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Abstract

We study a new numerical scheme for the NS-alpha turbulence model that conserves both energy and helicity. Although
most turbulence models (in the continuous case) conserve only energy, NS-alpha is one of only a very few that also
conserve helicity. This is one reason why it is becoming accepted as the most physically accurate turbulence model.
However, no numerical scheme for NS-alpha, until now, conserved both energy and helicity, and thus the advantage gained
in physical accuracy by using NS-alpha could be lost in a discretization. This report presents a finite element numerical
scheme, and gives a rigorous analysis of its conservation properties, stability, solution existence, and convergence. A
key feature of the analysis is the identification of the discrete energy and energy dissipation norms, and proofs that these
norms are equivalent (provided a careful choice of filtering radius) in the discrete space to the usual energy and energy
dissipation norms. A generalization of this scheme to a family of high-order NS-alpha-deconvolution models is also
discussed. These higher order models combine the attractive physical properties of NS-alpha with the high accuracy
gained by using van Cittert approximate deconvolution.
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1 Introduction

We study a numerical scheme for the NS-alpha (NS-«) turbulence model that treats energy and helicity
(H = fQ u-(V xu)) in a manner physically consistent with that of true fluid flow. It is a fundamental property
of 3d fluid flow (and the NS-a model) that both energy and helicity are created and dissipated through
viscous forces, external forces and through boundary conditions; nonlinear effects, in contrast, preserve both
energy and helicity and are responsible only for cascading them from the (input) large scales to the (viscosity
dominated) small scales [21, 11, 8]. Many numerical schemes enforce a discrete analog of this behavior
for energy, which, not coincidentally, often leads to algorithm stability. However, most numerical fluid flow
schemes ignore the treatment of (the important rotational quantity) helicity, which can lead to solutions
without physical meaning. The scheme developed herein provides balances for energy and helicity that mirror
the nondiscretized NS-a: the discrete nonlinearity preserves both energy and helicity, and only viscous and
external forces and boundary effects can create and dissipate them.

Development of numerical fluid flow schemes that better match physical processes has been a subject of inter-
est and research (at least) since Arakawa developed a scheme for the 2d Navier Stokes equations (NSE) that
accurately treated both energy and enstrophy (Ens = % fQ |V x u|2 is preserved by the NSE nonlinearity in
2d, but not in 3d). By enforcing energy and enstrophy balances analogous to the true physics, Arakawa’s finite
difference scheme provided much better results than its contemporaries, especially for simulations done over
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long-time intervals [3]. The reason for the scheme’s success (versus other schemes that ignore enstrophy) is
that since its nonlinearity preserved enstrophy, it did not generate small amounts of artificial rotation at each
timestep. Thus for long-time simulations, Arakawa’s scheme would not be subject to the accumulation of
these errors.

With the established superiority of more physically accurate schemes’ computational performance, further
research yielded an energy and potential enstrophy preserving scheme for the shallow water equations [4],
and an energy and enstrophy preserving scheme for atmospheric flows [14], among others. These schemes
also showed superiority in long-time simulations versus energy-only preserving schemes.

For the 3d NSE, Liu and Wang developed an energy and helicity preserving scheme (EHPS) for axisym-
metric flow [20]. In 3d, enstrophy is not preserved by the nonlinearity; instead, helicity is the preserved
rotational quantity of the NSE. By better matching the true physics, the EHPS produced excellent results and
eliminated the need for the excessive numerical viscosity often required in such calculations. For the full 3d
NSE, a finite element scheme based on rotational form coupled with a projected vorticity in the nonlinearity
was developed in [22] that balances discrete energy and helicity analogous to true fluid flow. Preliminary
computations showed this scheme treated helicity much more accurately than typical finite element schemes
for underresolved computations.

NS-« is one of only a few turbulence models for which an energy and helicity conserving scheme is even
possible. In most turbulence models (e.g. Bardina, Leray-«, Smagorinsky, k — €), helicity is not conserved in
the model’s continuous form, and so developing a discretization for the model that conserves helicity is likely
not feasible. The NS-« model, on the other hand, does conserve a model energy and helicity. Moreover, NS-
« has other properties that most turbulence models do not, including frame invariance [15], and an energy
cascade that matches that of the NSE up to a filtering radius dependent length scale [17]. Indeed, due to these
properties and more, NS-« is believed to be one of the most physically accurate turbulence models.

The NS-a model, also known as the 3d Camassa-Holm equations [17, 9], is given in nondimensional, rota-
tional form by

v —o X (VXxv)+Vqg—vAv = (1.1)
V.o = 0, (1.2)
—?ATHT+VN = . (1.3)

where v is velocity, ¢ is dynamic pressure, v is kinematic viscosity, f is external force, U is the filtered velocity,
and « is the filtering radius of the Hemholtz filter (1.3) (hence the name alpha filter and NS-« model). Like
true fluid flow, the (continuous) NS-a model conserves both energy and helicity for periodic, inviscid flow
[13]. This implies that, again like for true fluid flow, energy and helicity in NS-« are only input by external
forces and only dissipated by viscous forces. Hence, the model’s nonlinearity neither creates nor dissipates
either of these quantities by nonphysical means, but instead cascades them from large to small scales.

However, the excellent physical properties of NS-« can be lost in numerical simulations . Even though NS-«
accurately treats helicity in the continuous case, discretizations of NS-a do not necessarily do the same. Typ-
ical discretizations of NS-a, such as continuous piecewise polynomial finite element spatial discretizations
(see [10, 7]) will conserve energy but not helicity. Hence solutions to such schemes may not contain the phys-
ical relevance expected of their continuous counterparts, as helicity and thus the flow’s rotational structures
are subjected to helicity generation and dissipation through the nonlinearity’s discretization (i.e. not through
physical means). This deficiency in computing solutions to NS-a motivated our work; the scheme we present
herein provides a more physically accurate method to compute solutions for NS-a.

After providing the necessary preliminaries and notation in Section 2, we present the energy and helicity
conserving scheme for NS-q, prove its conservation and stability properties, and show that a solution exists
in Section 3. Section 4 gives a rigorous convergence analysis for the scheme. A key feature of the analysis
is proving that the naturally arising discrete energy and energy dissipation norms are equivalent to the usual
ones of fluid flow(i.e. from NSE analysis). Without these norm equivalences, the convergence analysis would
have been much more difficult and certainly not as clean as that presented herein.



In Section 5, an extension of this scheme to a very recently introduced family of higher-order accurate NS-«
type models, the NS—a-deconvolution models [23], is discussed. This is a very interesting family of models
because they combine the excellent physical properties of NS-« (e.g. energy and helicity conservation) with
the higher order accuracy offered by applying van Cittert approximate deconvolution to filtered terms. We
find that for higher order elements (P, Px_1), k > 3, the suboptimal convergence of NS-« can be improved
to optimal by the use of approximate deconvolution. Conclusions are given in Section 6.

2 Notation and Preliminaries

The domain used throughout this report will be denoted by 2, and will represent the periodic box = (0, L)3.
The L?(€2) norm and inner product will be denoted by ||-|| and (-, -), respectively. All other norms will be
clearly labeled with subscripts.

Define the velocity and pressure spaces, as usual in this setting, to be

X

HL(Q) = <v c H'Y(Q), /Qv =0, v(z + Le;) = v(a:)) : (2.4)

Q

@ = (¢e 22, [ 4=0gte+Le) =alo)). 3

Note that all of the analysis performed herein can be extended to the case of no slip boundaries on a convex
polyhedral domain. In this setting, energy and helicity are conserved by the continuous model when a no-
penetration condition is enforced on the vorticity; as this scheme will conserve both energy and helicity, the
scheme will implicitly use this condition.

In X, the Poincare-Freidrich’s inequality holds: For v € X, ||v|| < C(Q)||Vv]| [6]. Thus the norms ||Vvl|

and ||v|| 1 are equivalent on X. We will use the notation ||-|| . for the norm of the dual space of X, that is,

[[ ]« := sup L)

vex IVl

(2.6)

Given a regular elemental discretization 7 (€2) with maximum element diameter / (and minimum diameter
hmin > 0, define the velocity and pressure finite element spaces X, C X and @)}, C @ by

X, = (veCy(Q) N Ple)VeeT), (2.7)
Qh = (q c C()(Q) M Pk_l(e) Ve € Th) s (28)
for k£ > 2, where Py denotes degree k polynomials. If £ = 2, this velocity-pressure element pair is well

known as the Taylor-Hood element [6]. Provided k£ > 2, this element pair satisfies the discrete inf-sup
condition:

, (¢,V -v)
0<pf< inf sup ——= 2.9)
a€Qnvev, [|g]lVoll
Define the discretely divergence free space V}, by
Vii=@weXy, (V-v,9) =0Vq €Qp). (2.10)

It will be notationally convenient to work in V}, whenever possible.

The following is a well known lemma for inverse estimates in X, and will be important in analyzing the
norms that naturally arise in the analysis of the scheme.

Lemma 2.1 (Inverse estimate). [6] There exists a constant C dependent on €2, but independent of A, satis-
fying
Vol < Ch=Yv|| Yo € Xp,. (2.11)



The filter used for NS-« is the so-called alpha filter, and there are several ways to discretize it in a finite
element setting. We choose to use a discretization that preserves discrete incompressibility and employs the
discrete Laplacian. This was found to be the best way for the scheme to retain stability and the desired
conservation properties. We will first define the discrete Laplacian, and then the discrete filter.

Definition 2.2 (Discrete Laplacian). Define the discrete Laplacian operation A, : X — V}, by: Given
¢ € X, Ao is the unique solution in V}, to

(Ang,v) = —(Vo, Vo) Yo € V. (2.12)

It is easy to verify the discrete Laplacian is well defined. We are now able to define the discrete filter.

Definition 2.3 (Discrete Filter). Define the discrete filtering operator - : L?(Q) — V}, by: Given ¢ €
L2(Q)anda > 0, " is the unique solution in V, to

(6,0) = (6,0) — A2(And ', v) Vv € Vi (2.13)

It is easy to check that the discrete filtering operation is well-defined. Note that the discrete filter commutes
with the discrete Laplacian; this property will be used in the later analysis. The filtering radius « is typically
chosen to be on the order of the mesh width h. To choose « an order of magnitude smaller than h would
be exact filtering, and would not sufficiently regularize the discrete model enough to distinguish it from a
true NSE scheme. Thus the purpose of using a turbulence model would essentially be defeated. Conversely,
choosing o much larger than the mesh width typically would give too much of a smoothing effect. As our
analysis is mostly asymptotic, we choose o = h for simplicity, but choosing « = Ch would not change any
results. Choosing a not on the order of the mesh size will reduce the asymptotic convergence rates.

We will use the following bounds of filtered quantities extensively in our analysis.

Lemma 2.4. For ¢ € X, we have the following upper bounds:

181 < el (2.14)
IVl < Vel 2.15)

Proof. These results follow by choosing v = ¢ and v = Ap ¢y, in (2.13), respectively. B

For a filtering radius o > 0, there are two norms that naturally arise in the analysis of our scheme. Hence for
notational convenience, we define the energy norm ||-|| g and energy dissipation norm ||-|| on V}, to be

1/2

lolle = (@)Y= (|0"|> +?|VT"|?) (2.16)

lolle = (90, 97" = (190" [P +o% 27" ).

(2.17)

If o is of the order of the mesh width, then these norms are equivalent in V7, to the L? and H' norms typically
used for the analysis of fluid flow schemes. The following lemma proves this norm equivalance.

Lemma 2.5. For fixed o = O(h), the natural energy norm of NS-a,, ||-|| =, is equivalent to the usual L2 norm

in V,: for ¢ € Vj,, there exists C'g independent of A, ¢ satisfying

6lle < li¢ll < Crlléle (2.18)

Additionally, the natural energy dissipation norm of NS-«, ||-||., is equivalent to the H* (the V},) norm in V},:

there exists C. independent of h, ¢ satisfying

16lle < IVl < Cello]le (2.19)



Proof. For ¢ € V}, itis easy to see by choosing v = Eh andv = Ahah in the filter definition (2.13) that

[¢llz <[4l and o]l <[Vl (2.20)

For the reverse inequality for the energy norm, choose v = ¢ in (2.13), which gives

n —h —h —h a? —h
1617 = (:67) = *(Ang",0). < lI8llll6" 1| + *[ VS (I V]l < (1 +C5)l¢lllle |l (2:21)
Since o = h, Young’s inequality and the definition of ||| g shows

112 < 118" 1% < l16]1%- (2.22)

A similar technique, but with v = Ap¢ and using ||Apv|| < Ch=1|| V|| Vo € Vj, will prove (2.19). B

The error analysis uses a discrete Gronwall inequality as in [16].

Lemma 2.6 (Discrete Gronwall Lemma). Let A¢, H, and a,,, b, ¢n, dy, (for integers n > 0) be nonnegative
numbers such that

l l l
a+ ALY by ALY dyan + ALY cu+H forl>0. (2.23)

n=0 n=0 n=0

Suppose that Atd,, < 1 Vn. Then,

l l !
al—i-Athn < exp (AtZ%) <Athn+H> forl>0. (2.24)
n=0 n

n=0 n=0

The last notation we introduce is the discrete curl function on V4, curly. It is defined as the projection of the
curl onto the discretely divergence free discrete subspace V.

Definition 2.7 (Discrete curl). The operator curly, : X — Vj, is defined by, for ¢ € X, curly¢ is the unique
solution in V}, to
(curlpp,v) = (V X ¢,v) Yv € Vj,. (2.25)

This definition of the discrete curl is the projection of the usual curl into V}, and it is easy to see the curly,
operator is well defined.

3 An energy and helicity preserving scheme for NS«

3.1 Thescheme

Section 2 has provided sufficient notation to now present the energy and helicity conserving scheme for NS-
a. We use g" to denote g(nAt). However, we will denote the average of a quantity at the n'" and (n + 1)**
timesteps with the n 4 1/2 superscipt. That is, g"*t1/2 = gnﬂ%gn.

Algorithm 3.1 (Energy and helicity conserving scheme for NS-a). Given initial velocity ug € X, forcing
term f € X' x (0,7, filtering radius « > 0, end time 7', and time step At, set M = T At and find u}* € V},
forn =1,2,..., M satisfying

1 —=h
E(UZH —up,v) — (uZH/2 X curlthH/z, v)+

V(VuZH/z, Vo)

(uf) — ug, x)

(F(E"12),0) Yo € Vi, (3.26)
0vx e Vy (3.27)



Because the scheme is given in V},, some of the implementation technicalities are hidden. For example, one
would rarely (if ever) compute in V},; instead one computes the equivalent scheme in (X, Q). For analysis
purposes, however, it is much more convenient (and easier to read!) in the space V. Below we illustrate
these and other subtleties.

In the continuous NS-a model, it is the filtered velocity that is constrained to be divergence free. However,
to achieve stability and physical accuracy, it was found necessary that both velocity and filtered velocity be
constrained to discretely divergence free. The discrete divergence free condition for velocity is achieved by
restricting the solution space to V},. Since the velocity solution will be divergence free and the filtering oper-
ation maps into V4, the discretely filtered velocity solution will also be discretely divergence free. Another
important technicality is the use of the discrete curl, which is a projection of the usual curl operator into V.
This is the key feature of the scheme that allows for helicity conservation in addition to energy conservation
by the nonlinearity. In the usual rotational form (without the projection), the nonlinearity will not necessarily
conserve helicity, and thus in most cases will (nonphysically) create and dissipate it.

The scheme (3.26) is more expensive than the similar, typical Crank-Nicholson scheme without a projected
curl or a filter into V},. More iterations will be required at each Newton step in each time step. Whether the
additional physical accuracy (and thus extra stability in some sense) provided by (3.26) is enough to justify the
extra work is problem-dependent. Situations in which schemes that conserve additional integral invariants
tend to be ones involving long time intervals, when enough time steps are run so that small discretization
errors (arising from a nonlinearity creating helicity, for example) are able to grow large enough to alter the
solution. Tests are underway to determine the best ways to compute (3.26), and in what situations it would
be advantageous to use it.

3.2 Conservation Laws

Conservation laws for energy and helicity, although shown for the inviscid case, are what enforce physically
accurate energy and helicity treatment in the viscous case. This is because for energy or helicity to be
conserved in the absence of viscous and external forces means that the nonlinearity of the model does not
create or dissipate these quantities, but cascades them from the large to the fine scales. This is physically
important, as it has long been known that for true fluid flow, the nonlinearity is the mechanism responsible
for cascading energy from large to fine scales, and not for creating or dissipating it. It has recently been
discovered that the nonlinearity treats helicity in almost exactly the same manner, except for some differences
between the cascades [11, 8]. Thus for a model and its numerical scheme to conserve these quantities in the
inviscid case gives some physical relevance to that scheme’s solution in the viscous case.

The discrete scheme (3.26) conserves both a model energy and helicity. The conserved model energy is
Ensa = %Hu”% This form of energy is what is conserved in the space filtered Navier-Stokes equations
(SFNSE), when the « filter is used. Thus this definition of energy has physical significance if one considers
NS-a as a closure model to the SENSE. Helicity, on the other hand, is conserved by the scheme in its usual
form, H = (u, V X u).

Lemma 3.2. In the absence of external and viscous forces, the scheme (3.26) conserves model energy and
helicity. That is,

1 1
Ensa(T) = 5l = 510813 = Ensa(0)

and
H(T) = (ul,V x u}!) = (ud,V x ud) = H(0).

Proof. We consider here the case of no external or viscous force, so we set v = f = 0 which reduces the
scheme (3.26) to

1 n h n
E(uz+1 —up,v) — (uhﬂ/2 X curlhuhH/Q,v) =0WYeV, (3.28)



To prove energy conservation, set v = uZH/ 2" in (3.28). This causes the nonlinear term to vanish, since the

curl of two vectors is perpendicular to each of them, and yields

1 n
VAL W EUIE — lluRliE) = 0. (3:29)

Multiplying through At, and summing from » = 0 to M — 1 completes the energy conservation proof. For

1/2 .
helicity conservation, set v = curlhthr /

through At, what remains is

in (3.28). Again the nonlinearity vanishes, and after multiplying

(uptt —ul, curlhuh+1/2) 0. (3.30)
Using the definition of curl, and the fact that u”Jrl and uy are in V3, we have
0= (upt! — uh,curlhu”H/Q) (uptt —uf, v x UZH/Q). (3.31)
Since the curl operator is linear and is self-adjoint in X', we have
(upth Vo x ) = (uft, Vox up). (3.32)

Summing over time steps completes the proof of helicity conservation. B

33 Stability

As is typical in finite element scheme for fluid flow, inviscid energy conservation is the key to nonlinear
stability. This scheme is no exception.

Lemma 3.3. Solutions to the discrete scheme (3.26) satisfy

VAt n vAL n
lupd |12 + Z Va2 < 0@ )(Z — | ft +1/2>||2+||u0|2> (3.33)

n=0 n=0

S
Proof. Setting v = up,(t"*t1/2) in (3.26) vanishes the nonlinearity and yields

———h ———h
o (™% — g ) + v (Vu”“/ Yy 12 ) = (f(t”“/Q),uZ“/z ) .63
Bounding the right hand side with the dual norm of X and applying Young’s inequality gives the follwoing.
1 1 n n+1/2)2 nt1/2y ntijz"
~7 U™ s = llun(t™IE) + vl 2 = ( FE2),uy

n+1/2

= (f(tn+1/2>,u’;“/2h) [ /h”
n+1/2

[Vup t/2 2

—h
n n+1/2
L)L Va2

<
1 n Vo il
< S IFEH DI+ S IV
v
1
< | F(EtL/2y))2 n+1/2 2
< LR + L)
Subtract & [ u /2|12 from both sides, sum from n = 0 to n = M — 1 and multiply by At to get
At N
n+1/2 n
un I+ > THuh+ 2 < Z ——IFETAE + bl (3.35)
n=0 n=0

Now using the equivalence of norms from Lemma 2.5 and that ||u))|| < |luo|| (by choosing x = ) in (3.27)
completes the proof. B



We now have shown that solutions to (3.26) are bounded by the data. Such a result is critical for proving that
solutions to fluid flow schemes exist, and, in fact, similar techniques are used in the next subsection, where
we prove solutions to (3.26) exist.

3.4 Existence of solutionsto the scheme

To show that solutions to the discrete scheme exist, we construct a mapping in such a way that a fixed point
of the map is the solution to (3.26) at the (n + 1/2) time step; an equivalent way would be for the (n + 1)
time step, but the former is simpler to write and follow. We then show that the criteria of the Leray-Schauder
fixed point theorem are satisfied. We begin by writing (3.26) in the following equivalent form:

2 (o, otz n
. (uhH/Q,U) - <uh+1/2 X curlhuhﬂ/z,v) +v (Vuh(t"H/Q),VU)

2
= (f + Ktu”,v) Yo e VP (3.36)

We construct the map by first considering the linear part of (3.36).
We begin by defining the solution operator to the linear problem equivalent to the linear part of (3.36).

Definition 3.4. The operator T'(g) : V;; — V" is defined as the solution operator of
2 (6,0) +v(V6,V0) = (g,0)
AL , U v , V) = (g,v).

The following lemma insures that 7" is well-defined.

Lemma 3.5. For v, At > 0 and given g € V", there exists a unique ¢ € V" which satsifies

2 6.0) FU(V6,T) = (5,0) WET, (3.37)

Proof. Because (3.37) is linear, finite dimensional and symmetric, existence and uniqueness of solutions
follows if only if the trivial solution solves the associated homogeneous problem. Indeed, setting g = 0, and
choosing v = ¢ in (3.37) yields

2 2 2

— v =0 3.38

1612 + V6|2 = o, (3:38)
which implies that ¢ = 0. Thus zero data produces zero solution, and the proof is complete. B
We also define the nonlinear operator N, that when composed with 7', will create a map that has solutions to
(3.36) as fixed points. We prove next that 7" is linear, bounded and continuous.
Lemma 3.6. The solution operator 7' is linear, bounded, and continouous.
Proof. As T is the solution operator of a linear problem, 7' is also linear. To determine 7" is bounded (and thus

continuous since 7’ is linear), begin by setting v = ¢ in (3.37). Using similar techniques as in the stability
proof, we obtain

Sl + S IVl < — gl (3.39)
Thus
17— sup 1T@L Il _ 40
gev; gl geVy gl
|



Definition 3.7. Define the mapping N(¢) : V" — V;* by

N(¢) = f(t" /%) 4 éu" +3" % curlpé. (3.41)

Lemma 3.8. The operator NV is bounded and continuous.

Proof. To show N is bounded, we expand its definition and use Cauchy-Schwarz and Poincare inequalities.
Note the C’s below do not necessarily represent the same constant. We have

N(9)
N %« = SUp w—— 342
N S Tl (3.42)
1 C -
< IFE D+ gl + CIE x curtu] (3.43)
1 c
<A@+ k] + Cll 6l (3.44)

Hence, | N(¢)]|« < C since ¢ is fixed in V}, and norms are equivalent in finite dimension. To prove the
continuity of N, suppose ¢r — ¢ in V", Then using the equivalence of norms in finite dimension and the
fact that ||7"|| < ||v|| for v € V4, we have that

IN@) = Nl < 118" x 6—6e" x 6ll (3.45)
< (18" loclle = dell + 118 =6¢" lloxll ) < (3.46)
< Clo-oul) = 0. (3.47)

Thus the proof is complete. B

Definition 3.9. Define the operator F' : V;, — V3, by F(y)=T(N(y)).
The operator F' is well defined because 7" and N are well defined. It is easy to see F' maps as stated using the
definitions of 7" and N. Also, F' is compact because 7" and /N are continuous and bounded.

Theorem 3.1. Assume ¢ € V,, and consider the family of fixed point problems ¢ = AF(¢), 0 < A < 1. A
solution ¢ to any of these fixed point problems satisfies ||¢|| < K, independent of A. By the Leray-Schauder
principle, solutions to (3.37) exist.

Proof. Suppose ¢ = AF'(¢) and consider

¢ = AF(¢) = AT'(N()) = T(AN(9)), (3.48)
which implies
2 (6,0) = AB" X 6,) + v(V6,Tv) = AFE1),0) + 22 (u,v) Yo € Vi
At At
Choosing v = & gives that
éllaﬁll% + 21802 < Cv I + (3.49)

Thus ||¢||v, < K, independent of \. B

The scheme (3.26) has now been shown to conserve energy and helicity in the inviscid case, be uncondition-
ally stable, and admit solutions. In the next section we provide a detailed error analysis for the scheme.



4 Convergence

Theorem 4.1. Suppose (u(t),p(t)) solve the NSE on the periodic box © x (0,77 with initial condition wy,
timestep At chosen sufficiently small, M := -, and filtering radius o = h. Assume thatuy, € L>(0,T; HY),
uge € L®(0,T; L?), uw € L*0,T; HY) N L*(0, T; W3 N WE), p € L2(0,T; WF), and the initial con-
dition u(0) = uy € WF(Q). Let u"t1/2 .= w let w7 denote the solution of the NS—a scheme
(3.26), then the error in the velocity solution of the scheme is bounded by

M—1
u(T) = |2 + vAt Y[V 2 —up )12 < C(ht + At (4.50)
n=0
Remark 4.1. For k = 2, the velocity error bound (4.50) is optimal, since the consistency error from the
filtering reduces the error to a. The discrete pressure solution can be recovered by using the (X}, Q) form
of the scheme (3.26) with the velocity solution. Since the finite element spaces satisfy the inf-sup condition,
the pressure solution will also be optimal, i.e. O(At? + h?). However, for k > 2, there is no improvement in
convergence rate. This is because the filtering operation is O(h?), and thus one cannot do better.

Remark 4.2. Although for simplicity in the analysis we choose a = h, the convergence result (4.50) will
hold provided o = C'h where C is a constant independent of h.
Remark 4.3. The difference equation for this analysis is created by subtracting the scheme from the NSE at
n+1 n
time ¢"*+1/2. However, in general w(t"+1/?) +# w and so we will adopt the notation »"+1/2 :=
w(t™ ) (¢
2

) to allow for a clean analysis.

Proof. We begin the proof by developing an error equation. This is done by multiplying the NSE at the
t"*t1/2 time step by v € V},, integrating over the domain, writing the resulting equation in a form to match
the scheme (3.26), and finally subtracting it from the scheme (3.26). Writing e/ = u] — u(t’), we have

1 n h n —5h
Kt(e”+1 — ", 0) + v(Ve" T2 Vo) + (u) T x curlyul TV — w2 X curlu V2 v)
= Interp(u,p,n,v) Yo € V" (4.51)
where

w(t" ) — u(t")
At

— (™) (V x at™2) = curlya(t™2)), ) = ((E™2) <@ 2) ) x (V x a(tH2)), 0)

+ (V(u(™T2) — um2) Vo) 4 (u(t™T2) x (V x u(t™H/2) — 42 5 (T x u™2) v). (4.52)

Interp(u,p, n, U) = (ut(tn+1/2) - ,’U) + (p(tn+1/2)7 V- U)

We decompose the error e/ such that e/ = ¢} — 77 where ¢} € V;, and 7/ € V;-. The error equation (4.51)
can now be rewritten as

1 n 7 n 1 n n n
Kt( h+1 —¢h,v)+u(V¢h+l/2,Vv) _ Kt(n +1 —n ,v)+V(V17 H/Q,Vv)

— (uZH/2 X curlthJrl/2 —untl/2 % curlhu"H/Q,v) + Interp(u,p,n,v) Yv € Vi (4.53)

The nonlinear term in (4.53) is broken into error pieces using ab — cd = a(b — d) + (a — ¢)d. Applying this
identity, and then decomposing the resulting error terms as described above yields

1 n 7 n 1 n n n
2O = R0 (VO V) = =)+ u(V 2, V)

————h ———h 1"
+ (unt1l/27 % curlh¢Z+1/2,v) — (w127 X curlyn™ 2 v) — (qbZH/Q X curlhuzﬂ/2 v)

)

- h
+ (gnt/2 x curlhuzﬂm,v) + Interp(u,p,n,v) Yv e V. (4.54)
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v — ¢n+1/2

Next we choose and reduce using the definitions of ||-||g and |||, as well as the fact that

——h ——h
n+1/2 n+1/2
h

is perpendicular to "1 ,n™, and ¢, x curlpu(t"t1/?). This gives

—___h ——h
n n n n n n n+1 2 n+1/2
<||<z> UL, @R 12 + ol 22 = (T2 VTR ) (@I curly g2 gn T

_(u77,+1/2 XCUTZhU"H/Q,(bZH/z )_|_(77n+1/2 % curl un+1/2, Z+1/2 )+ Interp(u, p,n, ¢n+1/2 ).
(4.55)

The terms on the right hand side of (4.55) can be bounded above using several common analytical results
including:

e Cauchy-Schwarz Inequality

e Young’s inequality

For a,b,c € HY(Q), (a x b,¢) < C(Q)||al| g1 ]16] zollell gra/2-

The equivalnce of norms via Lemma 2.5.

e The Poincare inequality is satisfied for zero mean functions in H!.
Other standard inequalities are also used. We majorize each of these terms as follows:

——F—h
p(V 2 T

IN

v n iz
IR 4 v

IN

v n n
SNV 22 4 St 2 (456)

- ——h
(u’“rl/2 X curl an'H/Q, ZH/Q )

< O||Vun+1/? ||||curzh¢"“/2||||¢"“/2 [P

n n+1/2 n+1 2 n+1 2

< CIVum 2| |V 2T 2 gt
n n+1/2 n+1/2,1/2 n+1/2

< CIIVu 2 g g R g 212

< CIwu 2 g2 (457)
n+1/2 n n+1/2
< = 65202+ Cv R v g (4.58)
- h ———Fh
(172" x curly ™12, g2 (459)
— h ——h
< YVt leurly™ 2|V 5| (4.60)
< agllon 22 + O w2 2 (*61)

The last term in (4.55) takes the most work, as we split it into three terms by adding and subtracting the true

11



solution to the computed solution. Each of these three terms gets analyzed similar to (4.58) and (4.61).

n+1/2 n+1/2h)‘
b)

‘(77"“/2 X curlpuy, N

iz gt — —
= ‘(nn+1/2 % Cuﬂh‘bnﬂ/za ZH/Q )‘ + '(77"“/2 X curlhn”H/QaﬁbZHm )

+1/2h n+1/2 n+1/2h
+ |(n™ x curlpu O )

n+1/2 _ " 3 . .
> 100”¢ +1/ H2—|—CV 1||v77 +1/2H4+CV 1||vu +1/2H2||’l7 +1/2||2
v o

Combining (4.56)-(4.62) and (4.55) gives

n n+1/2
<||¢ L~ lopE) + vllep T2 <
— n n — n — n n+1/2
O Va2 4 0) [V 22 =[Ot 3 a2 g TR 3

+ U3V 2 g1 2) + |Interp(u,p,n, ¢”“/2 ). (4.63)

We next bound the Interp terms using standard inequalities. The time derivative term uses just a Taylor series
expansion.

u(thrl) _ u(t”) —n+1/2h

(uan+172) - UM G
t’l’b+l) ( )
< nt1/2y u( ISV N
< fua(t112) e [ R
n u(t"t! n
< Clfu(er+112) — WU o sz
< CA*useel 3 (2 x 0,77 + len 2112, (4.64)

For the pressure term, recall that elements of V}, are discretely divergence free.

2.9 5T < e O g e )~ o

= 100

2
< n+1/2) 2 71h2k} gnt1/2 } 4.65
< gt 4+ Co ()| (4.65)

The third term in Interp is bounded using the fact that curl;, is the projection of the curl operator onto V7.

—
(w(t™1/2) x (V x u(t™2) = curlpu(t™1/2)), gt/ )‘

2
|‘¢n+1/2“2 + CV_1h2k+2Hvu(t71+1/2)||2 ‘u(tn—ﬂ—l/Q)‘ (466)

- 100 k+1

The fourth term in Interp is majorized using the difference made by the filter operation, which follows from
standard finite element analysis.

. .
(w(t™/2) —u(tn+1/2)7) x (V x u(t"+1/2)),¢z+1/2 )‘

< CVu(t2) — T Va2 T |

< TSI 4 Co [ Tu(e ) W (e 2 Tu(e )

2
< osllon 202 + v Y V(e (et (4.67)
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The fifth term in Interp can be bounded above using Taylor series, Cauchy-Schwarz and Young’s inequalities.
——h
(V(u(t"+1/2) _ un+1/2)’ V¢Z+l/2 )

S ||V(u(t"+l/2) _ w”|n¢n+l/2”

< CA | Vet || L2y x 0. l6) /2||e

< OV A | Va2 2 07 + s 16012 (4.68)

100
The last term follows using the same tools as the fifth.

(u(tn+1/2) (W x u(t"1/2) —ym 2 (7 x un+1/2)’¢z+1/2)

>~ 1_00 + CVﬁlAtLL||vutt||%oo(L2(Q)X(07T]) ||Vu"+1/2||2

+CV T AL Vul|7 e 120y x (0, V(2|12 (4.69)

Combining (4.63) with the bounds on Interp (4.64)-(4.69), and using the assumption that || Vu || (L2(Q)%(0,T))
is bounded, yields

1 n n n
60 1% = 6ql3) + vlon )12 <

2
C((V_1||Vu"+1/2||2+1/)||V77"+1/2||2+1/_1||V77"+1/2||4+V_1h2k ‘p(tn+1/2)‘k

2 2
+ V—1h2k+2|lvu(tn+1/2)”2 ‘u(tn+1/2)‘k+ + V_1h4||Vu(t"+1/2)||2 ‘u(tn+1/2)‘3
n n n+1/2
+ At et || F e (120 x 07y + (V3w 24 =3O e
+ v A+ o T AR VU212 4 oA [ V(Y 2)1?),  (4.70)

which reduces to

+1/2
o 1% = IohIIE) + vlien ™22 <

n+1/2‘2 Ly lpdk
k+1

N
4
C((V_1||Vu"+1/2||2+1/)h2k ” un+1/2‘

2
" Ly Lp2k ‘p(t"“ﬂ)‘

k

2 2
Vflh2k+2||vu(tn+l/2)”2 ‘u(tnﬂ/z)‘kﬂ i V’1h4||Vu(t”+1/2)||2 ‘u(tn+1/2)‘3

+ A wgel|7 o 2y ¢ 0,77 T+ (U AT )

n+1/2’ Do t1/2)2
w2l et

+ v A £ p T A | Ve Y212 4 o AR [ V(Y 2)12). 471)

Summing from n = 0...M — 1 and multiplying through At gives

M-1
n+1/2 _
lon' 1% + vAt Z lgr 2112 < [l60l1% + CAt Z At (v + w7 oo (22 ) x 0.77))
n=0
M-1 2 2
Ch2k At Z ((V_1||Vu"+1/2||2 ) un+1/2‘ NI ‘p(tn+1/2)‘ >
— k1 k
M-1 ) M-1 )
+OAL Y v RG22 a2 CAE ST v Va2 u(e )|
n=0 k+1 n=0 3
M—1 M-1 )
L OAL —1pdk n+1/2‘ L COAL =3y t/2||4 43k n+1/2‘ nt1/2)2 \
nzo v . ;(V [Vu |*+v u . +D)llen™ Cll%)
(4.72)
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Holder’s inequality, the smoothness assumptions on the true solution, assuming without loss of generality that
h < 1 and choosing At small enough to apply the discrete Gronwall inequality reduces the error equation to

M-1
lon 15 + vt Y llop 22 < O, Toup) - (0 + At). (4.73)

n=0
By Lemma 2.5, || - || is equivalent to || - || g and || - ||y, is equivalentto || - ||, independently of A in (4.73).

Therefore by the triangle inequality,
M—1

lu(T) = ud? [+ vat Y V@ 2 —up )2 < O(ht + Att) (4.74)

n=0

This completes the proof. B

5 Extension to higher order NS-a deconvolution models

Recently a generalization of NS-« has been proposed in [23] that applies van Cittert approximate deconvo-
lution to the NS-a model to create a family of models with arbitrarily high order consistency error. These
models could also be considered as helicity-corrected Leray-deconvolution models, or Leray-deconvolution
models corrected to restore frame invariance [24] (for more on Leray-deconvolution models, see [18]). The
NS-a-deconvolution family of models are given by

v — DNUXv+Vqg—vAv = f, (5.75)
V-Dyv = 0, (5.76)
AT = —a?AT4+T = v (5.77)

where A is the inverse of the alpha filter, and D is the N*" van Cittert approximate deconvolution operator

defined by
N

Dng = Z(I — A7H"s. (5.78)

n=0

Note that the first three approximate deconvolution operators are

Dop = ¢ B

Di¢p = 26—¢ B

Db = 36-36+¢ (5.79)
(5.80)

and from here it can be seen that van Cittert approximate deconvolution is actually extrapolation via the
filtering operation. The following results about the operator D  are known from [12, 5].

Lemma 5.1. The N*" van Cittert deconvolution operator D y is positive, self adjoint, and satisfies

¢ — Dno|| < C(Q)a*N*2(|g|| pran+a. (5.81)

Thus for smooth ¢, applying van Cittert approximate deconvolution to ¢ recovers ¢ to a very high order.
Note that if N = 0, (5.75) reduces to the NS-a model. For larger IV, it can be inferred from Lemma 5.1 that

the NS-a-deconvolution model can be a better approximation to true fluid flow, as the consistency error is
o) ( OéQN +2 ) .

The idea of using van Cittert approximate deconvolution in turbulence modeling was pioneered by Stolz and
Adams in [1, 2]. It was also used in [19] to create a higher-order Leray-a model, and its use was found to
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increase the order of convergence as well as produce more accurate simulations of transitional flow over a
forward and backward facing step. NS-q, like Leray-c, is limited in its accuracy immediately by an O(a?)
filtering operation on the velocity term in its nonlinearity. Since NS-« is believed superior to Leray-a due
to its excellent physical properties (e.g. the Leray-a model does not conserve helicity [23] and is not frame
invariant [15]), adding deconvolution to NS-a will combine its excellent physical properties with the high
accuracy gained by the use of van Cittert approximate deconvolution.

Because NS-a-deconvolution conserves both a model energy (v, Dy7o) and helicity (v, V x v), and takes
a form similar to NS-a, the energy and helicity scheme presented and analyzed herein for NS-a can be
extended to NS-a-deconvolution. We will present this scheme after we introduce some necessary notation.
Define the N'*" discrete approximate deconvolution operator, D% by

N
Div="> (I-A;")", (5.82)

n=0

where A;l is a second, more convenient, notation for the discrete filter: A;lv = 7", Then an energy and
helicity conserving scheme for NS-a-deconvolution is given by

Algorithm 5.2 (Energy and helicity conserving scheme for NS-a-deconvolution). Given initial velocity
ug € X, forcing f € X’ x (0, T, filtering radius o > 0, end time 7', and time step At, set M = T At and
find u;* € V3, forn = 1,2, ..., M satisfying
1 n h n n
E(uﬁ“ —up,v) — (D?\,uhﬂ/2 X curlhuhﬂm,v) + V(Vuhﬂ/g, Vo) = (f(t"T?),0) Yo 683)
(u) —ug,x) = 0Vx €V, (5.84)

Remark 5.3. Note that this scheme is identical to that for NS-« except for the discrete deconvolution opera-
tor. The different divergence-free constraint of NS-a-deconvolution is handled without additional constraints
since the filtering operation maps into V},, and deconvolution operators are polynomials in the filter.

For the N = 0 case, we have already proven that the scheme conserves energy and helicity, is stable, admits
solutions, and converges optimally for Taylor-Hood elements. For each of these results, there are analogous
results for N > 0. We begin with the conservation properties. We define the model’s energy by E ph =

1 (un, D) and energy dissipation eprn = (Vun, VDRaph). Since v ~ D", it is reasonable to

define the model’s energy and energy dissipation in this manner (aside from the fact that these are the natural
forms that arise in the analysis). We define now the associated model energy and energy dissipation norms.

Definition 5.4. Define the operator |-|| g, pr and |-, o by

[vllgpy, = (v, D)2 (5.85)

[vllepr, == (Vo,VDROMY? (5.86)
Like in the N = 0 case, the naturally arising energy and energy dissipation norms are equivalent in V}, to the
L?(Q2) and X norms. We prove this now, as this result will make later analysis cleaner.

Lemma5.5. The operators ||-|| z, pr and ||-||, o define norms on V;, equivalent to the L? and H' norms on
V4,1 there exists a constants Cy, C1, Co, C3 independent of & satisfying

Collvl < lollg,pr, < Callvll (5.87)
Co||[ Vol < [lv]|? < C3|| Vo (5.88)

e;D;{,

Proof. To show that ||-HE;D?V defines a norm, consider first (v, (I — A, )" A, 'v) forn > 0and v € Vj,. If
n 18 even, then

(v, (I — AyH" A o) = (T — A 20, (T — A Y2 A ) = ||[(T = A 2|2 (5.89)
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If n is odd, we split the (I — A,:l)” operator again, and use that A,:l is self-adjoint to get

(v, (I — Ay YA ) = (T — A=Y 20 (T — AT — A =D/24, 1)

_ ||(I _ A}:l)(n—l)/QUHQE _ ((I _ A}:l)(n—l)/QU’A}:l(I_ A}:l)(n_l)/QA}ZIU)
= (I = AN D25 — (| = A, D2 45 )2
= ?||V(I — A= D/2 401y 12, (5.90)
Since [|v]|2, . = (v, D)2 = S (v, (I — A;")™v, we have that if NV is odd,
N
(N-1)/2
Il = > (= 4;1)"0]2 + 202 V(L = A7) )%, (5.91)
n=0
and if N is even
N/2—1
[0l = > (1T =A™l + 22|V (T = A Y™ 0l?)+[(T=AL )N 20l P+ |V (T-A, )N 202,
n=0

(5.92)
From (5.91)-(5.92) and the fact that A, ' is a positive operator we have that ||| p;pt, is in fact a norm. To

prove it is equivalent to the L2 norm on V},, first we write it as

N
ol pn = 0% + D (v, (T = A" A M) > JlollE, (5.93)
n=1
and so by Lemma 2.5,
[ol%, pr, 2 lloliE > Clloll?, (5.94)

For the reverse inequality, since || A; "v|| < ||v||, we have that

(0, (1 — Ay Y A t) = (T — A7) 20 < Ol — A2l < CNl?, (599)
and thus [v]|%, ,, < C(N)||v||?. That |||, is a norm equilalent to [|-[| ;1 on V;, follows in an analogous
N "N

manner, except uses that A, commutes with A,:l and thus D?V. This completes the proof. B

In the same manner as for the NS-« scheme (3.26), we can show the scheme for NS-«a-deconvolution con-
serves energy and helicity, is stable, and admits solutions. The results follow analogously to the N = 0 case,
and thus we state them without proof.

Lemma 5.6. In the absence of viscous and external forces, solutions to the NS-a-deconvolution scheme
(5.83) conserve a model energy and helicity. That is,

Epy (T) = |lup'l g0y, = llubllgspn, = Epr, (0), (5.96)
HT) = WX, Vxul)= @, Vxu))=H(0). (5.97)

The stability result for the NS-a-deconvolution scheme is the same as that for NS-a except the right hand
side constant now depends on N (which is typically chosen less than five or six). The proof for this lemma
follows exactly as in the N = 0 case (the NS-a scheme) except using NS-a-deconvolution’s energy and
energy dissipation norms. That solutions exist also follows in exactly the same manner, with the key step
being that the scheme is stable.

Lemma 5.7. Solutions to (5.83) exist, satisfy the a priori bound.

M-1 M-1
|2 + vt 3 Jup 22 < c(2, ) <||U0||2 "~ ||f<t"+1/2>||i> (5.98)
n=0 n=0
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The advantage of using NS-a-deconvolution is to improve accuracy, and its advantage can be seen in the
convergence result. When comparing the NS-« scheme (N = 0) to NS-a-deconvolution, there is only
one term that is different. Hence the convergence analysis will be performed in exactly the same manner,

h —h
except that instead of the term |((u(£"+1/2) — w(t"F172)") x (V x u(t"*1/2),¢" /2 )| we must analyze

I—— ——h
((w(t"+/2) — Dhou(tn+1/2)7) x (V x u(t"+1/2),¢z+1/2 )| instead. A bound on the size of |V (w —

Dww™)|| is given in [19], provided sufficient smoothness:

Lemmab5.8. Letw € H*N™3(Q) N H*1(Q). Then there exists C dependent on |w],_ ; and [|w]| g2~ but
independent of & satisfying

IV (w — DA@)|| < C(a®N+2 4 pFH1) (5.99)

This lemma provides the key step in the convergence analysis for the NS-a-deconvolution scheme (5.83). We
state the convergence result now.

Theorem 5.1. Let (u(t),p(t)) be NSE solutions on the periodic box 2 x (0, T'] satisfying, for N a nonnegative
integer, initial condition ug, timestep At chosen sufficiently small, M := %, and filtering radius o« =
h. Assume us; € L°(0,T;L?), uy € L®°0,T;HY), u € L*0,T; H') N L*0,T; W5 n Wity n
Lnft(0,T; H2N*3), p € L2(0,T; W), and the initial condition u(0) = ug € W§(Q). Let u? denote the
solution of the NS—«-deconvolution scheme (5.83), then the error in the velocity solution of the scheme is

bounded by

M—-1
[u(T) = ud? |+ vat Y[V (@2 —up V)2 < O(hF + At + h2NF2), (5.100)

n=0

The advantage to NS-a-deconvolution is quite clear in the convergence theorem. For higher order elements
(k > 3), NS-a-deconvolution (N > 1) will converge with higher order accuracy than NS-« (N = 0). For
example, if k& = 4, NS-« is limited to suboptimal O(h? + At?) accuracy, but NS-a-deconvolution with
N = 1 for k = 4 achieves optimal O(h* + At?) accuracy.

6 Conclusions

In this article we have presented and analyzed a trapezoidal in time finite element scheme for computing
solutions to the NS-« turbulence model. The scheme preserves the desirable physical properties of NS-« in
that it conserves both energy and helicity. A key feature of the analysis for this model was that the naturally
arising norms of the scheme are equivalent (in a finite element space) to the usual norms of finite element
fluid flow schemes. Once this fact was established, it was shown that the scheme is unconditionally stable,
admits solutions, and converges to a Navier-Stokes solution with optimal accuracy for Taylor-Hood elements.

A generalization of the scheme to the higher-order accurate NS-a-deconvolution model was also studied,
whose base case (i.e. zeroth order model) is the energy and helicity preserving scheme for NS-«.. Analogous
to the base case, this model lent itself to analysis in naturally arising energy and energy dissipation norms.
These norms were identified, and proven to be equivalant in the finite element space to the usual energy
and energy dissipation norms. With the use of these norms, the generalized scheme was shown to conserve
a model energy and helicity, be unconditionally stable, and admit solutions. The convergence analysis for
this scheme shows that with the careful choice of filtering radius, for higher order elements, (P, Py—1)
with k& > 3, optimal convergence rates can be obtained by appropriately increasing the order of the discrete
deconvolution by balancing the model and discretization errors. This is an improvment to the N = 0 case
(NS-a), where only suboptimal convergence rates could be achieved for higher order elements.
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