
FKHPLFDO�HQHUJ\�LQ�IRVVLO�IXHOV�LQWR�HOHFWULFDO�SRZHU�YLD�DQ�
HOHFWURFKHPLFDO�UHDFWLRQ��$�62)&��)LJXUH����KDV�WKUHH�EDVLF�
IXQFWLRQDO�HOHPHQWV��FDWKRGH��HOHFWURO\WH��DQG�DQRGH��7KH�
FDWKRGH�UHGXFHV�R[\JHQ��LQ�WKH�IRUP�RI�22��LQ�WKH�DLU�VXS-
SOLHG�WR�LW�LQWR�22–��7KH�HOHFWURO\WH�WUDQVSRUWV�R[\JHQ�FRQ-
WLQXRXVO\��LQ�WKH�IRUP�RI�22–, from the cathode to the anode 
XQGHU�D�JUDGLHQW�RI�R[\JHQ�FKHPLFDO�SRWHQWLDO��$W�WKH�DQRGH��
RU�IXHO�VXSSO\�HOHFWURGH��WKH�22–�GHOLYHUHG�E\�WKH�HOHFWURO\WH�
UHDFWV�ZLWK�K\GURJHQ�RU�D�K\GURFDUERQ�IXHO�WR�SURGXFH�+22��
&22��DQG�HOHFWURQV��7KH�HOHFWURQV�UHTXLUHG�IRU�WKH�FDWKRGH�
UHDFWLRQ�DUH�UHOHDVHG�E\�WKH�DQRGH�DQG�DUULYH�DW�WKH�FDWKRGH�
YLD�DQ�H[WHUQDO�ORDG�WKDW�SURGXFHV�HOHFWULFLW\��7KH�RYHUDOO�
GULYLQJ�IRUFH�IRU�D�62)&�LV�WKH�JUDGLHQW�RI�R[\JHQ�FKHPLFDO�
SRWHQWLDO�WKDW�H[LVWV�EHWZHHQ�WKH�FDWKRGH�ZLWK�D�KLJK�R[\JHQ�
SDUWLDO�SUHVVXUH�DQG�WKH�DQRGH�ZLWK�D�ORZ�R[\JHQ�SDUWLDO�

SUHVVXUH��5HIHUHQFHV��±��SURYLGH�D�PRUH�GHWDLOHG�UHYLHZ�RI�
62)&�WHFKQRORJ\�
� /LNH�WKH�FRPSRQHQWV�RI�D�EDWWHU\��HDFK�62)&�FRPSRQHQW�
H[KLELWV�DQ�LQWHUQDO�UHVLVWDQFH�WR�HLWKHU�HOHFWURQLF�RU�LRQLF�
FXUUHQW�ÀRZ��RIWHQ�H[SUHVVHG�DV�YROWDJH�ORVV��7KH�WHUPLQDO�
FHOO�YROWDJH�LV��WKHUHIRUH��WKH�RSHQ�FLUFXLW�YROWDJH��RU�HOHFWUR-
PRWLYH�IRUFH��(0)��LI�QR�IXHO�LV�ORVW�E\�DQ\�PHDQV��UHGXFHG�
E\�WKH�LQGLYLGXDO�YROWDJH�ORVV�RI�HDFK�FHOO�FRPSRQHQW��
� 7KH�PD[LPXP�FHOO�YROWDJH�RI�D�W\SLFDO�VLQJOH�62)&�ZLWK�
DLU�DV�WKH�R[LGDQW�LV�JHQHUDOO\�����9��GHSHQGLQJ�RQ�WHPSHUD-
WXUH��V\VWHP�SUHVVXUH��DQG�IXHO�FRPSRVLWLRQ��7KLV�YROWDJH�LV�
REYLRXVO\�LQDGHTXDWH�IRU�DQ\�W\SH�RI�SUDFWLFDO�DSSOLFDWLRQ��
7R�REWDLQ�D�VXI¿FLHQWO\�KLJK�YROWDJH�DQG�SRZHU��PXOWLSOH�
VLQJOH�FHOOV�DUH�FRQQHFWHG�LQ�VHULHV�DQG�RU�LQ�SDUDOOHO�E\�
LQWHUFRQQHFWV�DQG�RU�FHOO�WR�FHOO�FRQQHFWRUV�WKDW�DUH�HOHF-
WURQLF�FRQGXFWRUV�DQG�R[LGH�LRQ�LQVXODWRUV��

Fuel cells and membranes are similar in that they  
employ materials that transport ions and electrons. 

Both can play important roles in  
making clean energy a reality.
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Solid Oxide Fuel Cells 
and Membranes

S Figure 1. In a solid oxide fuel cell, the cathode reduces oxygen (from
air) to O2–, which the electrolyte transports from the cathode to the anode, 
where it reacts with a fuel to produce H2O, CO2, and electrons.
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SOFC stack designs
� 7R�LQFUHDVH�WKH�UHOLDELOLW\�DQG�UHGXFH�WKH�FRVW�RI�62)&V��
GHVLJQHUV�VWULYH�WR�REWDLQ�KLJK�SHUIRUPDQFH�DW�ORZ�RSHUDWLQJ�
WHPSHUDWXUHV��7R�DFKLHYH�WKLV�JRDO��PRGHUQ�62)&V�W\SLFDOO\�
FRQWDLQ�D�WKLQ�HOHFWURO\WH�¿OP�VXSSRUWHG�RQ�D�VXEVWUDWH�²�D�
SRURXV�RU�FKDQQHOHG�GHQVH�OD\HU�WKDW�HQDEOHV�JDV�WUDQVSRUW��
7KH�SRURXV�HOHFWURGH��FDWKRGH�RU�DQRGH���GHQVH�PHWDO�RU�
ceramic interconnect, or porous inactive insulator can serve 
DV�WKH�VXEVWUDWH��7KH�VXEVWUDWH�FDQ�EH�PDGH�LQWR�HLWKHU�D�
WXEXODU�RU�D�SODQDU�VKDSH��)LJXUH����
� $Q�LPSRUWDQW�UHTXLUHPHQW�IRU�D�62)&�LV�WKDW�R[\JHQ�
PXVW�EH�WUDQVSRUWHG�DFURVV�WKH�HOHFWURO\WH�LQ�WKH�IRUP�RI�
22–��EXW�QRW�DV�PROHFXODU�22��7R�DFKLHYH�WKLV��GHQVH�EDUUL-
HUV�EHWZHHQ�DLU�DQG�IXHO�PXVW�EH�HVWDEOLVKHG��,Q�WKH�WXEXODU�
62)&�GHVLJQ��GHQVH�HOHFWURO\WH�DQG�LQWHUFRQQHFW�OD\HUV�
FUHDWH�VXFK�D�EDUULHU��DOORZLQJ�DLU�DQG�IXHO�WR�PHHW�RQO\�DW�
WKH�RSHQ�HQG�DQG�FRPEXVWLRQ�WR�RFFXU�RQO\�DIWHU�PRVW�RI�WKH�
IXHO�KDV�EHHQ�FRQVXPHG�E\�WKH�R[LGDWLRQ�UHDFWLRQ�RYHU�WKH�
HQWLUH�F\OLQGULFDO�VXUIDFH��7XEXODU�62)&V��WKHUHIRUH��GR�QRW�
QHHG�D�SK\VLFDO�VHDOLQJ�PDWHULDO��3ODQDU�62)&V��RQ�WKH�RWKHU�
KDQG��UHTXLUH�VHDOLQJ�PDWHULDOV�DORQJ�WKH�SHULPHWHUV�RI�WKH�
LQWHUFRQQHFW�HOHFWURGH�DQG�HOHFWURO\WH�HOHFWURGH�LQWHUIDFHV�WR�
SUHYHQW�DLU�IURP�PL[LQJ�ZLWK�IXHOV��ZKLFK�RIWHQ�SUHVHQWV�D�
FKDOOHQJH�WR�WKH�UHOLDELOLW\�DQG�VWDELOLW\�RI�WKH�SODQDU�62)&V��
� &HUWDLQ�VXEVWUDWH�JHRPHWU\�FRPELQDWLRQV�KDYH�DGYDQ-
WDJHV��)RU�H[DPSOH��D�FDWKRGH�VXEVWUDWH�SDLUHG�ZLWK�D�WXEXODU�
VWDFN�GHVLJQ�LV�DQ�H[FHOOHQW�PDUULDJH��%HFDXVH�FHOO�WR�FHOO�
FRQQHFWLRQV�LQ�WKH�VWDFN�WDNH�SODFH�LQ�D�UHGXFLQJ�DWPRVSKHUH��
LQH[SHQVLYH�WUDQVLWLRQ�PHWDOV�VXFK�DV�QLFNHO�DQG�FRSSHU�FDQ�
EH�XVHG��2WKHUZLVH��PRUH�H[SHQVLYH�QREOH�PHWDOV�DUH�QHHGHG�
IRU�FRQQHFWLQJ�DQRGH�VXSSRUWHG�FHOOV�LQWR�VWDFNV�LQ�DQ�
R[LGL]LQJ�DWPRVSKHUH��)LJXUH��D�VKRZV�D�FDWKRGH�VXSSRUWHG�
WXEXODU�62)&�VWDFN�GHVLJQHG E\�6LHPHQV�:HVWLQJKRXVH��
� 2Q�WKH�RWKHU�KDQG��DQ�DQRGH�VXEVWUDWH�DQG�D�SODQDU�VWDFN�
LV�D�JRRG�FRPELQDWLRQ��+LJK�SRZHU�GHQVLW\�DQRGH�VXSSRUWHG�
VLQJOH�FHOOV�FDQ�RSHUDWH�DW�D�ORZHU�WHPSHUDWXUH��DOORZLQJ�
HFRQRPLF��FRPPHUFLDOO\�DYDLODEOH�R[LGDWLRQ�UHVLVWDQW�DOOR\V�
WR�EH�XVHG�WR�FRQQHFW�VLQJOH�FHOOV�LQWR�D�VWDFN��7KH�R[LGDWLRQ�
UHVLVWDQW�DOOR\V�SURYLGH�WKH�PHFKDQLFDO�VXSSRUW�IRU�WKH�VWDFN�
and function as interconnects and current collectors simulta-
QHRXVO\��)LJXUH��E�VKRZV�DQ�DQRGH�VXSSRUWHG�SODQDU�62)&�
VWDFN�GHVLJQHG E\�)XHO&HOO�(QHUJ\��
� 3RURXV�PHWDO�VXEVWUDWHV�KDYH�JDUQHUHG�FRQVLGHUDEOH�
LQWHUHVW�LQ�UHFHQW�\HDUV��3RWHQWLDO�DGYDQWDJHV�LQFOXGH�UREXVW-
QHVV�DQG�FRVW�HIIHFWLYHQHVV�RI�FHOOV�DQG�VWDFNV�PDGH�ZLWK�
WKHVH�PDWHULDOV��+RZHYHU��D�PDMRU�FKDOOHQJH�LV�WKH�IDEULFD-
WLRQ�RI�GHQVH�HOHFWURO\WH�DQG�RU�LQWHUFRQQHFW�OD\HUV�RQ�WKH�
VXEVWUDWH�DW�D�WHPSHUDWXUH�ORZ�HQRXJK�WR�SUHYHQW�VLJQL¿FDQW�
R[LGDWLRQ�DQG�FKHPLFDO�UHDFWLRQV�EHWZHHQ�XQGHUO\LQJ�OD\HUV��
,Q�DGGLWLRQ��YDSRUL]DWLRQ�RI�FKURPLXP�IURP�WKH�FKURPLXP�
FRQWDLQLQJ�PHWDO�LQWHUFRQQHFWV�GXULQJ�RSHUDWLRQ�FDQ�GHJUDGH�
WKH�FDWKRGH�SHUIRUPDQFH�LQ�WKH�SUHVHQFH�RI�DLU�DQG�PRLVWXUH��

� 0XOWLSOH�FHOOV�KDYH�DOVR�EHHQ�GHSRVLWHG�LQ�VHULHV�RQ�
DQ�HOHFWURFKHPLFDOO\�LQDFWLYH�DQG�HOHFWULFDOO\�LQVXODWLQJ�
VXEVWUDWH��7KLV�GHVLJQ��WHUPHG�VHJPHQWHG�LQ�VHULHV��KDV�
XQLTXH�DGYDQWDJHV��LQFOXGLQJ�ORZ�IDEULFDWLRQ�FRVWV��0RUH�
LPSRUWDQWO\��VXFK�D�62)&�VWDFN�RSHUDWHV�DW�KLJKHU�YROWDJH�
DQG�ORZ�FXUUHQW�IRU�D�¿[HG�SRZHU�UDWLQJ��7KLV�IHDWXUH�FRXOG�
help reduce the power losses on current connections, which 
LV�SDUWLFXODUO\�LPSRUWDQW�IRU�ODUJH�FODVV�62)&�JHQHUDWRUV��
)LJXUH��F�VKRZV�D�VHJPHQWHG�LQ�VHULHV�62)&�GHVLJQHG E\�
/*�)XHO�&HOOV��

Advantages of SOFCs
� 6LQFH�D�62)&�RSHUDWHV�RQ�HOHFWURFKHPLFDO�SULQFLSOHV��
LWV�HI¿FLHQF\�LV�XQERXQGHG�E\�WKH�&DUQRW�F\FOH�WKDW�OLPLWV�
WKH�KLJKHVW�DFKLHYDEOH�HI¿FLHQF\�RI�FRQYHQWLRQDO�LQWHUQDO�
FRPEXVWLRQ�HQJLQHV��,&(V���7KHUHIRUH��D�62)&�KDV�DQ�LQKHU-
HQWO\�KLJKHU�HOHFWULFDO�HI¿FLHQF\�WKDQ�,&(V��SDUWLFXODUO\�LQ�WKH�
VXE�0:�UDQJH��+LJKHU�HOHFWULFDO�HI¿FLHQF\�LQIHUV�ORZHU�&22 
HPLVVLRQV�SHU�XQLW�RI�HOHFWULFLW\�SURGXFHG�LI�K\GURFDUERQV�DUH�
XVHG�DV�IXHOV��$�62)&�DOVR�SURGXFHV�YLUWXDOO\ QR�QLWURJHQ�
R[LGH�HPLVVLRQV��FROOHFWLYHO\�NQRZQ�DV�12[��EHFDXVH�RI�LWV�
ORZ�RSHUDWLQJ�WHPSHUDWXUH��ZKHUHDV�12[�HPLVVLRQV�DUH�D�ELJ�

S Figure 2. The SOFC substrate supporting the thin electrolyte film can be
made into a tubular (a) or planar (b) shape. The segment-in-series design
(c) is a special type of planar construction made by depositing multiple
cells in series on an electrochemically inactive and electrically insulating
substrate. Source: Adapted from (1).
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LVVXH�IRU�FRQYHQWLRQDO�,&(V�WKDW�EXUQ�IXHO�DW�PXFK�KLJKHU�
WHPSHUDWXUHV��$QG��D�GHVXOIXUL]HU�VXEV\VWHP�FDQ�EH�LQFRUSR-
UDWHG�LQWR�D�62)&�JHQHUDWRU�WR�UHGXFH�VXOIXU�R[LGH�HPLVVLRQV�
�FROOHFWLYHO\�NQRZQ�DV�62[��WR�YLUWXDOO\�]HUR��,Q�DGGLWLRQ��
62)&�SRZHU�JHQHUDWRUV�DUH�PXFK�TXLHWHU�DQG�SURGXFH�OHVV�
YLEUDWLRQ�WKDQ�D�FRQYHQWLRQDO�HQJLQH�GXULQJ�RSHUDWLRQ�
� 62)&V�RSHUDWHG�DW�KLJK�WHPSHUDWXUHV�KDYH�DGGLWLRQDO�
DGYDQWDJHV��+LJK�WHPSHUDWXUH�RSHUDWLRQ��W\SLFDOO\�LQ�WKH�
UDQJH�RI����±������&��SURYLGHV�KLJK�TXDOLW\�ZDVWH�KHDW��
,W�DOVR�HIIHFWLYHO\�DFWLYDWHV�WKH�SURFHVVHV�RI�UHIRUPLQJ�DQG�
HOHFWURFKHPLFDO�R[LGDWLRQ�RI�K\GURFDUERQ�IXHOV�LQ�WKH�SUHV-
HQFH�RI�QRQ�QREOH�FDWDO\VWV��ZKLFK�LV�WHFKQLFDOO\�LPSRUWDQW�
for several reasons:

� ,W�DOORZV�62)&V�WR�XVH�PRVW�K\GURFDUERQ�IXHOV��HLWKHU�
LQ�WKH�JDVHRXV�RU�OLTXLG�VWDWH��SURYLGHG�WKDW�WKH\�DUH�SURS-
HUO\�FOHDQHG�DQG�UHIRUPHG�LQWR�VLPSOH�IXHOV�VXFK�DV�+2 and 
&2��7KLV�LV�LQ�FRQWUDVW�WR�ORZ�WHPSHUDWXUH�IXHO�FHOOV��VXFK�
DV�SURWRQ�H[FKDQJH�PHPEUDQH��3(0��IXHO�FHOOV��ZKHUH�&2�
SRLVRQV�WKH�DQRGH��

� 7KH�H[FHVV�KHDW�SURGXFHG�E\�WKH�HOHFWURFKHPLFDO�
R[LGDWLRQ�RI�IXHOV�FDQ�EH�XWLOL]HG�E\�WKH�KLJKO\�HQGRWKHUPLF�

VWHDP�UHIRUPLQJ�UHDFWLRQ�WKDW�RFFXUV�VLPXOWDQHRXVO\��ZKLFK�
PDNHV�LQWHUQDO�RQ�FHOO�UHIRUPDWLRQ�SRVVLEOH��,QWHJUDWLRQ�
IXUWKHU�LQFUHDVHV�WKH�RYHUDOO�V\VWHP�HI¿FLHQF\��

� &R�SURGXFWLRQ�RI�KHDW�DQG�SRZHU��NQRZQ�DV�FRPELQHG
KHDW�DQG�SRZHU��&+3���LV�DOVR�SRVVLEOH��7KH�UHFRYHU\�RI�
ZDVWH�KHDW�WR�SURGXFH�HOHFWULFLW\�HQDEOHV�&+3�V\VWHPV�WR�
DFKLHYH�D�WRWDO�HQHUJ\�HI¿FLHQF\�LQ�WKH�UDQJH�RI���±�����

��$QRWKHU�ZD\�WR�UHFRYHU�ZDVWH�KHDW�LV�WR�FRPELQH�D�
PLFUR�JDV�WXUELQH�ZLWK�D�62)&�VWDFN�WR�IRUP�D�K\EULG�
V\VWHP��7R�PD[LPL]H�WKH�HOHFWULFDO�HI¿FLHQF\��D�K\EULG�LV�
RIWHQ�RSHUDWHG�XQGHU�SUHVVXUL]DWLRQ��ZKLFK�ERRVWV�ERWK�WKH�
SHUIRUPDQFH�RI�WKH�62)&�VWDFN�DQG�WKH�HIIHFWLYHQHVV�RI�WKH�
WXUELQH��$�ERWWRP�F\FOH�VWHDP�WXUELQH�FDQ�EH�DGGHG�WR�WKH�
K\EULG�V\VWHP�WR�LQFUHDVH�HI¿FLHQF\�HYHQ�IXUWKHU��7KLV�K\EULG�
V\VWHP�LV�SDUWLFXODUO\�EHQH¿FLDO�IRU�JHQHUDWRUV�RYHU�����
0:H��6LHPHQV�:HVWLQJKRXVH�KDV�GHPRQVWUDWHG�D�����N:H�
FODVV�K\EULG�62)&�JHQHUDWRU�V\VWHP�WKDW�DFKLHYHG�D�QHW�
DOWHUQDWLQJ�FXUUHQW�HOHFWULFDO�HI¿FLHQF\�RI������)LJXUH��D��
� 7KH�DOO�VROLG�VWDWH�FRPSRQHQWV�RI�D�62)&�V\VWHP�FDQ�
DYRLG�WKH�FRUURVLRQ�LVVXHV�FDXVHG�E\�WKH�OLTXLG�HOHFWURO\WH�
LQ�D�PROWHQ�FDUERQDWH�IXHO�FHOO��0&)&��V\VWHP��ZKLFK�SUR-
ORQJV�WKH�OLIH�RI�D�62)&��:LWK�RYHU��������RSHUDWLQJ�KRXUV�
DW�DQ�DFFHSWDEOH�GHJUDGDWLRQ�UDWH��WKH�6LHPHQV�:HVWLQJKRXVH�
����N:H�XQLW�LQ�)LJXUH��E�LV�WKH�ORQJHVW�UXQQLQJ�62)&�
JHQHUDWRU�HYHU�GHPRQVWUDWHG�

Applications of SOFCs
$Q�LGHDO�DSSOLFDWLRQ�IRU�62)&V�LV�GLVWULEXWHG�VWDWLRQ-

DU\�SRZHU�JHQHUDWLRQ��'HSHQGLQJ�RQ�WKH�VL]H�RI�WKH�62)&�
JHQHUDWRU��VWDWLRQDU\�SRZHU�JHQHUDWLRQ�FDQ�EH�FDWHJRUL]HG�
LQWR�WKH�PDUNHWV�VXPPDUL]HG�LQ�7DEOH���

SOFCs: Challenges and opportunities
7KH�WZR�PRVW�FULWLFDO�FKDOOHQJHV�WR�WKH�FRPPHUFLDOL]D-

WLRQ�RI�PRGHUQ�62)&�WHFKQRORJ\�DUH�UHOLDELOLW\�DQG�FRVW��,Q�
RUGHU�WR�FRPSHWH�ZLWK�,&(V��HI¿FLHQW�DQG�ORZ�HPLVVLRQ�62)&�
JHQHUDWRUV�QHHG�WR�KDYH�D�OLIHWLPH�RI��������KU�DQG�FRVW�OHVV�
WKDQ������N:H��1RQH�RI�WRGD\¶V�62)&�WHFKQRORJLHV�FDQ�
DFKLHYH�WKLV�OHYHO�RI�SHUIRUPDQFH��+RZHYHU��ZLWK�DGYDQFHV�LQ�
PDWHULDOV�DQG�GHVLJQ��LW�LV�ZLGHO\�EHOLHYHG�WKDW�62)&�FRVW�DQG�
GXUDELOLW\�EDUULHUV�FDQ�HYHQWXDOO\�EH�RYHUFRPH��

$Q�LPSRUWDQW�PLOHVWRQH�ZLOO�EH�UHGXFLQJ�WKH�RSHUDW-
LQJ�WHPSHUDWXUH�RI�D�62)&�IURP�WKH�FXUUHQW����±����&�
WR�EHORZ�����&��ZKHUH�WKHUPDO�GHJUDGDWLRQ�LV�ORZHU�DQG�
LQH[SHQVLYH�PDWHULDOV�FDQ�EH�XVHG�EXW�WKH�GLVWLQFW�DGYDQ-
WDJHV�RI�D�62)&��VXFK�DV�K\GURFDUERQ�FRPSDWLELOLW\�DQG�
&+3�FDSDELOLW\��FDQ�EH�PDLQWDLQHG��7KH�SHUIRUPDQFH�RI�
VXFK�LQWHUPHGLDWH�WHPSHUDWXUH�62)&V�LV�OLPLWHG�E\�WKH�
FDWKRGH��7KXV��UHVHDUFKHUV�DUH�SXUVXLQJ�WKH�GHYHORSPHQW�RI�
DGYDQFHG��FDWDO\WLFDOO\�DFWLYH�FDWKRGH�PDWHULDOV�ZLWK�QHZ�
FU\VWDO�VWUXFWXUHV�DQG�PRUSKRORJLFDO�QDQRVWUXFWXUHV�

$QRWKHU�UHFHQW�GHYHORSPHQW�LV�WKH�XVH�RI�D�62)&�DV�D�

S Figure 3. (a) Siemens/Westinghouse has demonstrated a 220-kWe
SOFC/micro-turbine hybrid generator that achieved a net electrical effi-
ciency of 53%. (b) A different unit, a 100-kWe SOFC generator, has more
than 35,000 hours of operation, making it the longest-running SOFC ever
demonstrated. Source: Photos courtesy of Siemens/Westinghouse.
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PHPEUDQH�UHDFWRU��HOHFWURO\]HU��WKDW�XVHV�HOHFWULFLW\�DV�WKH�
HQHUJ\�LQSXW�WR�PDNH�YDOXH�DGGHG�FKHPLFDOV��$Q�H[DPSOH�
RI�WKLV�DSSOLFDWLRQ�LV�WKH�FR�HOHFWURO\VLV�RI�&22���+22�E\�D�
62)&�HOHFWURO\]HU�WR�PDNH�V\QJDV��SULPDULO\�+2�DQG�&2���
:KHQ�FRPELQHG�ZLWK�UHQHZDEOH�HQHUJ\��WKHVH�UHYHUVLEOH�
62)&V�FDQ�DOVR�EH�YLHZHG�DV�HOHFWULFLW\�VWRUDJH��ZKHUH�WKH�
HQHUJ\�LV�VWRUHG�LQ�FKHPLFDO�ERQGV�

Membranes 
� 7R�HOHFWURFKHPLFDOO\�FRQYHUW�IXHOV�WR�HOHFWULFLW\��VROLG�
R[LGH�IXHO�FHOOV�UHO\�RQ�PDWHULDOV�WKDW�WUDQVSRUW�LRQV�DQG�
HOHFWURQV��$�FORVHO\�UHODWHG�WHFKQRORJ\�WKDW�LV�DOVR�HOHFWUR�
FKHPLFDO�LQ�QDWXUH�DQG�WKDW�HPSOR\V�VLPLODU�FODVVHV�RI�PDWH-
ULDOV��LQFOXGLQJ�LRQ�FRQGXFWRUV�DQG�PL[HG�LRQLF�HOHFWURQLF�
FRQGXFWRUV��0,(&V���LV�KLJK�WHPSHUDWXUH�PHPEUDQHV��
� &HUDPLF�PHPEUDQHV�WKDW�WUDQVSRUW�LRQV��LQFOXGLQJ�
SHUPHDWLRQ�PHPEUDQHV�DQG�PHPEUDQH�UHDFWRUV��SOD\�DQ�
HVVHQWLDO�UROH�LQ�VHYHUDO�HQHUJ\�FRQYHUVLRQ�V\VWHPV�(4). 
6LPLODU�WR�62)&�HOHFWURO\WHV��PHPEUDQHV�IDEULFDWHG�IURP�
PDWHULDOV�WKDW�DUH�R[\JHQ�LRQ�FRQGXFWRUV�DQG�KDYH�D�ORZ�
HOHFWURQ�FRQGXFWLYLW\�FDQ�EH�XVHG�WR�VHSDUDWH�R[\JHQ�IURP�
DLU�XSRQ�DSSOLFDWLRQ�RI�DQ�H[WHUQDO�YROWDJH��7KLV�LV�DQDORJRXV�
WR�ZKDW�RFFXUV�LQ�D�IXHO�FHOO�EDVHG�HOHFWURO\]HU�XVHG�WR�VSOLW�
ZDWHU�DQG�JHQHUDWH�K\GURJHQ��
� 0,(&V�IXQFWLRQ�VLPLODU�WR�62)&�HOHFWURGH�PDWHULDOV��,Q�
R[\JHQ�LRQ�FRQGXFWLQJ�PDWHULDOV��WKH�R[\JHQ�FRQFHQWUDWLRQ�
JUDGLHQWV�GULYH�R[\JHQ�LRQV�IURP�WKH�KLJK�SDUWLDO�SUHVVXUH�
side of the membrane to the low-partial-pressure side, while 
HOHFWURQV�DUH�WUDQVSRUWHG�WKURXJK�WKH�EXON�RI�WKH�PDWHULDO�
WR�SDUWLFLSDWH�LQ�HOHFWURFKHPLFDO�VXUIDFH�UHDFWLRQV��0,(&�
membranes can be viewed as a short-circuit fuel cell, with 
HOHFWURQ�WUDQVSRUW�RFFXUULQJ�ZLWKLQ�WKH�PDWHULDO�LQVWHDG�RI�
WKURXJK�DQ�H[WHUQDO�FLUFXLW��,Q�DGGLWLRQ��WKH�GULYLQJ�IRUFH�IRU�
R[\JHQ�WUDQVSRUW�FDQ�EH�WDLORUHG�E\�FDUU\LQJ�RXW�FKHPLFDO�

UHDFWLRQV�RQ�WKH�VXUIDFH�RI�WKH�PHPEUDQH��
� 0L[HG�LRQLF�HOHFWURQLF�FRQGXFWLRQ�FDQ�EH�DFKLHYHG�LQ�
WZR�ZD\V��E\�VHOHFWLQJ�D�PDWHULDO�WKDW�HLWKHU�

• supports both ionic and electronic conduction, or
• forms a two-phase composite of an ionic conductor and

DQ�HOHFWURQLF�FRQGXFWRU��
0DWHULDOV�RI�FRQVWUXFWLRQ�IRU�HTXLSPHQW�XVHG�IRU�R[\�

IXHO�FRPEXVWLRQ��SURGXFWLRQ�RI�V\QWKHVLV�JDVHV��RU�&22 
VHSDUDWLRQ�W\SLFDOO\�UHTXLUH�PL[HG�R[\JHQ�LRQ�DQG�HOHFWURQLF�
FRQGXFWLRQ��
� 7KH�RYHUDOO�SURFHVV�RI�R[\JHQ�WUDQVSRUW��SHUPHDWLRQ��LQ�
DQ�0,(&�PHPEUDQH�LV�GLYLGHG�LQWR�WKUHH�VWHSV��

�� 5HGXFWLRQ�RI�22�WR�2
2–�DW�RQH�VXUIDFH��WKH�IHHG�VLGH��

E\�WKH�UHDFWLRQ�

���22�J�����H
– q�22– 

�� &RXSOHG�WUDQVSRUW�RI�22– and two electrons in opposite
GLUHFWLRQV�WKURXJK�WKH�EXON�PHPEUDQH�

�� 2[LGDWLRQ�RI�22–�WR�22 and 2e– at the other surface
�WKH�SHUPHDWH�VLGH��E\�WKH�UHDFWLRQ�

22– q����22�J�����H
– 

� 7KH�GULYLQJ�IRUFH�IRU�R[\JHQ�WUDQVSRUW�LV�WKH�GLIIHUHQFH�
in chemical potential between the feed and permeate sides of 
WKH�PHPEUDQH��)LJXUH����QH[W�SDJH��LOOXVWUDWHV�WKLV�SULQFLSOH�
IRU�D�GXDO�SKDVH�PDWHULDO�FRQVLVWLQJ�RI�DQ�HOHFWURQLF�FRQGXF-
WRU�DQG�DQ�LRQLF�FRQGXFWRU��
� ,Q�DGGLWLRQ�WR�WKH�EXON�WUDQVSRUW�RI�R[\JHQ�LRQV�DQG�
HOHFWURQV��0,(&�PHPEUDQHV�DUH�DOVR�VXEMHFW�WR�VXUIDFH�
HIIHFWV�WKDW�LPSDFW�SHUIRUPDQFH��$�FRPPRQ�SULQFLSOH�RI�
PDVV�WUDQVSRUW�DFURVV�D�PHPEUDQH�LV�WKDW�ÀX[�LV�LQYHUVHO\�
SURSRUWLRQDO�WR�WKH�PHPEUDQH�WKLFNQHVV��+RZHYHU��WKH�DFWXDO�

Table 1. Solid-oxide fuel cell systems can be used for power generation at different scales.

Size Class Rating Efficiency  
(Net Alternating  
Current, LHV)

Fuel Type Applications

Small-Scale <10 kWe <35% Pipeline natural gas

Coal gas

Gasoline

Residential (electricity, heating, cooling)

Auxiliary power unit (APU) on heavy-duty 
trucks

Cellular phone transmission towers

Battery chargers

Medium-Scale Industrial 100–1,000 kWe >45% Pipeline natural gas Credit-card data processing centers

Hospitals (which cannot tolerate a power 
outage)

Large-Scale Dispersed 2–10 MWe >48% Pipeline natural gas 

Coal gas

Larger industrial units 

Small communities

Ultralarge-Scale Central 100 MWe >60% Pipeline natural gas

Coal gas

Baseload power generation
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ÀX[�LV�DOVR�D�IXQFWLRQ�RI�WKH�NLQHWLFV�RI�DQ\�UHDFWLRQV�RFFXU-
ULQJ�RQ�WKH�PHPEUDQH�VXUIDFH��$V�PHPEUDQH�WKLFNQHVV�LV�
UHGXFHG�WR�DFKLHYH�D�KLJKHU�JDV�ÀX[��VXUIDFH�DQG�LQWHUIDFLDO�
HIIHFWV�EHFRPH�PRUH�LPSRUWDQW�DQG�FDQ�GUDPDWLFDOO\�LPSDFW�
membrane performance (6). 
� $�FULWLFDO�WKLFNQHVV�H[LVWV�DW�ZKLFK�IXUWKHU�UHGXFWLRQ�
LQ�WKLFNQHVV�GRHV�QRW�LQFUHDVH�WUDQVSRUW��,Q�W\SLFDO�R[\JHQ�
VHSDUDWLRQ�PHPEUDQHV�IDEULFDWHG�E\�FRQYHQWLRQDO�FHUDPLF�
SURFHVVLQJ�WHFKQLTXHV��WKLV�FULWLFDO�WKLFNQHVV�LV�RQ�WKH�RUGHU�
RI���±����ȝP��6XUIDFH�H[FKDQJH�RU�FDWDO\VW�OD\HUV�DUH�RIWHQ�
DSSOLHG�WR�PHPEUDQH�VXUIDFHV�WR�HQKDQFH�WKH�SHUIRUPDQFH��
� 0HPEUDQHV�FDQ�EH�IDEULFDWHG�LQ�D�SODQDU�RU�WXEXODU�
JHRPHWU\�E\�SK\VLFDO�YDSRU�RU�FKHPLFDO�GHSRVLWLRQ�PHWKRGV�
WKDW�FUHDWH�WKLQ��GHQVH�OD\HUV�RQ�SRURXV�VXSSRUWV��6\VWHPV�
FDQ�EH�PDGH�RI�PDWHULDOV�WKDW�FRQGXFW�D�YDULHW\�RI�LRQLF�VSH-
FLHV��)RU�H[DPSOH��FHUDPLF�EDVHG�SURWRQ�FRQGXFWLQJ�PDWHUL-
DOV�HQDEOH�+2 separation (7), while carbonate ion conductors 
HQDEOH�&22 separation (8). 

Applications of membranes
� 0HPEUDQHV�PHHW�WKH�FULWLFDO�QHHG�IRU�KLJKO\�HI¿FLHQW�DQG�
HQYLURQPHQWDOO\�IULHQGO\�XWLOL]DWLRQ�RI�H[LVWLQJ�IRVVLO�IXHO�
UHVRXUFHV�GXULQJ�WKH�WUDQVLWLRQ�WR�VXVWDLQDEOH��e.g., renew-
DEOH��QXFOHDU��HQHUJ\�SURGXFWLRQ��$SSOLFDWLRQV�FXUUHQWO\�EHLQJ�
H[SORUHG�UDQJH�IURP�&22�VHSDUDWLRQ�WR�FRPEXVWLRQ�LQ�R[\JHQ�
ULFK�HQYLURQPHQWV��LQFOXGLQJ�SDUWLDO�R[LGDWLRQ�RI�QDWXUDO�JDV��
R[\�FRPEXVWLRQ�RI�FRDO��DQG�R[LGDWLYH�FRXSOLQJ�RI�QDWXUDO�JDV�
XSJUDGLQJ�WR�WKH�SURGXFWLRQ�RI�KLJKHU�K\GURFDUERQV��
� 0,(&�EDVHG�&22 separation membranes are composites 
FRQVLVWLQJ�RI�WZR�SKDVHV��D�FDUERQDWH�LRQ�FRQGXFWRU�DQG�DQ�
HOHFWURQLF�FRQGXFWRU��7\SLFDO�FRQ¿JXUDWLRQV�XVH�D�.2&2� or 
Li2&2� salt as the carbonate ion conductor within a porous 
metal support such as stainless steel or silver, which serves 
as the electronic conductor (9). 
� )RVVLO�IXHOV�VXFK�DV�QDWXUDO�JDV�DUH�VWUDWHJLFDOO\�
LPSRUWDQW�UDZ�PDWHULDOV�IRU�WKH�V\QWKHVLV�RI�LPSRUWDQW�
YDOXH�DGGHG�PDWHULDOV�VXFK�DV�V\QJDV�(10),�OLTXLG�IXHOV�

(11), methanol (12),�DQG�HWK\OHQH�(13).�$FKLHYLQJ�FRVW�
HIIHFWLYH�DQG�ODUJH�VFDOH�K\GURJHQ�SURGXFWLRQ�KDV�VLJ-
QL¿FDQW�HFRQRPLF�EHQH¿WV�DQG�FRQWULEXWHV�WR�D�FOHDQHU�
environment (14). 

&DWDO\WLF�VWHDP�UHIRUPLQJ�RI�QDWXUDO�JDV��

&+����+22�q�&2����+2 

KDV�EHHQ�WKH�PDMRU�URXWH�IRU�V\QJDV�SURGXFWLRQ��7KH�UHDF-
WLRQ�LV�VWURQJO\�HQGRWKHUPLF�DQG�UHTXLUHV�KLJK�WHPSHUDWXUHV�
�a���±���o&��DQG�SUHVVXUHV��a��±���EDU��WR�DFKLHYH�WKH�
PD[LPXP�FRQYHUVLRQ�RI�&+��WR�+2�DQG�&2�(15).�)XUWKHU-
PRUH��WKH�SURGXFW�VWUHDP�KDV�D�+2�&2�UDWLR�RI������PDNLQJ�LW�
XQVXLWDEOH�IRU�SURGXFWLRQ�RI�OLTXLG�IXHOV�YLD�)LVFKHU�7URSVFK�
V\QWKHVLV��
� $Q�DOWHUQDWLYH�LV�WKH�FDWDO\WLF�SDUWLDO�R[LGDWLRQ�RI�QDWX-
UDO�JDV�

&+�������22 q�&2����+2 

7KLV�ZHDNO\�H[RWKHUPLF�UHDFWLRQ�SURGXFHV�V\QJDV�ZLWK�D�
+2�&2�UDWLR�RI������ZKLFK�LV�DQ�LGHDO�IHHG�IRU�PDNLQJ�PHWKD-
QRO�RU�OLTXLG�IXHOV�E\�)LVFKHU�7URSVFK�V\QWKHVLV�
� +RZHYHU��LI�DLU�LV�XVHG�DV�WKH�R[LGDQW��WKH�V\QJDV�SURGXFW�
EHFRPHV�KLJKO\�GLOXWHG�ZLWK�QLWURJHQ��,GHDOO\��SXUH�R[\JHQ�
ZRXOG�EH�XVHG��EXW�VWDWH�RI�WKH�DUW�SUHVVXUH�VZLQJ�DGVRUS-
WLRQ��36$��DQG�FU\RJHQLF�SURFHVVHV�DUH�KLJKO\�HQHUJ\� 
LQWHQVLYH�DQG�H[SHQVLYH��0HPEUDQHV�FRXOG�SHUIRUP�ERWK�
R[\JHQ�VHSDUDWLRQ�DQG�FDWDO\WLF�SDUWLDO�R[LGDWLRQ�RI�QDWXUDO�
JDV�LQ�D�VLQJOH�SURFHVV��DW�D�FRVW�WKDW�LV�DV�PXFK�DV�����
ORZHU�WKDQ�WKDW�RI�FRPELQLQJ�VHSDUDWH�FU\RJHQLF�DLU�VHSDUD-
WLRQ�DQG�DXWRWKHUPDO�UHIRUPLQJ�XQLWV�(16). 
� /DUJH�VFDOH�PHPEUDQH�VHSDUDWLRQ�XQLWV�KDYH�EHHQ�DLPHG�
PDLQO\�DW�VXSSO\LQJ�R[\JHQ�IRU�R[\�FRPEXVWLRQ�RI�FRDO�DQG�
SURGXFWLRQ�RI�V\QJDV��3UD[DLU�GHYHORSHG�DQ�R[\JHQ�WUDQVSRUW�
PHPEUDQH�V\VWHP�IRU�FRDO�¿UHG�SRZHU�SODQWV�WKDW�ZRXOG�
SURYLGH�R[\JHQ�IRU�R[\�FRPEXVWLRQ�DQG�HQDEOH�VXEVHTXHQW�
&22 capture (17).�(FRQRPLF�DQDO\VLV�LQGLFDWHG�WKDW�WKH�
PHPEUDQH�VHSDUDWLRQ�XQLW�KDV�D�KLJKHU�RYHUDOO�HI¿FLHQF\�
WKDQ�H[LVWLQJ�FU\RJHQLF�DLU�VHSDUDWLRQ�XQLWV��
� 6HYHUDO�PDWHULDO�UHODWHG�FKDOOHQJHV�UHPDLQ�LQ�WKH�GHYHO-
RSPHQW�RI�PHPEUDQH�V\VWHPV�WKDW�FDQ�GHOLYHU�ODUJH�YROXPHV�
RI�R[\JHQ�LQ�KDUVK��UHDO�ZRUOG�FRQGLWLRQV��6LQFH�22�ÀX[�LV�
LQYHUVHO\�SURSRUWLRQDO�WR�PHPEUDQH�WKLFNQHVV��UHVHDUFK�KDV�
IRFXVHG�RQ�WKLQ�PHPEUDQHV�RQ�SRURXV�VXSSRUW�VXEVWUDWHV��
7KHVH�WKLQ�PHPEUDQHV�DUH�IUDJLOH�DQG�RIWHQ�SURYH�GLI¿FXOW�
DQG�H[SHQVLYH�WR�PDQXIDFWXUH��5HVHDUFK�DQG�GHYHORSPHQW�
QHHGV�LQFOXGH��QHZ�PDWHULDOV�ZLWK�KLJKHU�LQWULQVLF��EXON��
LRQ�DQG�HOHFWURQ�FRQGXFWLYLW\��ZKLFK�XQGHUOLHV�22 transport; 
PDWHULDOV�WKDW�DUH�VWDEOH�DW�KLJK�WHPSHUDWXUHV�DQG�KLJK�R[\-
JHQ�SDUWLDO�SUHVVXUH�JUDGLHQWV�RYHU�ORQJ�SHULRGV�RI�WLPH�DQG�
LQ�WKH�SUHVHQFH�RI�FRQWDPLQDQWV��VXFK�DV�VXOIXU�LQ�ÀXHJDV�

S Figure 4. A mixed ionic-electronic conductor (MIEC) membrane can
be thought of as a short-circuit fuel cell, with electron transport occurring
within the material rather than through an external circuit. Source: Adapted
from (5).
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IURP�FRDO�JDVL¿FDWLRQ��VXUIDFH�H[FKDQJH��UHDFWLRQ��OD\HUV�
WKDW�FDQ�LPSURYH�22�ÀX[�WKURXJK�WKLQ�PHPEUDQHV��DQG�FRVW�
HI¿FLHQW�PDQXIDFWXULQJ�WHFKQLTXHV�
� $LU�3URGXFWV�KDV�SDUWQHUHG�ZLWK�&HUDPDWHF�WR�GHYHORS�
R[\JHQ�VHSDUDWLRQ�PHPEUDQHV�IRU�WKH�SURGXFWLRQ�RI�V\QJDV�
E\�SDUWLDO�R[LGL]DWLRQ�DV�DQ�DOWHUQDWLYH�WR�DXWRWKHUPDO�UHIRUP-
LQJ��7KH�PHPEUDQHV�FRPELQH�DLU�VHSDUDWLRQ�DQG�VWHDP�
UHIRUPLQJ�LQ�D�VLQJOH�XQLW��VLJQL¿FDQWO\�UHGXFLQJ�FRVWV�(16). 
$Q�DGGLWLRQDO�DGYDQWDJH�LV�WKDW�WKH�XVH�RI�KLJK�SUHVVXUH�
QDWXUDO�JDV�DV�WKH�IHHGVWRFN�DOORZV�SURGXFWLRQ�RI�V\QJDV�ZLWK�
D�KLJK�SUHVVXUH�WKDW�PDWFKHV�WKH�UHTXLUHPHQWV�RI�GRZQVWUHDP�
SURFHVVHV�ZLWKRXW�DGGLWLRQDO�FRPSUHVVLRQ��$LU�3URGXFWV�KDV�
EXLOW�FRPPHUFLDO�VFDOH�SODQDU�PHPEUDQHV��)LJXUH����DQG�
WHVWHG�WKHP�DW�D����1P��KU�SLORW�SODQW�DW�V\QJDV�SUHVVXUHV� 

XS�WR���î�����3D�DQG�WHPSHUDWXUHV�XS�WR�������.��
 Another application for membranes in the production of 
YDOXH�DGGHG�FKHPLFDOV�LV�WKH�R[LGDWLYH�FRXSOLQJ�RI�PHWKDQH�
IRU�HWK\OHQH�SURGXFWLRQ�
� 7KH�HOHFWURFKHPLFDOO\�FRQWUROOHG�GHOLYHU\�RI�R[\JHQ��LQ�
WKH�IRUP�RI�R[\JHQ�LRQV��LQWR�WKH�UHDFWLRQ�]RQH�PLQLPL]HV�WKH�
FUHDWLRQ�RI�E\SURGXFWV��LQFUHDVLQJ�VHOHFWLYLW\�DQG�\LHOG�(18). 
� 0HPEUDQH�UHDFWRUV�DUH�LQFUHDVLQJO\�EHLQJ�FRQVLGHUHG�
DV�D�PHDQV�WR�FRXSOH�HQGRWKHUPLF�DQG�H[RWKHUPLF�UHDFWLRQV�
LQ�WKHUPRQHXWUDO��DQG�WKXV�PRUH�HQHUJ\�HI¿FLHQW��SURFHVVHV��
([DPSOHV�DUH�WKH�FRPELQDWLRQ�RI�SDUWLDO�R[LGL]DWLRQ�RI�PHWK-
DQH��H[RWKHUPLF��ZLWK�VWHDP�UHIRUPLQJ�RU�ZLWK�WKH�WKHUPDO�
GHFRPSRVLWLRQ�RI�&22�WR�&2�DQG�22��HQGRWKHUPLF���

Membranes: Challenges and opportunities
� 5HVHDUFK�WRSLFV�XQGHU�LQYHVWLJDWLRQ�LQFOXGH�PHPEUDQH�
GHVLJQ��HI¿FLHQW��ORZ�FRVW�PDQXIDFWXULQJ�VWUDWHJLHV��DQG�
D�YDULHW\�RI�PDWHULDO�VFLHQFH�LVVXHV�UHODWHG�WR�PHPEUDQH�
VWDELOLW\�XQGHU�WKH�UHTXLUHG�WHPSHUDWXUH��SUHVVXUH��DQG�JDV�
SKDVH�FRPSRVLWLRQ�FRQGLWLRQV��&KHPLFDO�DQG�PHFKDQLFDO�
VWDELOLW\�LQ�KDUVK�HQYLURQPHQWV��LQFOXGLQJ�ZD\V�WR�PLQL-
PL]H�VXUIDFH�SRLVRQLQJ�DQG�WKH�GHPRQVWUDWLRQ�RI�ORQJ�WHUP�
PHPEUDQH�SHUIRUPDQFH��DUH�DPRQJ�WKH�FKDOOHQJHV�WKDW�
QHHG�WR�EH�DGGUHVVHG�LQ�RUGHU�WR�PRYH�WKLV�WHFKQRORJ\�LQWR�
WKH�PDUNHWSODFH��
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S Figure 5. An oxygen separation membrane can be used for syngas
production. Source: Adapted from (16).
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